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NMpeanucnosue

Hacrosumii yueOHUK COCTaBIICH B COOTBETCTBHH C ACHCTBYIOIINM KYPPHUKYITyMOM IS JTUIICEB.
CTpyKTypa ¥ KOHLENIHS JaHHOTO MOCOOUS TTO3BOJAT pealn30BaTh LENH, IIPEyCMOTPEHHbIC
KypPHUKYJITyMOoM Juts X Kiacca.

YueOHHK pa3ouT Ha MOIYIIH. [1J1s1 OpHEHTAIIMH B HAYaJIC KayKI0TO MOYJIS IIPUBOMSATCS OCHOBHBIC
LIeJI1, KOTOPBIE MOT'YT OBITh JOCTUTHYTHI B IIpoLiecce ero n3y4deHus. Lienn, 0003HadyeHHbIC 3Be3/104-
KOH (*), TpeIHa3HaueHBI JIMIIb JUIS peabHOTO TPOQIIIs. YUEOHHUK COACPKHUT Pasebl 1o aiareope,
TeOMETPHH, MaTeMaTHYeCKON JIOTHKE, KOMOMHATOPUKE, TEOPUU MHOKECTB, TPUTOHOMETPHUH.

Y4eOHHUK JaeT BO3MOXKHOCTh PEAIN30BaTh HA MPAKTHKE IPUHIMII KOHCTPYKTUBHOCTH H
(opMupyIOIHI TPUHIAIL, TIOJIOKEHHBIE B OCHOBY pehOopMbI MaTeMaTHdecKoro odpa3osanms. C
9TOH EJTBIO aBTOPBI YICIHIIH 0000 BHUMAHUE KaK B3aUMOCBSI3U TOHATHI PAa3IIMYHBIX Pa3/IelioB, TaK
U CHCTEMaTHYeCKOMY HOBTOPCHHUIO OCHOBHBIX MOHSTHH, PAaCKpbIBasi MX pa3iMYHbIC acleKThl. [y
HNOHUMAaHHUsI U OCMBICIICHUS MOHSITUN MMPUBCACHBI MOTUBAIIMOHHBIC 3a/la4, a TAKXKC NPUMEPBI
NPUMEHEHHSI 3THX MOHSTHIL B APYTHX OOIACTAX YEJIOBEYECKOM e TENbHOCTH, BKITIOYAst IOBCEHEBHYIO
sku3Hb. C 9TOM 7K€ IEIbI0 B KOHIIE KAXKJOTO MOZYJIS ITPUBE/ICHBI TIOHATHHHBIC KapThl (MTOTOBBIC
TaOJINIIBI), KOTOPBIE TIOMOTYT CHCTEMaTU3MPOBATh MaTepuall M BBIICIUTh [VIaBHBIC CBS3H MEKITY
TIOHATUAMUA WA MEXKIAY PA3JIMYHBIMU COCTABJIAIOINIMMHA OHOT'O M TOI'O K€ IMOHATHA.

CrpykTypa ydeOHuKa pa3paboTaHa C y9eTOM MPETIoIaBaHusI MaTEeMaTHKH KaK JJIs pealbHOTO
npoduts, Tak ¥ Ut ryMaHuTapHoro. OTMETHM, YTO MaTepHaJl, MPeAyCcMOTPeHHBIN TOJIBKO A5
peasibHOro nNpoguisi, 0003HAYEeH BePTHKAILHOI 4epToii cJieBa. Jlsi ryMannTapHoro npoguis 310t
MaTepHaJ NpeiaraeTcst Kak JI0MOJTHUTEIbHBIH. Kpome Toro, B COOTBETCTBUH ¢ 00pa3oBaTelib-
HBIMH LIeJISIMH, YOPaXXHEHUS U 331a4H, IPUBEACHHBIC B KOHIIE KaXI0ro rnaparpada (B 4aCTHOCTH,
JUISl HEKOTOPBIX ITyHKTOB), & TAK)KE B KOHIIE KaXJJ0T0 MOYJISI, KITaCCU(UIIMPOBAHBI 110 PO(MIIsIM:
A u B. 3ananusi, o6o3HaueHHbIC OyKBOI A, TIpeAHA3HAYCHBI A YYAIIUXCs 000HX Npoduieil,
a obo3HaueHHble OykBoit B — st yuammxcst peansHoro npoduis. bonee cioxHble 3a1aHus,
0003HaYEHHBIE 3BE3I0YKOM (*), He 0043aTeNbHBI TSI YYCHUKOB JaHHOTO mpodmis. [IpoBepodnsie
PabOoTHI IPEATIOKEHBI 110 MPOGHIISAM: TYMaHHTAPHBII MPO(UIIb, HICKYCCTBO | crIopT (A); peanbHbIi
npoduis (B).

YueOHHK MOMOXKET B OpraHHU3alMU CaMOCTOSTENLHOM paboThl yueHukoB. CucTeMa MOTHBa-
LIMOHHBIX IPUMEPOB, IPUMEPOB ISl 3aKPEIUICHHUS, a TAKXKE JUIsl IPUMEHEHHS TOHATHH IT03BOJIUT
YUCHHKaM JIydIIe OCMBICIHTh ¥ YCBOUTH KaK HOBBIC IOHSTHS, TAaK U HEKOTOPHIC ACTICKTHI YKe
N3BECTHBIX (HAIIPHMeEP, MOHOTOHHOCTB M OKCTPEMYMBI (DYHKINH, ypaBHEHHsI M HEPaBEHCTBA HOBBIX
THUIOB 1 1p.). /11t hopMupoBanust 0003HAYEHHBIX KOMITETEHIIMI PEKOMEH/IyeM PACCMOTPETh 38/IaHUsI
C PeIICHHEM, a TAKXKE BBIIIOJIHUTD IIPEIUIOKCHHBIC B YUEOHUKE 3314t U yIIPAsKHCHHUS.

Kaskip1it Moysb yueOHMKa 3aBepIIaeTcsl yIpaKHEHUSIMH U 331a4aMH Ha TIOBTOPEHHUE, KOTOPBIE,
KaK MPaBHJI0, UMEIOT OoJiee BEICOKHI YPOBEHBb BHYTPH- M MEXKIIPEIMETHOI HHTErpanun. Pemenue
9THX 3a1aHuil 3 (PeKTHBHO cnocoOCTBYeT (OPMUPOBAHHIO CHENU(PUUSCKUX KOMIIETEHIUH 110
MaTeMaTHKe.

Y4eOHHK NO3BOJINT yUCHUKAM, YBJICUEHHBIM MaTeMaTHKON, PACIIUPUTh CBOW 3HAHHS TIOCPE/I-
CTBOM YCBOGHHSI JOTIOJTHUTEIBHBIX MOHITHH 1 pelIeHns 00J1ee CI0KHBIX 331aHHH.

Asmopeui



[ldencTtBUTEenbHbIE YnCcna.
NMoBTOpPEHME N AONOSNTHEeHUA
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pacro3HaBanue anemMenToB H3ydenubix uncnosbix MHoxkects (N, Z, Q, R) u pasmuunsie

(hopMBI 3amKCH ACHCTBUTEIBHBIX YHCE;

MIPUMEHEHNE TEPMHUHOJIOTHH, COOTBETCTBYIOIIEH MOHATHIO YHCIIA;

Mepexo/i OT OJHOM K Jpyroil GopMe 3amucu JeHCTBUTEIBHBIX YHCENT,

TeOMETPHUIECKOe N300paKeHNEe NeHCTBUTEIbHBIX YHCEN,

CJIO)KECHHE, BBIYUTAHNUE, YMHOXKEHUE, JIeJICHNE JCHCTBUTEIIBHBIX YHCEN;

MIPUMEHEHNE CBOWCTB ONepaunuid Haja JEeHCTBUTEIbHBIMU YHUCIAMHU YIS YIPOILEHUS BBIYUC-
JICHUM;

CpaBHEHHE JCHCTBUTENBHBIX YHCEN Pa3IMYHBIMU CIOCOOaMH;

HaXOXJICHHE JECATHUYHBIX MPUOIMIKEHHH EHCTBUTEIBHBIX YHCEN C HEJJOCTATKOM WIIN U30bIT-
KOM C 3a/laHHOH TOYHOCTBIO;

[IPUMEHEHNE MOYJISl ACUCTBUTENBHOIO YHCIIA B PA3IIMYHBIX CUTYaLUSIX.

©C 00 Q00000 O

B PauvonantHbie, ppauvoHantHbie, AelicTBUTENbHBIE
uncna

HanomuuM, uto uepes K°, K ,» K 0003Ha4a10T COOTBETCTBEHHO MHOKECTBO HEHYJIEBBIX
YHCEJ, MHOKECTBO TMOJIOKUTEIBHBIX YHCEI, MHOXKECTBO OTPHLIATENIFHBIX YHCENl YUCIOBOTO
MHOkKecTBa K.

N3BecTHO, 4TO MH000€E paroHAILHOE YHCII0 MOYKHO 3aITUCATh B BHJIE JICCATHYHOTO YHCIIA,

1 Ha00OPOT.
Ilpumepui
23 _ 1_ 03 1046 _
2) To00 = %023 0) 3=0.33..=0,03); 205 = 2103);

~1000° 7990 495
Psi 3a1a4 MOXKHO PEIIMTh ¢ MOMOIIBbIO YUCIOBBIX MHOXeCTB N, Z, Q. Oxnaxo
paIoOHaIBHBIE YMCIIa HEJJOCTATOYHBI IS PEIIEHHs] HEKOTOPBIX 3a/1ad.
3apaua. Halinem nmHy quaroHamu OpssMOyTOJIBHUKA, JUIMHBI CTOPOH KOTOPOTO paBHbI 1 1 2.

Pewienue:

[lycth @ — nnvHa IuaroHaiu MpsMOyrojibHHKA. Torma, cormacHo Teopeme lludaropa,
2 2 2 o o

=1"4+2" =5. TlonpoOyeM Ha#TH pEIICHHE TOH 3a/a4i HA MHOXECTBE PAI[MOHAIBHBIX



OenctButenbHble Yyucna. MoBTopeHne M AOMNONHEHUN

2
m m
uncen. ITycts a =€ Q — necokparumas apods. Torna | — | =35, orkyna ciexyer, uro

k k

2 2 . N 2 2
m’>=5k> u m*:5, To ectb m:5 u m=>5t,te N. Tlocne noxcranosku B m” =5k” mo-

. m
nygaem 25t° =5k & 5t> =k?, toectb k : 5. ClieoBaTelpHO, JIpoOb —— COKpaThMa Ha 5,

k

BOIIPEKH MPEATIOIMKEHHUIO. [ToTydeHHOE MPOTHBOPEUHE TIOKA3BIBACT, YTO YKCIIO d HE SBISIETCS
palMOHAILHEIM, II09TOMY JaHHAS 3aiada Hepa3pelmnma Ha MHoxkecTse Q.

TakuMm 00pa3oM, IJIMHA JUATOHANH SBIIACTCS HEPAIIMOHAIBHBIM YKCIOM, KBapaT KOTOPOTO
paBeH 5, 3HAYMT, Er0 MOXKHO 3alucarb B BUJIE «/g .

Jl1st 3ammcH yKcia \/g B BUJIC ICCATUYHOTO YUCIIA, BBIYUCIIAM €r0 MPHOIMKEHHBIC 3HA-
YeHUs1, UCIIONIb3YSl €r0 Jecamuunblie NPUOIUNMCEHUS ¢ HedoCmamkom u uzovimkom. Tak Kak
27 <5<3% 10 2< \/g <3. Yucna 2 u 3 ABISIFOTCS AECATHYHBIMHU MTPUOIMKCHHBIME 3Ha-
YEHHUAMHM YucIa+d ¢ HEJOCTATKOM M M30BITKOM COOTBETCTBEHHO C TOYHOCTHIO 10 1. Pas-
nenuM oTpe3ok [2, 3] Ha 10 paBHbIX vacTeil u mondepem uncina 2,2 u 2,3, yIoBIeTBOPSIOINE
nBoiiHoMy HepaseHeTBY (2,2)° <5<(2,3)°. Uncna 2,2 1 2,3 SBISIOTCS JECATHIHBIMU MPH-
OMDKEHUSMH YHCIIA \/g C HeJIOCTAaTKOM M M30BITKOM COOTBETCTBEHHO C TOUHOCTBIO 10 107,
AHAJOTUYHO HaleM JecAaTUUHbIe Mpuommwkenus 2,23 u 2,24 ducna \/g C HEIOCTATKOM U
M30BITKOM COOTBETCTBEHHO C TOYHOCTBIO 10 1072, DTOT aIrOpUT™M MOKET OBITH IPOIOIIAKEH [0
0ECKOHEYHOCTH, TaK KaK KBaJIPaThl MOTYUYCHHBIX PAIIMOHAIBHBIX YUCE OTIHYHBI OT 5 (J0Ka-
3aJIM, 4TO «/g HE SIBJISIETCS PAIIHOHATBHBIM YKCIIOM ). [ToydeHHOe ecaTuaHoe Yucio 2,23...
nMeeT OECKOHEYHOE YHCIIO JCCATUYHBIX 3HAKOB M HE SBISICTCA (MO TOH XK€ MPUYHUHE)
MEPUOTUUECKUM JIECITUUHBIM YUCIOM. Unciia, KOTOpPbIe MOTYT OBITh MIPEACTABICHBI B BUIC
HETIEPUOANIECKUX JSCATHUHBIX YUCEIT C OECKOHEUHBIM YHCIIOM JCCATHIHBIX 3HAKOB, Ha3bIBA-
I0TCS uppayuoHanbHulmu yucnamu. Hanpumep, yncna x/E , ﬁ , T =3,1415... (- oTHO-
IIICHUE JUTHHBI OKPY>KHOCTH K JITTMHE €€ JMaMETPa) SBISIFOTCS HPPAIIOHATILHBIMH.

060611as CKa3aHHOE, IECATUYHBIE YMCIa O, ¥ O/, ¢ 1 uubpamMu MOCIe 3ansTol Ha3bIBa-
F0TCS 0eCAMUYUHBIMU RPUOTUNHCEHUAMU ¢ HEOOCMAMKOM Y COOTBETCTBEHHO 0eCamu4HbiMU
RPUOIUdICEHUAMU € U30bIMKOM VPPAIMOHAIBLHOTO YKCIa O, C TOYHOCTBIO 10 107", eciu:
) o, << Otn' u2) Ocn' —a,=10"", ne N. Takum 00pa3oM, Ka*COOMy UPPAYUOHANb-
HOMY yuciy O, cOOmeemcmeyiom 06e 6ecKoHeuHble NOCLe008aAMeNbHOCIU PAYUOHATbHBIX
Oecamuunvix uucen (0l,) .., (@) 50> M€ N, ynosnetsopstouue cpoiictsam 1) u 2).

VYCI0BUMCS pacCMaTpPUBATh AaHAJIOTHYHBIC [TOCICIOBATEIBHOCTH IECITUYHBIX TPHOITIIKE-
HUH PAMOHATBHOTO YHCIA (X, CIATAS, UTO (1, = (!, = ({, HAdMHAs C HEKOTOPOTO MHIEKCA 71 -
Hanpumep, it o =2,719 umeem: o, =2, Oto’ =3, o, =27, OC], =28, o, =271, 052' =2,72;
o, =2719=a, =a, =, =...=q, =, = (n, =3).

OTH MOCIEA0BATEILHOCTH PUMEHSFOTCS TP BBEACHUH OTICPAIiil HAI TPOU3BOILHBIMU
JIEHCTBUTEILHLIMI YHCIIAMHE.

OO0beqMHEHNE MHOKECTBA palMOHAIBHBIX yncer (Q) 1 MHOXkeCTBa HppAIMOHATLHBIX YH-
cen (I) oGpasyer muorcecmeo delicmeumensvhsix uucen, KOTopoe obo3nauaercs 6yksoit R.
Crnenoparenbho, R — 310 MHOKECTBO umMceNn, KOTOPbIE MOTYT OBITh NMPECTABIEHBI B BUIE
JECATHYHBIX YHCENT C KOHEYHBIM YKCIIOM IECSITUYHBIX 3HAKOB WJIH TIEPUOANYECKUX/HETIEPUO-
JIUYECKUX IECATHUHBIX YMCET ¢ OECKOHEUHBIM YHCIOM JIECATUYHBIX 3HAKOB.

JI71s M3yYeHHBIX YMCIOBBIX MHOXKECTB cripaBeuBbl cootHomenns: N € Z < Q ¢ R;

IcR,R=QUIL

mMoaynb



MoAayinb

ﬂeﬁcTBMTe]‘leble yucna. nOBTOpeHVIe n gonojiHeHusA

N3o6paxeHne AenCTBUTENbHbLIX YACEN Ha YACNOBOM
ocu. CpaBHeHue AeNCTBUTENbHbIX Yncen

W3BeCTHO, YTO Ka)KIOMY PAllMOHAILHOMY YHCITYy d COOTBETCTBYET Ha YMCIOBOM ocu Ox
eaMHCTBeHHas Touka M takas, uro OM = | a |, u Haobopot. Ecmu a >0, touka M npunaz-
JISKHT TTOJIOXKHUTEIBHOM TTos1yocH, ecii a < 0, Touka M NpHUHAIISKUT OTPULIATEIBHON IOy~
ocu, a ecmi a =0, Touka M coBmagaer ¢ Toukoil O. Uuciao a Ha3bIBaETCA KOOPOUHAMOU
touku M. Mcrionb3yst 3TO COOTBETCTBHE, NICHCTBUTEILHBIC YUCIA MOTYT OBITh N300pasKEHBI
TCOMETPHUCCKH.

B 3aBUCUMOCTHU OT (bOpM])I HpeJICTaBJ'ICHI/IH HeﬁCTBI/ITCHBHBIX HqUCel HpI/IMeHHIOTCH pa3n1/1q—
HBIE CITOCOOBI UX CPAaBHEHHSL.

1. M3 nByX NEHCTBUTEIBHBIX YHCEIN, W300paKEHHBIX 0 X X,
Ha YUCJIOBON OCH, OONBLINM SBISIETCA YHCIIO, KOTOPOE
npaBee APYroro (B MOJIOKUTEITLHOM HalpaBICHUH). . e
X X
Hampumep, x, >x, (puc. 1.1).
2. Ecnv monoxuTenbHbIe NeHCTBUTENLHBIE YHCIIA TPE- : :
X X, O

CTaBJIEHBI B BUZIE AE€CATHYHBIX YHCEIL, TO OOJIBIIKMM SBIIICTCS
YHUCIIO0, KOTOPOE COJEPIKUT OOJIbIIE TP 10 3arsITOH. Puc. 1.1

Hanpuwmep, 11,13 > 9,99.

3. Ecnu e y NEeHCTBUTENBHBIX YUCET KOIMYECTBO IUQP J0 3amiaToil OJUHAKOBO, TO
OOJIBIINM SIBIIICTCS YMCIIO, Y KOTOPOTO mepBas mudpa (ciesa Hanpapo) OOJIbIIIe.

Hampumep, 2,17374 > 2,1732462, Tak kak 7 > 2.

4. U3 ByX OTpHIIATEIBHBIX JICHCTBUTEIBHBIX YHCEN OOJBIINM SBISIETCS YNCII0, MOMTYITh
KOTOPOTO MEHBIIE.

5. Eciu xoTst ObI OfHO M3 YMCEN d W b 3alHCaHO B BUJAE BBIPAKEHHS, COIACPIKAIICTO
KOpEHb, TO MOYKHO TPUMEHHUTH OJIMH M3 CIEAYIOIIUX CITIOCOOOB:

a) 3amuchIBaeM 00a yuclia B BHJIE KOPHEH, 3aTeM CPaBHUBAEM YHCIIA MO]] 3HAKaMU KOPHEH;

0) ompenernsieM 3HaK Pa3HOCTH d — b;

B) JIOIyCKaeM, YTO BEPHO HEPABEHCTBO @ > b, 3aTeM MPUMEHIEM CBOMCTBA HEPABEHCTBA

(§3).

Z
%&mauue ¢ peleHueM

CpaBHUM yucCIa:
a) 35 usv3;  6)3u 6-45.

Pewenue:

a) 35 =195 =4/45; 5J3=425-3=4/75.
[MockonbKy «/E<\/%, TO 3\/§<5\/§.

6) 3—(6— \/g )=-3+ \/g . Tak xak -3+ «/g OTPHUIATEIEHO (\/g <3), mosnydaem, 4To

3<6-4/5.



neﬁCTBMTeanble yucna. nOBTOpeHMe U AonosiHeHusA

ApudmeTuyeckue onepaumm Hag AeMCTBUTENbHbIMU
yncnamm

mMoaynb

Iycts (€,) 505 (B,)1s0 1 (00),50> (B1),50» nE€ N, — m0CIEI0BATENBHOCTH AECATHYHBIX
NPUOIIVDKEHUH IEHCTBUTENBLHBIX YUCEN O U 3 C HEIOCTATKOM M H30BITKOM COOTBETCTBEHHO.

Cymma JEeNCTBUTENBHBIX yKcel o U B — 3T0 neiicTBUTENbHOE YUCIO ¥ = o + f3,
YIOBJICTBOPSIfOLIEE ABOMHOMY HepaBeHCTBY o, + 3, <y <o + ., neN.

Paznocmb ERCTBATENBHBIX Yncen O U 3 — 910 JeHCTBUTENBHOE uncio O = o — f3, ynoB-
JIETBOPSIFOIIee IBONHOMY HEPaBeHCTBY O, — 3 n’ <6< Oc”/ -B,, neN.

Ilpouseedenue 1ONOXUTENbHBIX JEHCTBUTEIBHBIX YHCEN O U ﬁ — BTO IOJIOKUTEIBHOE
JEHCTBUTENBHOE YMCIO 1 =0 - 3, YIOBIETBOPAIOIIEE ABOMHOMY HEPABEHCTBY

o, B, <n<a-B., neN.

Yacmnoe 1ONOKATEITLHBIX I[CIZCTBPIT@IBHLIX quceln o u ﬁ — OTO IIOJIOKHUTCIIBHOC z[eﬁ—
’

o . a, a,
CTBUTEJILHOE YHCIIO [l = F’ YIIOBJIETBOPSIIOIICE JIBOWHOMY HEPABEHCTBY B Su< B neN,
n n

’
HaYMHAsI ¢ TOTO UHIEKCA 1, UTsl KoToporo 3Hadenus 3,, B, OTIMYHBI OT HyIs.

o
i HaxoXKAeHHs TPOU3BEAEHHS (4aCTHOTO) JIBYX MPOU3BOJIbHBIX JACHCTBUTENBHBIX YHCEI
HaxOJIMM MPOM3BE/ICHNE (YACTHOE) MX MOAYJIEH, a 3HAK yCTAaHABIMBAEM T10 U3BECTHOMY IPABHUILY.
CyMmMa, pa3HOCTh, MPOM3BEJCHUE U YACTHOE (C HEHYJIEBBIM JICIUTENEM ) JTFOOBIX JBYX JICH-
CTBHUTEITBHBIX YMCEN CYIIECTBYIOT M KOKI0€ U3 HUX OMPEeNseTCs] OHO3HAYHO.

2
%&maﬂue (o pelHeHI/IeM
72,

Yto creyeT MOHUMATh MO YUCIOM: a) t = «/5 . «/g ; 0) Uu=—7%
J5
Pewenue:
Tax kak 1<+/2<2, 14<+2<15, 141<4/2<142, .. 2<+/5<3, 2.2<:/5<23,
2.22<+/5<2723, ... 10!
a) f — 3TO YKCIIO, YIOBIETBOPSIONIEE JBOWHBIM HEPABEHCTBAM:

1-2<1<2-3; 1,4-22<t<1,5-23; 141-2,22<1r<1,42-2,23; ...

0) [ —9TO YHUCIIO, YAOBJICTBOPSIOIICE IBOMHBIM HEPABCHCTBAM:

l< <2~ £< <1’_5~ 1’41 < <_1’42-
3SH<3 3 H<33 23 H %0
a *
Hcnonb3yst npeacTaBIeHne PAIlHOHAIBHBIX YUCEN B BUJIE 3 4e€ Z, be N', oueBujHo,

YTO CyMMa, Pa3HOCTh, POU3BEJCHUE, YACTHOE (C HEHYJIEBBIM JICTUTENIEM ) IBYX PAIIIOHATIBHBIX
YHCEJT TAKKE SBJISIFOTCS pallMOHAIBHBIME YrciiaMu. OTCIoa CIIEAyeT, 4TO CyMMa, Pa3HOCTb,
MPOU3BEJICHUE MM YAaCTHOE UPPAIMOHAIBLHOIO YKCIA U HEHYJIEBOIO PAlMOHAIBLHOTO YHC-
Jla — 3TO MppaloHaIbHOE Yncio. JleificTBUTENbHO, €CITH B paBeHCTBE a + b = ¢, Tie a paiy-
OHAIBHO, b UPPAUOHAIBHO, OBLIO OBI M ¢ PAIIOHATIBHO, TO U3 b = ¢ — @ TOIXYyYWIN OBI, 9TO
U b TOIKHO OBITH paloHANBHO. [IpoTHBOpEYHE H0KA3bIBACT CKa3aHHOE.

Hao6opoTt, cymma, pa3sHOCTh, POU3BE/ICHNE, YACTHOE IBYX HPPAIIMOHATBHBIX YUCET MOKET
6I)ITI> paluoOHaJIbHBIM YHUCJIOM.

Hanpumep, 2++/3, 2—=v3 €1, o 2+3+(2=3)e Z, 2++/3)-2-3)e Z
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ﬂeﬁcTBMTe]‘leble yucna. nOBTOpeHVIe n gonojiHeHusA

%&mauuﬂ ¢ peleHueM

1. ITokaxkem, 4To a = (\/5 +2+ 3\/_ )ﬁ +5-— 2«/§ SIBJISIETCS PALIMOHAILHBIM YUCIIOM.

Pewenue:

a=(3+2+3V)V3+5-2/3 =2 +43)/3 +5-24/3 =
=23 +4(3) +5-23=12+5=17c Q.

J11-62
35 -+10
Pewenue:

C_Al=6V2 _ 9-62+2 _VF 23242 _J3-42)
35-V10 3W5-V25 0 53— V53-42)
3-v2] _ 3-42 _ 1 _45

= = =——==-—e R\ Q. Urax, a — uucno uppanmuoHaibHOE.

S6-V2) G3-v2) 5 3

I 3ameuanue. JI71s OLIGHUBAHUS CYMMBI, PAa3HOCTH, TPOU3BE/ICHUS, YACTHOTO JABYX JICHCTBU-
TEJBHBIX YMCEIT, KaK IPABUIIO, UCTIONB3YFOT JCCATHIHBIC IIPUOIKCHHS JICHCTBUTEITBHBIX YHCEI.

2. BI)IHCHI/IM, SABIACTCA JIN a = palroOHaJIbHBIM YHCJIOM.

Ceoiicmea onepauuii cloMHceHUs U YMHOMCCHUA OClCMEUMETbHbIX YUCel
1° KOMMYTAaTHBHOCTB: X+ Y =y+X; X-y=y X}
2° accommatuBHOCT: (Xx+ V)+z=x+(y+2); (x-y)-z=x-(y-2);
3° cymecTBOBaHME HEHTpaIbHOTO AeMenTa: X+0=x; x-1=x

-1

4° cymiecTBOBaHHE CUMMETPHYHOrO teMeHTa: X+ (—x)=0; x-x~ =x-—=1, x#0;

><|»—

5° muerpuOyTHBHOCTB: X-(y+2)=X-y+x-2; x-(y—2)=x-y—Xx-Z
U1 T00BIX X, y, z€ R.

Mooyns deiicmeumenbHo2o Yucia a onpenemnsieTcs TaK:
|a|— a, ecnma a0,
—a, ecmn a<0.

Tak K€, KaK 1 JUIA palfiOHAJIBHBIX YHUCECII, MOKHO /10Ka3aThb, YTO BEPHA

Teopema 1 (cBoiicTBa MonyJisl AeliCTBUTEJIbHOIO YHCJIa)

s mo6eix a, be R Bepwo:

1° |a|20; .
. 6° |a-b|=|al-|b|;
2° al|= lal
al |a

o > 7° |- =+—, b#0;
3 |a|2 a; 2 2 5|~ [b]
4° |al" =la’|=a

. ° <
S 1" |=|af". ne N 8° |a+b|<|a|+|b|

2
HamomuumM, uto s igrob6oro xe€ R BepHO paBeHCTBO VX~ =|X|, OpUMEHHMOE TIPH

pasnuuHbIX IpeobpasoBanusx. Hanpumep, uzsectHoe paBeHcTBO v ab =+a -A/b,a,be R,

MPUMET BHUJT \/E=1/|a|w/|b| st a,be R_.
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IIpumeput

€ xt—dx+4=(x—2)° =|x-2|=|2—x]|.

B J3-242 = 1-2V2 +(2) =4/(1-42)* =[1-+2 | =[2 1| =42 1 (rax
Kak \/5—1>0).

Eciu HeO6XOI[I/IMO OCBO60,I[I/ITBC$I OT 3HaKa MOAYJIsI HEKOTOPOT'O BBIPAXKCHUA, COACPIKAIICTO

mMoaynb

OYKBBI, CIIeTyeT pacCMOTPETh CIIydal B 3aBUCUMOCTH OT 3HaKa 3TOTO BBIPAKCHHUSI.
Ilpumep
VX —dx+4-(x=2)=+)/(x=2)% - (x=2) = |x=2|- (x=2) = (x=2)", ecmnt x22,
—(x—=2)%, ecmm x<2.

MO3KHO J10Ka3aTh, YTO YMCJIOBbIE HEPABEHCTBA 00NIAAI0T TEMHU K€ CBOWCTBAMU HA MHO-
xectBe R, uro u Ha muoxecte Q.

Teopema 2 (cBoiicTBa OTHOIIEHHSI HEpPaBeHCTBA Ha MHO:KecTBe R)
OrtHolenue ,,>“ 0071a1a€T CIIEAYIOIUMH CBOWCTBaMU 1Isl IOOBIX d, b, ¢, d € R:
1° a 2 a (pedaeKcuBHOCTS);
2° ecnua 2 bu b > c, 10 a = ¢ (TpaH3UTHBHOCTD);
3° eciua=2bub=a, o a=>b (aHTHCUMMETPHIHOCTS);
4° ecnma =2 b, toa+c2b+c;
5° ecnma=2bwuc>0, 10 ac > bc;
6° ecua=2buc<0, 710 ac < be;
7° ecmua>2buc=2d toa+c>2b+d;
8 ecmma=>2buc<d,toa—-c=>2b-d,
9° ecrma =2 b, 10 a" 2b", ne N, n — HedeTHOE YUCIIO;
10°ecmua>b>0,10 a"2b", neN, n=2;

11°ecmu a=b u a-b>0, To lSl
a b
Hoxazamenbcmeo:
. o 1 1 1 1 _b-a
Joxaxem, Haripumep, cBoiictBo 11°. [l pasHocTH — —— moimy4yaem: — —— = <0,
a b a b ab
tak Kak a-b >0, b—a <0. Orcrona cienyer, 4to %S % b

3aoanue. Jloxaxwure corictBa 1°—10°.

113

3ameuanue. CoorictBa 1°-11° BepHBI U WIS OTHOLIEHHH ,,. >, , <, , <.
" b 5 9

[IpuBeneHHbIe B TEOpEME 2 CBOICTBA IPUMEHSIOTCS], B YaCTHOCTH, U JUI CPABHEHMS YHCEIL.
ITpeanonaraercs, 4to @ > b (unu a < b) 3aTeM, UCIOIIB3YsI CBONCTBA YUCIOBBIX HEPABEHCTB,
MOJTy4YaloT PaBHOCUIEHOE HEPABEHCTBO, KOTOPOE MPOIIE IPOBEPUTH, BEPHO OHO WM HET.
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NETS

CpaBHuM c ==
P 2 °20
Pewenue:
Y317
[Mpenmnonoxum, 410 5 <2—0. OTO HEPaBEHCTBO PABHOCHJIBHO HEPABEHCTBAM:
NE) 7 289
3< 10 +1, 3< 100" Tak kak nocJeiHee HepaBeHCTBO JIO’KHO, TO JIOXKHO U [IEPBOHAYAIIBHOE,
-1_7
TO €CT BEPHO HEPABEHCTBO —— 2 20" IMockonbKy Yuciia He paBHBI, TO TOJy4aeM, 4TO
V3ot 7
2 20°

@ 3agauu u ynpaxHeHus

LA

1. OOpatuTte B ACCATHYHOE YUCIO IPOOH:

3. 4. 3. 1 2. 1. 1. 1
8 g 0 15° B) 5 Ny ) o5 °) 125° ) RICY
2. OO0parute B IpoOb JECATHYHOE YHCIIO:
a) 0,(13); 6) 2,(5); B) 1,(2); 1) 0,(23); n) 1,2(7); e) 0,2(73).

3. Onpe/:[em/ne, ABJIACTCA JIM PpallMOHAJIBHBIM YHCJIOM 3HAQUYCHUE YHUCIOBOTO BBIPAXKCHHUA:

: 48, . _ /D) V342
a) V2 +3; 6) 5 ) (V2 ++/3)(/8 —+/12); )\B—\E 276.

4. Byner i cymma a + b palMOHATBHBIM YHCIIOM, €CIIH:
a) a U b pauuoHaJIbHbIE YHCIA;
0) a 1 b uppanMoOHAIBLHBIC YNCIIA;

B) OZIHO YHCJO PallHOHAIBHOE, a JPyroe MUppanroHaIbHOe?
5. Haiimure necaTHuHble TPUOIIKEHHS ¢ TOYHOCTBIO 10 107

a) 3; 6) V7; 8) 0,(31); M3+l N7 -1.
6. CpaBHuTe ymcna:

a) 3,257129 u 3,258129; 6) —7,123465 u—8,123466.
7. IlpuBeauTe mpuMep palMOHAIBHOTO 4Yucia, conxepxanierocs mexay 0,62711 u 0,62712.

8. Cpasnure:

a) 0,428571 ¢ V3, 6) 3 ¢ +5; B)%Cﬁ' ) V341 ¢ J10-1.

37 37
9. BbUICHHTE, BEPHO JIM PABEHCTBO JUIA JIIOOOTO X M3 YKa3aHHOTO MHOMKECTBA:
a)ﬁzl, xeR’; 6) x=—|x|, xe R_; B) (x —|x|)(x +|x|)=0, xeR.
x
10. Pemmre Ha MHOXKecTBe R ypaBHenuwe: a) |x+1|=2; 0) [x+4]|=x-3.

11. Pemmre mHa MmHOKecTBe R HepaBenctBo: a) 2x<3x+6; 6) 3—2x>7x—2.
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12. Temmneparypa Boxbl Ha IOBEpXHOCTU okeaHa paBHa 14°C, a Ha riyOune 44 m — 2°C. Cuuras,
4TO TeMIlepaTypa ¢ BOAbI CHIDKAETCS MPONOPLHUOHANBHO Iiybune h (¢ = —ah + b, a > 0),
HaliuTe TeMIepaTypy BOIbI Ha NIyOuHe: a) 22 M; 0) 15 m.

mMoaynb

13. TIlmomraap rpanu Kyba paBHA a CM’.
a) Haiinure 1uinHy quaroHainu Kyoa.
6) Borunciute 00beM Kyba ¢ TOUHOCTBIO J10 107, ecn a =15.

5

14. Cpasmnre: a) V11446 ¢ {6+ 547 : 6) V19483 ¢ 144645,

15. Beoruuncnure: a) 4/+/625; 6) VV+/512.
o X X |6
16. Haiinure 3HaueHWe x U3 M300PAKEHHOTO MPSMOYTOJIbHUKA.
17. Byzaer nu npousBeJcHUE a-b palMOHAIBHBIM YHCIIOM, €CIIH:
X

a) a U b panroHaJIbHbIC YHCIIA;
0) a u b UppalMOHAIIbHBIC YHCIIA;
B) OJHO YHCJIO PallMOHAILHOE HEHYJIEBOe, a JIpyroe MpparroHaIbHoe?

18. MorHocTh P, cuiia Toka [ ¥ CONPOTHUBIIEHHE R B ANIEKTPUIECKOMH IS CBSI3aHbI COOTHOIICHUEM:
2 o

P=1"-R. Kaxoii OyneT cuia TOKa, €CJId MOIIHOCTh UCTOUHHKA paBHa 1200 W, a compoTHBie-

ue — 500 Q7 X

X

19. Haiinure 3HadYeHWEe X W3 PUCYHKA, €CIW TUIOMAb 3aKpameHHON o

obmactu coctasister 60% ruromany KBaapaTa.

* 9

20. BLI}ICHI/ITC, SABJSICTCA JIM pallMOHAJIbHBIM YHCJIOM 3HAYCHUC BBIPAKCHUA!
[ 6442 V241 V2 \6-42
a) —; o) N2 N= B) ; T) - .
V2-3 NW2-4 V3+2¢2 34242 223

1
21. TIlokaxure, yro —>—, eciu b >a > 0.

1
a b’
22. Tpu MarasWHa TIPEIaTaloT CKHAKH HA My3BIKANBHEIH IIEHTP OJHOTO M TOTO K& THIIA:

a) 1iena pasHa 99 1. e. U ckuKa cocTtaBisieT 25% OT IEHBI,

1
0) uena paBHa 111 1. e. ¥ CKHJIKa COCTABJISICT = OT ILICHBI;

3
B) LicHa paBHa 125 1. e. u ckuaka cocrasisier 50 1. e.

B kakom u3 marasuHOB 6y]:[eT HanMEHbIIasd OKOHYATCJIbHAas HCHa?

23. Iapnament PycmyGnuku Mongosa coctout u3 101 wiena. Ckonbko MecT OyneT OTBEAECHO

. 2 .
HEKOTOPOH KOANIMIH, ECITH 32 Hee MPOroNlocoBaiy o OT oburero umcia u3buparesnei?

24. Tlokaxwure, 4To I JOOBIX @, b€ R BepHO ,,HEPaBEHCTBO TPEYroOIbLHUKA™:
la[=|bl[<[a=b[<|a|+|b].
B kakoMm ciy4yae Kaxblif 3 3HAKOB ,,< “ MOYKHO 3aMEHUTDH Ha 3HaK ,,= 7

25%. [lpuBeauTe nMpuMep HPPaMOHATBEHOTO YHCa, cofepkamerocs Mexay 0,62711 u 0,62712.

26*. Kakumu [OIDKHBL OBITH 3HAKU d, b, ab, 4T00BI OBLITO BEepHO paBeHCTBO |a|+|b|=|b—a|?
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Hpodozzolcumeflbﬁocmb
Pabomu: 45 MUHyT

@ MpoBepo4Hasn paboTa

1. JleficTBUTENbHBIE YHUCIA X, Ul KOTOPBIX CIPABEAIMBO HepaBeHCTBO |x|<|—x|, npunax-

B 3a0anusx 1, 2 ykasicume eepHulil sapuanm.

JIEKAT MHOXKECTBY

AR, B R. C R. D R

2. CymMma JByX MPOW3BOJBHBIX HPPALMOHATBHBIX YUCEN — 3TO
A panumoHaJIbHOE YHCIIO.
B wuppanmonanbHOE YUCIIO.
C 4uci0, PaMOHANIBHOCTh MM MPPAMOHAIBHOCTh KOTOPOTO ONPEACIUTh HEBO3MOXKHO.
D uenoe gucno.

3. Haiiaure pecsTHYHBIC TMPUOIMKEHUS UPPAMOHAIBHOrO uncia /10 ¢ HemocTarkoMm u
M30BITKOM C TOYHOCTBIO 110 107,

4. CpaBuure 5\/5 c 4\/3.

V6 -3 -2 +1
V10 -v5+42 -1

B 3a0anusax 1-3 ykascume eepHulil 6apuanm.

9 \/—
1. 3HaueHHE BBIPAKCHUS e 2 TPUHAIICKUT MHOKECTBY

5. VYmpocTure BbIpakeHHE

A Z. B Q\Z C R\Q. D Z\N.
2. MHOKECTBOM YMCEN X, JUIs KOTOPBIX CIPABEUIMBO HEPABEHCTBO ﬁ < -1, sBugercs
X
A R B R. C R. D R
3. Ecomu xeN nu \/;e Q, to
A JxeQ\N. B JxeN. Cc JreR\Q. D JxeR.

4. Haiinure necsaTuvHbie NMPUOIMKCHUS UPPAMOHAIBLHOTO YHCIIA 2—\/5 C HEJOCTATKOM U
U30BITKOM C TOYHOCTBIO 10 1073,

5. HaiinuTe nepecedyeHne U 0ObEIMHEHUE OTPE3KOB [1,9; \/§2+2:|, |:%, \/5 +§]

b a+b

a
v * - '
TIPOCTUTE BBIPAXKECHHE \/; \/Z+b \/Z \/Z—a \/Z \/;

Vi2-+8

7. BI)ISICHI/ITG, SABJICTCS JIM pallUOHAJIBHBIM YHCJIOM 3HAYCHUC BBIPAXKCHUSA —fF——=

12
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Mo.u,vnb, MaTeMaTU4eCKOMN JTIOTUKHU
U TeOpun MHOXECTB
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() pacro3HaBaHHe W MPUMEHEHHE B PA3IMIHBIX KOHTEKCTAX TOHSITHH: 6bICKA3bIGAHUE, UCTIUH-
HOCMHOE 3Ha4eHue, K8aHmMop, meopema, 2unomesd, 3aKoueHie, NPIMdas meopemda, 0OpamHast
meopema, akxcuoma, HeodXooumbvle YCio8us, 00OCMAmMouHble YCI08Usl, HeoOXooumble U 00C-
mamounvie YCI08U;

HaXOX/ICHHE 3HAUYCHH HCTHHHOCTH BBICKA3bIBAHUS C HCTIOIb30BaHNEM IPHMEPOB, KOHTPIPH-
MEpOB, CBOUCTB alreOpandyeckux oneparuii;

IPUMEHEHUE B PA3IMYHBIX CUTYalUsIX TEPMUHOJIOIUU, aJ€KBATHOW TEOPUU MHOXKECTB;
NPUMEHEHUE OTHONIEHHH BKIIIOUEHHUs] U PaBEHCTBA MHOYKECTB, OTHOIIEHUS TPUHAATEKHOCTH
JIIEMEHTOB HEKOTOPOMY MHOXECTBY;

BBIIIOJHEHHUE ONEpalUii HaJ, MHOXKECTBAMM; aHAJIMTUYECKOE, CUHTETUYECKOE, Te€OMETPU-
4YeCKOe MPEJCTABICHUS MOTYy4YEHHBIX PE3yJIbTaToB;

*HCTONB30BaHUE B PA3IMYHBIX CUTYAIUAX OCHOBHBIX CBOMCTB ONepanuii HaJ MHOKECTBAMHU;
*HpUMEHEHUE B PA3NIUYHBIX CUTYaIUsAX TEPMHHOJIOTHH, aeKBaTHON MaTeMaTHYeCKOi MHIyK-
LUK,

©c 00 O 00 O

*HpI/IMeHCHI/Ie METoaa MaTeMaTH4eCKOMN UHAYKIU IIPHU J0Ka3aTCIbCTBE YHMCJIOBBIX TOXACCTB.

m ArnemMeHTbl TEOPUMN MHOXECTB.
NMoBTOpPEHUe n AoNONHeHus

1.1. IlousaTHE MHOKECTBA

Cy1mecTByIOT MaTeMaTHYeCKne TIOHATHS U OTHOIIEHHs, KOTOpble He onpenersoTcs. Ta-
KHUMH SIBIISIIOTCSL IOHSITUSL MHOJICECHIBO, INeMEHI MHOICECHEAd I OTHOIICHUE d1eMeHm npu-
HaoaedxHcum MHoAHcecmay. ITH TOHATHS WLTIOCTPUPYIOTCSI IPUMEPaMH, Pa3bsCHAIOTCS, HO HE
MOTYT OBITB OIPE/ICIICHBI IIPH IIOMOIIH IPYTUX MOHATHH.

Mnosxcecmeo — 3T0 COBOKYITHOCTb KaKUX-JIMOO OTIMYHBIX APYT OT Apyra U 0ObEIUHEH-
HBIX TI0 HEKOTOPOMY NPHU3HAKY OOBEKTOB, HA3BIBACMBIX 271eMEHMAMU MHONCECMEA.

Beinenum mpu ocrnosnwix cnocoba 3adamis MHOJCECMEA:

1) mepedncieHrueM IEMEHTOB MHOKECTBA (CHHTETHUECKHUH crtoco0);

2) OIMCaHWEM XapaKTePUCTUIECKOTO CBOWCTBA AJIEMEHTOB (AaHATUTUYECKHHA crioco0);

3) npu nomouu guarpaMmel Ditniepa—Benna.

MHO)KCCTBO, COACPIKAIICEC KOHEYHOC YMCJIO DJICMCHTOB, HA3bIBACTCSI KOHEUHbIM. B apo-
THUBHOM CJIy4ac OHO Ha3bIBACTCs OecKoHeuHbIM.



Moayinb

OneMeHTbLlI MaTeMaTU4eCKoW NMOTUKU U Teopun MHOXecCcTB

Yucino 37eMEHTOB KOHEYHOTO MHOYXKeCTBA M Ha3bIBACTCS KAPOUHATIOM STOTO MHOKECTBA
u obosnavaercs |M| nam cardM. MHO)eCTBO, He CoJepiKallee HU OJHOIO DIEMEHTa,
Ha3bIBAETCS MycmbIM MHOXKECTBOM. Ero o6osnavaror J; cardd = 0.

Z
%?mualme ¢ pelieHueM

[NepeurcnuTe SeMEHTHI MHOKECTB (33JaHHBIX C IIOMOIIBIO XapaKTEPUCTHYECKOTO CBOMCTBA
AIIEMEHTOB):
A={xeR|2x* +3x+1=0}, B={xe Z|2x*+3x+1=0}, C={xeN|2<x n x<1}.

Pewenue:

Pemmus yparenne 2x° +3x+1=0, momyunm: A= {— 1, —%}, B={-1}, a mHOXecT-

B0 C sIBJISIETCS IyCTBIM MHOKECTBOM, TO ecTh C = .

1.2. loamMHoOkKecTBA. PaBeHCTBO MHOKECTB

Onpenenenne. MHOXECTBO A Ha3bIBacTCS MOAMHOKeCTBOM MHOKecTBa B (0003Haua-

ercaA c B), ecli JII000I SJIEMEHT MHOKECTBA A ABJISICTCS U DJIEMEHTOM MHOKECTBA B.

Ornomienne A C B HasbiBaeTcs omuowenuem exaiovenus. OHO O3HAYAET, 4TO JIIOOOM
3JIEMEHT MHOXECTBA A SIBISIETCSI B TO JKE BPEMsl M JIEMEHTOM MHOXkecTBa B. B atom ciydae
TOBOPAT: ,,A BKIIFOYaeTcs B B v ,,A sIBIsIeTCS IOMMHOKECTBOM MHOXKecTBa B,

I Onpenenenne. MHOXXecTBa A ¥ B Ha3bIBaloTCsl paBHbIMH, eciii AC B u BCA.

O6o3Havaercsa: A = B.

PaBHBIE MHOXKECTBA COCTOAT U3 OJHUX M TEX YK€ DIICMEHTOB.

Z
%Hpmlepm

&% MuosxecrBa A={1,3} u B={xe R|x’ —4x+3=0} pasusi, Tax kak A C Bu B C A.

# MuoxectBa A={2,3,1,7} u B={xe N|1<x <7} He paBHbI, IOCKOIbKY MHOKEC-

TBO B He sABIsSETCS MOAMHOXECTBOM MHOKecTBa A (6€ B, 6¢ A).

MHOKECTBO BCEX TOIMHOMXKECTB MHOKECTBA A Ha3bIBACTCS O)/leanom mHoxycecmea A u
o6osnauaercs B(A). Bynean MHOXECTBa — He IMyCTOE MHOXKeCTBO (maxe ecimu A=),
MOCKOJIBKY MHOXKeCTBY ‘B(A) mprHayIexkar mo kpaitneit Mmepe Muoxectsa A u .

B monyne 4 Oynet nokazana

Teopema 1. Eciu MmHOXecTBO A cofepxuT 1, n€ N, 371eMeHTOB, TO MHOXECTBO B(A)

coaep:KuT 2" 2IEMEHTOB.

Takum o6pazom, cardB(A)=2".

Z
%ﬂpumep

Ecm A = {o, A, a}, To: cardA=3;
BA) = {@, {o}, {A}, {a}, {o, A}, {0, a}, {A, a}, {o, A, a}}; cardB(4)=2"=8.
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1.3. Onepauuu HaJ MHOKECTBAMH

7 O6vedunenue muoicecms

Onpejgenenne. O0beIUHEHUEM JIBYX MHOXKECTB A U B Ha3bIBaeTCs MHOKECTBO, COCTO-
SIIee U3 BCEX JIEMEHTOB, IPUHAIICKAIUX XOTs OBl OJJHOMY M3 MHOXKECTB A, B.

O6beauHenne MHOKECTB A 11 B o603nauaercs AlJ B wunraercs,,A B 06bequHeHNH ¢ B
wi ,,00eequnenne A u B<.
Crnenosarensro, AU B ={x |x€ A wmu x€ B} (puc. 2.1 a) — 3aIITpUXOBAHHAS 9aCTh).

Hepeceueuue MHOJICcecme

Omnpenenenne. IlepeceuenneM nByX MHOKECTB A 11 B Ha3bIBaeTCsI MHOXKECTBO, COCTO-

sIee U3 BCEX AIICMEHTOB, MPUHAICKAIINX KaK MHOKECTBY A, TAK 1 MHOXECTBY B.

ITepeceuenne MuoxkecTB A n B 0603Hauaercs A () B wunTaercs: ,,A B nepecedenunu ¢ B
W ,,liepecedeHne A u B*.

Cnenosarensio, A B ={ x|xe A u xe B} (puc. 2.1 0) — 3amITpuxoBaHHAs 4acTh).

MuoxecTBa A 1 B Ha3bIBalOTCS Henepecekalouwumucs, ecma A B =, 1o ectb eciu y
HUX HET OOIINX 3JIEMEHTOB.

Paznocmo 0eyx MHOMCecme

Onpenesenne. Pa3HOCTBIO IBYX MHOXECTB A U B (B 3TOM TOpsiKE) HAa3bIBACTCS
MHOECTBO, COCTOSIIIEE U3 BCEX 3JIEMEHTOB MHOXKECTBA A, HE MPHHAUICKAIIUX MHO-

JKecTBy B.

Pasnoctb MHOXKeCTB A 1 B o603na4yaercst A \ B wnu A — B u uuraercs ,,4A Munyc B
CrnenoBarensro, A\ B ={x |xe A u x¢ B} (puc. 2.1 B) — 3amTpuxoBaHHast 4acTh).

a) 4 0) B)
B B
A % > A ; :
Puc. 2.1

3ameuanue. OObeANHEHUE U TIEPECCUCHNE MHOKECTB IPUMEHSIOT TIPH PEILICHUH CHCTEM,
COBOKYITHOCTEH YpaBHEHUI W/UITM HEPaBEHCTB (CM. MOIyIH 6—8).

Jexapmoeo npouseedenue

Onpejgenenne. JlekapToBBIM NPOM3BeIeHHEM HEMYCTHIX MHOXKECTB A 1 B Ha3biBa-

€TCsI MHOXKECTBO YIOPSIOYEHHBIX Tap (X, y), Tne x € A, y € B.

JexapTtoBo npou3sBeeHne MHOXKeCTB A u B o6o3Hauyaercs A X B.
CnenoBatensHo, AX B ={(x,y) |xe A, ye B}.

Moayib
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IIpumepo

& Ecmm A = {1, 2}, B={a, b, ¢}, T0
Ax B={(1, a), (1, 6), (1, 8), (2, a), (2, 0), (2, 8)}, a
BxA={(@a,1),(®,1), (1), (a 2), (b, 2), (c, 2)}

Moayinb

& JlexaproBo mpomssenenne R X R wurpaer BaxkHyto ponb B MaTemMaTuke, Gusnke u B
Apyrux oomactsix. [lapsl KOOPIMHAT TOYEK MPSIMOYTOJIBHOM CHCTEMBI KOOPMHAT MPE/ICTAB-
JSIOT co00ii aeMeHThI ekapToBa npousseneHus R X R.

&% JlexaproBo npomssenenne R™XR™ mpencrasnser co6oii mapsl KoopauHaT TOUEK
[ yeTBepTH NIPAMOYTONBHON CUCTEMBI KOOPAUHAT.

OueBuHO, 4TO B 001IeM cinydyae, AX B # BX A.

/ Ceolicmea onepayuii HA0 MHOINCECMEAMU

Ornepanuy HajJi MHOXKECTBaMHU OOJIAJIAIOT PsJIOM CBOUCTB. HekoTopble M3 HUX MOJO00HBI
CBOMCTBaM ONEPaINii CIIOKEHUSI M1 YMHOKEHUS IEHCTBUTEIBHBIX YHCE.

Teopema 2. J{ng mo0bix MHOXECTB A, B, C cripaBeIyIUBbI PaBEHCTBA!

1° AUB=BUA4; 1 ANB=BNA;

2° AUA=A4; 2 ANA=A;

3° AUD = 4; 3 AND =2;

4° (AUBUC=AUBUC); 4 (ANB)NC=ANBNC);

52 ANBUC)=(ANB)UANC); 5 AUBNC)=(AUB)N(AUO);
6° Ax(BUC)=(AxB)U(AXC). 6 AX(BNC)=(AXB)N(AXC).

Z
%?mnamm ¢ pelieHueM

1. IToxasxem, uto AUB =28, ectu AC B.
Pewenue:

Ouesuano, uto B € AU B. Yka3aHHO€E PaBEHCTBO OyET BEPHBIM, €CIIH TOKAKEM 00parT-
Hoe Brirouenue: AU B < B.

ITycts xe AUB. Torna x€ A win x€ B. Eciu x€ A, 10 x€ B (u3 ycnosus A C B).
Taxum o6pasom, x€ B, uro sneuer AU B c B, nostomy AU B = B.

2. Haiinem o6benunenne muoxects A=2Z_, B={xe”Z || x| <100}, C=Z,.

Pewenue:

Ha ocHoBanuu cBoiicts 1°, 4° momyunm:
M=AUBUC)=AUCUB)=AUC)UB=Z_UZ)UB.

Takkak Z UZ, =Z w BC Z, vo M =ZUB=1Z.
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10.
11.

12.

13%.

147,

@ YnpaxHeHuUs n 3agaum

BrorsicHuTe, paBHBI IM MHOXKECTBA!
a) {L-1} n {xeR|x* -1=0}; 6) {xe Z||x|<7} n {0,1,2,3,4,5, 6}.
Hanbt maoxxectBa A=140,1,2,3,4,5} u B=N.
Hailinute MHOXeECTBO:
a) AUB; 6) ANB; B) A\B; r) B\ A.

. Haiingure 6ynean muoxecrsa A={1, 2, 3}U{2, 4, 6} u ero xapauna.

Haiinute Tpu 4mcna, y1oBIETBOPSIOIINE YCIOBHUIM:
a)aceZ u agN, 0) aeZ u|a|<5.

Omnpenenute, kakuMm u3 muoxkects N, Z, Q, R, Z\ N, Q \ Z, R\ Q npuHaie)KuT YHUCIIo:
a)2; 6) V17; B) (2—+/3)> +44/3.
Haiigurte nexapToBo mpousBenenne AX B MHoxecTB 4, B, ecnu:

a) A={2,4,6}, B={l,3}; 6) A={a,b,c}, B={x,y, z}.

BepHo ni, uto AXB # BX A?

J_IaHLI MHOXKECTBA.
a) A={xeR|x*+2x-3=0} u B={xeR|x<1};
6) A={xeR[x'~=1>0} u B={xeR|x’ +x+1<0}.

I[IposepsTe, paBubl 1 MHOKecTBa A u B. Haiiute muoxectsa AU B, A[)B.

5

IIpoBepbTe, paBHBI I MHOKECTBA {\/E} u {xeR, ‘xz -2=0}.

Janbi muoxkectsa 4 ={xe R|x’ -2x-320} u B={rxeR|x*-36<0}.
Hatimure MHOXecTBO:  a) B\ A; 6) A\B.

Haiinure card A, Gynean muoxkectsa 4, cardB(4), ecom A=[0, 4 Z
Haiinure Tpu uucna, yI10BIETBOPSIOIINE YCIOBUIM:

a)acRuagQ 6) aeN u 2<|a|<10.

Omnpenenute, kakuMm u3 muoxects N, Z, Q, R, Z\ N, Q\ Z, R\ Q npunayie:KuT 9uciio:
a) —/2; 6) |3 -2]-+/3; B) V9—4+4/5 —+/5.
JloKa)uTe PaBEHCTBO:
a) AN(B\C)=(ANB)\C; 6) A\(BUC)=(A\B)N(A\O).
Haiinute MHOXKECTBO AEHCTBUTENbHBIX 3HAYEHUM 77, IPU KOTOPBIX UCTHMHHO BBICKA3bIBaHHE:
a) {xeR ‘xZ =3x+m=0}N{xeR ‘x2 —-4x+4=0}=0.
6) (xeR|x" —3x—4<0}N{xeR|x" —m<0}=2.
. Haliqute MCTUHHOCTHOE 3HAYEHUE BBHICKA3BIBAHUS:
a)Ecorm CUA=CUB, 10 A=B. 6) Ecu CNA=CB, 10 A=B.

Moayib ~
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AnemMeHTbl MaTeMaTU4YeCKOM FIOTUKU U Teopun MHOXecCcTB
m AnemMeHTbl MaTeMaTU4eCKOW NTOrMKun

2.1. llonsiTHe BBHICKA3LIBAHMSI. HOBTOpeHI/Ie U JTOMOJTHCHUA

3agaya. PaccMOTpUM 1MOBECTBOBATEIIbHbIE MTPETIOKECHUS:

1. l'opon Kumnnes siBisercst cronuueil Pecryomuku Mongosa.

2. 3x* —x=0.

3. JIro0oit kBagpaT ABJISETCS POMOOM.

4.\3=3.

a) BeisicHuTe, KaKue u3 3TUX MPEATIOKEHHUH SBIISIOTCS BhICKa3bIBaHUAMEU. OOOCHYITE OTBET.
0) HaiimuTe MICTUHHOCTHOE 3HAYEHHE KaXKI0TO BHICKA3bIBAHUSI.

B Maremarudeckoii TOTHKE 8bICKaA3bl8aHUEM HA3BIBACTCS MPEIIOKEHUE, O KOTOPOM UMECT
CMBICJI TOBOPUTH, HCTUHHO OHO HJIH JIOYKHO.

Bbicka3biBaHst 0003HAYAIOTCS CTPOYHBIMU OyKBaMU JIATUHCKOTO andasura: &, b, ..., p, g, ...

B nameit 3agaue npemnoxenns 1, 3, 4 sSBISIOTCS BRICKa3bIBAaHUSIME: TIpeuIokeHus | u 3
SIBJIAFOTCSL UICTUHHBIMH BBICKQ3bIBAaHUSIMHU, a MPENIOKeHUEe 4 — JI0KHBIM. MICTHHHOCTHOE
3HAYCHUE MPEIIIOKEHUS 2, 3x* —x =0, HEBO3MOXHO OTIPENICIINTD, TAK KakK, HAIIPUMED, I
x =0 momyyaeTcst MICTHHHOE BBICKa3bIBaHUE, a JUII X = | — TI0)KHOE BBICKA3bIBAHNE; OTHAKO
3HAYEHUE X HE U3BECTHO.

3ameuanue. B oTIMUME OT paBEHCTBA 2 CYILIECTBYIOT PaBEHCTBA (HEPaBEHCTBA), COAEP-
JKalle NepPeMEeHHbIe U SBJSIOLIMECS TeM HE MEHee BBICKAa3bIBAaHUSAMH, TaK KaK OHH
oOpamaroTcs B BEpPHBIE YHCIIOBBIC PaBEHCTBA (HEPABEHCTBA) IS JIFOOBIX 3HAYCHUU
MEPEMEHHBIX U3 HEKOTOPOil 001acTH.

IIpumepamu MOTYT CIy’KUTh CBOMCTBa OI€pallMil HaJ AEHCTBUTEJIBHBIMU UUCIAMU:
x+0=0+x, x-y=y-x, x, ye R, u np.

C MoMOIIbI0 JOTHYECKUX CBS30K ,, U, ,, Wi, ,,He" (,,non"), ,,€CIH..., TO* U3 BbICKA3bI-
BaHUI1 p, ¢ MOXKHO 00pa30BaTh (cocmasnwle) 6bICKA3bIGAHUA: ,,p U ¢, ,,p WU ¢, ,,non p
u T. 1. Hanpumep: ,,auciio 2 sBisieTcst HaTypaJbHBIM YHCIIOM M —3 SIBJISIETCS 1IETBIM YUCIIOM,
' \/5 HE SIBJISIETCS] pAllMOHAJIbHBIM YHCIOM ™.

B mpomomxkenue 3aliMemcsa Apyroi kiaccupukanueil BRICKa3bIBAHUN: uacmHble
8bICKA3LIBANUS, 0OUUE 8bICKA3LIBAHUs. PACCMOTPUM BBICKA3BIBAHHUS:
1. Ywucno 171 xpaTHo 3.
2. JIroboe miemoe 9ucIo KpaTHO 3, €CIi CyMMa QP B €ro ASCATHIHOH 3aIICH EITUTCS
Ha 3.
3. Yucno 2 sBysieTcs penieHneM ypasHenus x° —3x+2=0.
4. Jlrobomy mpaBUIHLHOMY MHOTOYTOJIBHUKY MOKHO OITUCATh OKPY)KHOCTB.

[To cTenenn 0OIIHOCTH BBICKA3bIBaHUS 1 M 3 OTHOCATCS K YACTHBIM CITY9asiM, SIBILSTFOTCS
YACMHBLIMU 8bICKA3bI6AHUAMU, A BEICKA3BIBAHUS 2 M 4 HOCAT OOIIMIi XapakTep, KacaloTCs
MIPOM3BOJIEHOTO AJIEMEHTA HEKOTOPOTO MHOKECTBA (SIBISIFOTCS. 0OU4UMU GbICKAZbIGAHUAMU).
OO01He BRICKa3bIBaHKSI MOTYT OBITH C(HOPMYITUPOBAHBI 00Jiee KOMITAKTHO, €CITH UCIIOB30BATh
Kxeanmop oowgnocmu (V) (4utaroT Lt TI000T0) Wi Keéanmop cyuwjecmeosanusn (J)
(auTaroT ,,cymiectyer ). Hanpumep, Bbicka3biBaHue ,,J[71s1 1F000TO JCHCTBUTEILHOIO YHC-
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J1a X BhINOJHsAETCS yeosre X~ + 1> 0“ samuckiBaercst (Vxe R) (x* +1>0). BoickasbiBanne
,,CylIecTByeT NpaBUIIbHBIA MHOTOYTOJIbHUK, BHYTPEHHHUE YIJIbI KOTOPOro paBHbI 110°“ MOXHO
samcath (dx € M) (BHyTpeHnue ymisl x paBHbl 110°), rae M — MHOKECTBO BCEX MIPABMIILHBIX
MHOTOYTOJFHIKOB TIJI0CKOCTH.

Ocoboe MecTo cpear MaTeMaTHIECKUX BBICKA3bIBAHUH 3aHUMAIOT TEOPEMBI U aKCHOMBI.
Teopempbl — 310 00IITHE BBICKA3bIBAHUS, TPEOYIOIIHE, KaK IPABUIIO, IOKA3aTEIbCTRA, T. €. CTPO-
roro 000CHOBaHUsI TOTO, UTO OHU BEpHBL. B mpolecce goKka3aTebCTBa UCTIOIb3YIOTCS Ipyrue
UCTUHHBIC BBICKA3bIBAHUS, U3 KOTOPBIX OIHU SBIISIOTCS TeopeMaMH (yiKe TOKa3aHHBIMH), a
QPYTHE MOTYT OBITh aKCHOMAaMH. AKCUOMbI — DTO BHICKAa3bIBAHIS, KOTOPHIE CIUTAIOTCS BEPHBI-
MU 0e3 JJ0Ka3aTeNIbCTBa (MX HEBO3MOXKHO JToKa3ark). OHM 0003HAYAIOT HEKHUE YCIIOBUS, CBOM-
CTBa (BO3MOXHO, OOIICIPH3HAHHBIC) I MOHSTHH, N3y4aeMbIX B pAMKaX CTPOTO IOCTPOCHHBIX
teopuil. Hampumep, akcuomamu sIBISIOTCS BBICKA3bIBaHUSA: ,,JIBE pa3auvHbIC TOUKHU
OTIPEEISIOT MPSIMYI0, U IIPUTOM TONBKO OAHY™, ,Hepe3 mr00yr0 TOUKY BHE MPSMON MOXKHO
MPOBECTH CIMHCTBEHHYIO IIPSIMYIO, TApaJUICIBHYTO TAaHHON .

BoJBIIMHCTBO MAaTEMAaTHYECKUX TEOPEM UMEFOT OJIMH U3 BUJIOB: ,,Ecin A, To B“ wim ,,4,
€CJIM ¥ TOJBKO ecii B (,,4 Torna v ToIbKO Tor/a, Korna B, ,,4 B TOM U TOJILKO B TOM CITy-
qae, koraa B) (uiam MoryT ObITh Tak c(HOPMYIIUPOBaHE), rie 4, B 0003Ha4al0T HEKOTOPbIE
YC106usA, KaCAIOIINECs] MATEMAaTHUCCKUX TTOHSTHI.

IIpumepot
% Ecin 4eThIpEXyTOIBHUK ABJIAETCS POMOOM, TO €10 IMATOHAIN TEPTIEH UKYIISPHEL.

#% Llenoe YMCIIO @ KPaTHO 5, €CJIM M TOJNBKO €CJIM €ro Mociennss (crnpasa) nudpa B
JIECTUYHOM 3amucu paBHa 0 unu 5.

B teopemax Buna ,,Eciu A, To B“ ycrnoBue A Ha3bIBACTCS 00CHIAMOYHBIM YC106UEM
(m1s B), a B — neooxooumvim ycnosuem (nns A). B teopemax Buna ,,4, eCiau U TOIBKO
ecu B ycnoBus A, B Ha3bIBAIOTCS IKEUBANCHMHBIMU YCI0BUAMU VITH HEOOX00UMbIMU U
00CmMamouHbIMU ycaosuamu, 1. e. A sSBIIeTCs HEOOXOMUMBIM U JIOCTATOYHBIM YCIOBHEM
Uit B, a B — HE0OXOIMMBIM U JIOCTATOYHBIM yCIIOBHEM ISt A.

Ilpumepot

&% B Teopeme ,,Ecinu HaTypalbHOE YUCIIO KPATHO 6, TO OHO KPAaTHO 2 yCIOBME ,,HATYpa-
JILHOE YHCIIO KPATHO 6°° SIBISAETCS HEOOXOIUMBIM YCIIOBHEM JJIsl YCIIOBHSI ,,HATYPAITbHOE YK CIIO
KpaTHO 2%, KOTOpOe, B CBOIO OYepe/ib, SBISETCS HEOOXOMUMBIM YCIOBUEM IS IIEPBOTO
YCIIOBUSL.

&% B TeopeMe U3 IpuMepa 4 yCIIOBHS ,,1IEJ0€ YUCIIO KPATHO 5 U ,,I0CIeIHss (CrpaBa)
nudpa B TSCATHYHOMN 3aMKCH 11€70T0 Yrciia paBHa 0 WK 5° SKBUBAJICHTHBI.

JIrobast Teopema CoIePIKUT CIEYIONIHNE CTPYKTYPHBIE COCTABIISIONINE: PA3bACHUMENbHAA
yacms, 2unomesa, 3aKni04UeHUe.
Pa3bsicHUTENBHAS 9aCTh TEOPEMBI OTIPEICIICT MHOKECTBO OOBEKTOB, O KOTOPHIX UIIET PEUb
B TeopeMe. IHOTAa pa3bsacHUTENbHAS YaCTh IPUCYTCTBYET SIBHO, a HHOT/IA — HESIBHO.
Jlrobas Teopema Buaa ,,Ecinu 4, To B MOkeT ObITh 3amucana B BUIC
(xe M)(A(x) = B(x)),
rae x€ M — TOsICHUTEIbHAS YacThb, A(x) — rumoresa, B(X) — 3aKitoucHue.

Moayib
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AneMeHTbl MaTeMaTU4eckon NOrnku u Teopun MHOXecCcTB

ITpumep

%% PaccmoTpuM TeopeMy: ,,IIyCTb p — BBINYKIBIH 9ETHIPEXYTOIBHUK B IUIOCKOCTH (X.
Ecnu p sBasiercs poMOOM, TO €ro AUaroHajy MepreHInKyIsIpHBI .

PazbsacHurenbHas yacTb TEOPEMBI — 3TO ,,p — BBIITYKJIbIH YETHIPEXYTONBHUK B IIIOCKOC-
TH O(*, TUIIOTE3a TEOPEMBI — ,, D ABJISIETCSI pOMOOM ™, 3aKITIOUEHHUE — ,,IMATOHAIIN YETHIPEXYTOJIb-
HUKa IEPIEeHAUKYIIIPHBI .

[TomeHsiB MecTamMu THITOTE3Y U 3aKJIIOUEHHE TeopeMsl ,,Eciu A, To B, moiay4uM apyroe
BBICKa3bIBaHHUE: ,,Ecim B, To A*, Ha3BaHHOE 0OpamHbIM UCXOIHOU TEOpEMe, KOTOPOE MOXKET
OBITH ICTHHHBIM (HOBasI TEOpEMa) WITH JIO>KHBIM. Ecii BeickasbiBanue ,,Eciu B, To A* HCTUHHO,
TO UCXOJHAsl TeOpeMa Ha3bIBACTCS NPAMOI meopemoli, a oOpaTHas K HE — oOpamuou
meopemoii. O6patHas TeopeMa 3anucbiBaetcs (xe M) (B(x) = A(x)).

Ilpumepo

#% O6patHoii a1 TeopeMsl ,,EcIH 1eNoe 4iCIo d KPaTHO 6, TO OHO KPaTHO 2% SBIISETCS
,,ECITH 1Ie5I0e YUCIo @ KPaTHO 2, TO OHO KpaTHO 6, HO JaHHOE BBICKa3bIBaHUE JIOKHO. DTO
MO’KHO TIPOBEPUTH € MTOMOIIBIO KOHmMpnpumMepa: 9ucio 4 KpaTtHo 2, HO OHO HE KpaTHO 6.

&% O6patHOl 171 TeopeMbl ,,ECIIM TOUKa MepecedeHusl JUaroHajiel 4eThIpexXyroibHIKA
JIJIUT UX TOIOJIaM, TO 3TOT YEThIPEXYTOJIbHUK — NapajuiesiorpaMm* ssisiercs ,,Eciiu 4eTsl-
PEXYTOJIbHUK — TMapalijieJiorpaMM, TO €ro AuaroHain TOUKOM MepeceyCHus ACJIATCA MOIOo-
Jam* — M 3TO UICTUHHOE BBICKA3bIBAHUE.

Ecnu st reopemst ,,Ecin A, To B BepHa 1 eii oOpartHasi, To ycioBusi A 1 B SKBHBaJICHTHBbI,
CJIeOBaTeNFHO, BEpPHA TeopeMa ,,4, ecian U Toibko eciu B, Takum oOpa3om, mpsamas u

oOpaTHasi TeOpeMbl U3 MpHUMepa i MOTYT ObITh C(OPMYITHPOBAaHBI B BHJE OJHOW Teope-
MBI ,HeThIPeXyTroONbHUK SBISETCS MapaICIIOrPAMMOM, E€CJIA U TOJIBKO €CJIH €ro JHaroHasu
TOYKOH mepecedeHus aensatcs mononam”. To ectb (xe€ M) (A(x) & B(x)).

B nmanbHei1eM paccMOTPUM HEKOTOPBIE METO/IBI JOKA3aTEIbCTBA TEOPEM (OTIHYHBIC OT
MIPSIMOTO JTOKA3aTeIbCTBA).

B rumHa3snYecKoM Kypce MaTeMaTHKH MPUMEHSIICS MEmood 00KA3amenbCnea om
npomuenozo teopem Buna ,,Eciu A, To B“. OH COCTOUT B CIEAYIONIEM: MPEANOIAras, 4ro
3aKJIFOYCHUEC TeOpeMBI JIO’)KHO, JIOTHYCCKUMH BBIBOJAaMHU HonyqaeM HpOTI/IBOpeLII/Ie (J'II/I60 C
YCIIOBHEM TEOPEMBI, JIHOO C IPYrdM MCTHHHBIM BbICKa3biBaHueM). OTCIoma CIIEAyeT, 4To

HCXOHOE TPEATONIOKEHUE JIOKHO, CIEJOBATENIbHO, BEPHO YTBEPKACHUE TEOPEMBL.
Ilpumep
MeTo0M OT MPOTUBHOTO JIOKAXKEM BBICKa3bIBaHHUE ,,ECITN 11e510€ YnCIio @ He KpaTHO 3, TO
OHO He KpatHo 6. [Ipennonaras oOpaTHOe, YTO @ KpaTHO 6, MOKaXXeM, 4TO @ KPaTHO 3.
JIefCcTBUTENBHO, TaK KaK YUCIIO d KPATHO 6, TO €ro MOYKHO 3arucarh B Buje a =6t, t€ Z,
wmm a =3-(2t), 2t € Z. CnenoBarenbHo, @ KpaTHO 3, 4TO MPOTUBOPEYNT runorese. Ha ocHoBe
METOJa OT MPOTHBHOTO ITOJYYaeM, UTO TIEPBOHAYATIHHOE BHICKA3bIBAHHIE HCTHHHO.

Jpyro# MeToJ J0Ka3aTeIbCTBA HEKOTOPHIX BHICKA3bIBAHUN M3JIaraeTcsi B MyHKTE 2.2.

@
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2.2. MaremaTn4yeckasi HHIAYKIUsI

[Iporeaypbl NOMyYEHHS YaCTHBIX BHICKa3bIBAHUN N3 OOIIHX, WIIH HA00OPOT, TPUMEHSFOTCS
4acTo, TaK Kak JIr00asi MaTreMarnieckast (M He TOJBKO) TEOPHSI CTPOUTCS ISTYKTHBHBIM METO-
JIOM: Bce (BBICKA3bIBAHUS) TEOPEMBI BBIBOJISATCS U3 JAPYTUX, ICTHHHBIX BhICKA3bIBAHUH.

Jloruueckuii BBIBOJI, C TOMOIIBEO KOTOPOTO U3 OOIINX BHICKA3BIBAHNH MOTYYArOT YACTHBIC
BBICKA3bIBAHMS, HA3BIBACTCS OCOYKUUEH.

Ilpumep

BrickassiBanue ,,JIr0060e ypaBHenue 11 ctenenu ¢ eicTBUTEIbHBIME KO3 PHIIMECHTaMU, Y
KOTOPOrO AUCKPUMHHAHT HEOTPHULATEIICH, UMECT ACHCTBUTEIbHBIC PEIICHUS * BJISETCS OOIUM
BBICKa3bIBAHUEM, TaK KaK Peub UAET O IPOU3BOJILHOM DJIEMEHTE MHOXKECTBA ypaBHEHUH 11
CTETICHH C ACHCTBUTEIBHBIMH KO3()(DUIIMEHTAMH U ¢ HEOTPHIIATEIbHBIM AUCKPUMHHAHTOM.

BrickasbiBanme ,,Ypapaerne 2x° + x — 5 = 0 uMeeT aeficTBUTEbHbIE PEIIeHHA" OTHOCHTCS
K KOHKPETHOMY JJIEMEHTY YIOMSHYTOI'O MHOXECTBA, I09TOMY OHO SIBJISI€TCS YaCTHBIM
BBICKa3bIBAHUEM.

[Tycte P(Xx) — BbICKa3bIBaHUE, OTHOCSILEECS K TPOU3BOIBLHOMY 3JIeMeHTY X, Xx€ M. Ecin
UCTHHHO o011ee BrickasbiBanue (Vxe M )P(x), TO IpH IIOMOIIH JAEAYKIMH U3 HETO MOJTy4aeM
YaCTHbBIC HCTUHHBIC BbICKa3biBanus: P(a) mmst x =a.

VcTrHHBIC BEICKa3bIBAHHSI MOXKHO TIOTYYHTh, UCIIONB3YsI #HOyKuuto. C IOMOIIBIO HHIYK-
WU MOXKHO TOJIYYUTH OOIIME BBHICKA3bIBAHMS U3 YACTHBIX BbICKa3bIBaHUU. [IpuMeHSIOT
HEnoIHY UHOYKYUIO, KOTIIA 001Iee BHICKAa3bIBaHHUE (POPMYIIUPYETCS HA OCHOBE HEKOMOPbIX
YaCTHBIX CIy4aeB, H HOHYK UHOYKYUIO, KOTJa o0llee BBICKa3biBaHUE (HOPMYITHPYETCs Ha
OCHOBE PACCMOTPEHHUS 8CeX BO3MOKHBIX YaCTHBIX CIIy4acB.

C OMOIIBIO HETIOTHOM MHTYKIIMK MOYKHO TTOJTYYHUTh OOLIHE BBICKa3bIBAHUS, KOTOPBIE MOTYT
OBITh UICTHHHBIMH, & MOTYT OBITh 1 JIOKHBIMH. OJTHAKO C TIOMOIIIBEO ITOJTHOW MHITYKIIUH ITOTyYatoT
00I1He BBICKa3bIBAHHS, KOTOPBIC 0053aTEIHHO SBISIOTCS UCTHHHBIMH.

Ilpumep
ACCMOTPHUM UCTHHHBIC BHICKA3bIBAHHS u . Ha ux ocHOBE MOKHO
P w1+2<11%u,,1+3<11“. H
cthopMynHpoOBaTh HECKOIBKO OOIIMX BHICKA3bIBAHHN:
p: ,,CyMMa Jr00BIX IByX HAaTypasbHBIX 4ncen MeHbIe 11°;
q: ,,CymMMa mmo0BIX IBYX HaTypajbHBIX YMCell, MeHbIINX 4, MeHble 11%.
BeickasbIBaHuE p JI0XKHO, @ BBICKAa3bIBAHUE ¢ HCTUHHO, YTO MOYKHO IIPOBEPUTH, PACCMOTPEB
BCE YaCTHbIE BbICKA3bIBAHUS:

I+1<1L 14+2<1L 143<11, 242<11, 2+3<11, 3+3<11.

Exte oauH crmoco6 J10Kka3aTebcTBa OOIIMX BRICKA3bIBAHUHN (TCOPEM) — 3TO MeMm 00 Manie-
Mamuueckoi UHOYKyUuU.

Ecnu ans mpennoxenuss P(n), n€ N, uctunao wactHoe BhickasbiBanue P(0)
(nmm P(m), tae m — HatypaibHOe 3aJaHHOE YMCII0) M M3 MPEATIOIO0KEHHS, YTO HCTHHHO
BeickasbiBanue P(k) (k> m) cnenyer, 4ro ucTHHHO BbicKaspiBanue P(k+1), To

uctuHHO ob1ee BrickassiBanue (Ve N)P(n) (cooTBeTCTBEHHO 12> m).

Moayib
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OneMeHTbLlI MaTeMaTU4eCKoW NMOTUKU U Teopun MHOXecCcTB

3aMeTHM, YTO 3TOT METOJ IPUMCHUM TOJIBKO K BBICKA3BIBAHUSIM, CYTh KOTOPBIX 3aBUCUT
OT HaTypaJIbHBIX Yrcel. Jl0Ka3aTenbCTBO METOIOM MAaTEMATHICCKOM HHYKIIMU BHICKA3bIBAHUSI
(Vne N, n>m)P(n) ocyluecTBIsSeTCS B TPU dTama:
1. IIpoBepsieM HCTUHHOCTH BbICKa3bIBaHUS P(m).
2. Tpenmnonaraem, uto BeickassiBanue P(k), k = m, UCTUHHO, U JOKAa3bIBACM NCTUHHOCTh
BbIckaspiBanus P(k +1).

3. Ecnu o6a 3Tama JoKa3aTeIbCTBA IPOBEPEHBI, TO UCTUHHO BBICKA3bIBAHHE

(VneN, n>m)P(n).

2
%?muaﬂue ¢ pelieHueM

I/ICHOHBSYSI MCTOO MaTreMaTu4eCKOu WHIYKIUH, TTIOKAXUTE, YTO BEPHO PaBECHCTBO!:

nn+1
1+2+3+...+n=g.
2
Pewenue:
Hcnonp3yst KBaHTOP OOIIHOCTH, 3TO 00IIee BEICKa3bIBAHUE MOXKET OBITh 3aIIMCAHO B BUJIC
« n(n+1) «
(Vne N )P(n), rne P(n) o6o3nauaer ,,1+2+...+n= % .
[TocnenoBarenbHO MPOIiIEM TAIBI METO/IA MAaTEMATUYECKOW MH T KITUH.
1(1+1)
1. lns n =1 moyiydaem YacTHOE BbICKa3biBaHue 1= 5 ¥ OHO MCTHHHO.
2. IIpearmoaoKum, 94To JJIs HEKOTOPOTO HATYPaIbHOTO K HCTHHHO YaCTHOE BBICKA3bIBAHHE
k(k+1)

Pk): 1+2+...+k= . Mlcrionp3ysi 3T0 paBeHCTBO, MPOBEPUM BEPHOCThH PABEHCTBA

k+1)+1]
7 .

Pl+1): 1424, 4k +(k+1) = KD

[NocTynum ciemyronmm o0pa3om:

(1+2+...+k)+(k+1):@+(k+1

_(k+D)(k+2)  (k+D[(k+D+1]
)= 2 B 2

CrenoBaTenbHo, BeickaspiBanue P(k + 1) ucrunmno.

3. Ha ocHoBaHuu METOJIa MaTeMaTU4eCKOU WHAYKIUW 3aKI049aeM, 4TO PaBCHCTBO

1+2+...+n=n(nT+1) BepHo syt moboro ne N’

@ YnpaxHeHus u 3agaim

LA

1. BLIS[BI/ITE}, Kakue U3 CJICAYIOINX l'[pCI[J'IO)KCHI/Iﬁ ABJIAKOTCA BBICKA3bIBAHUSAMHU U Haﬁ}:[PITC ux

UCTHUHHOCTHBIC 3HAYCHMUS.

a) TemrepaTypa KUIEeHHUs BOJIbI IpH atMochepHOoM JapiieHnd 760 MM pTyTHOTO cTosba pasaa 110°C.
6) YerbipexyroabHuk ABCD siBisleTCsI KBapaToOM.

B) Mopckast BoJia He HMeeT TOT e YICIbHBII BeC, YTO W TUCTHIMPOBAHHAS BOJA.



9.

AnemMeHTbI MaTeMaTU4YeCKOn JNOrMKu m Teopun MHOXeCTB
Harigure MCTUHHOCTHOE 3HAYEHUE BHICKA3BIBAHUS:

a) (Axe N) (x* —x-2=0). 6) (Ixe R) (x> —x—-2=0).

B) (Ixe Z) (x> —x—1=0). r) (Vxe R) (x> —x-2=0).

CdopmynupyiiTe yaCTHbIC BBICKA3bIBAHHS, MOJyYCHHBIC U3 OOILIETO BBICKA3bIBAHUS:

a) JIroboe HaTypampHOE ymcio, KpatHoe 10, kpaTHO 5.
6) CyMMa BeIMYHH BHYTPEHHHX YIJIOB BBIMYKJIOTO A-yroyibHuka paBHa 180°(n—2).

Paccmotpum Teopemy: ,,Eciu getsipexyronbauk ABCD — pom0, TO €ro JuaroHaiu TepIieH -
Kynsipabl. ChopmynupyiiTe BbICKa3plBaHUE, 00paTHOE 3TOM Teopeme, W HaWIAUTe ero MCTHH-

(5

Harigure HCTUHHOCTHOE 3HAYEHUE BHICKA3BIBAHUS:

HOCTHOC 3HA4YCHHC.

a) Temneparypa kureHust Boasl B ropax (oxomno 900 M Hax ypoBHem Mopst) menbie 100°C.
0) V725e Q

Haiinute HCTUHHOCTHOE 3Ha4Y€HUE BBICKA3bIBAHUA:

a) (Vxe M) (BenuuuHa yIJIOB [PY OCHOBAHMU PaBHOOEIPEHHOIO TPEyrojbHUKAa X paBHa 30°),
riae M — MHOXXECTBO paBHOOEIPEHHBIX TPEYTOJIBHUKOB HEKOTOPO ILUIOCKOCTH.

6) (Ixe U) (BeanunHbl BHYTPEHHHX YIVIOB TpEyroibHHKa X He mpeBocxomsit 50°), roe U —
MHOKECTBO PaBHOCTOPOHHHX TPEYTOJbHHKOB HEKOTOPOH IIOCKOCTH.

B) (AxeR) (|x+2|+|x+3|=0).

r) (Vxe R) (|x+2|+ x> —x+1>0).

Haiinute cTpyKTypHBIE KOMITOHEHTBI:

a) teopemsl Iludaropa;

0) Teopems! ,,.BennmunHa BHYTPEHHUX YITIOB PaBHOCTOPOHHETO TPEyroibHHUKA paBHa 60°”.
[TpumeHsiss METO| MaTeMaTHYECKOM MHAYKIMH, TOKaXHUTE, YTO JUIs JII000T0 1, NE |N*, UCTUHHO
BbICKa3bIBaHUE:

a) 1+2+..+2""=2"—1.

6) 1+3+5+...+2n-1)=n’.
n’(n+1)°
—g
N PP+3+.+Q2n-1)"=

B) P+2°+..+n' =

n(2n—1)2n+1)
T
) 1-2+2-3+...+n-(n+1)=§(n+1)(n+2).

UMCHSSI METOA A0Ka3aTCJIbCTBA OT IIPOTUBHOI'O, JOKAXKHUTEC, YTO UICTHUHHO BBICKA3bIBAHUE ,,C.CIIN
IT , , E
LIeJI0€ YHUCIIO0 @ HEe KpaTHO 2, TO OHO He KpaTHO 10%.

10. Paccmotpum Teopemy ,,Ecinu 4ncna a, b panuoHanbHbl, TO cymMMa d +b SIBIsIeTCS paruo-

HaJbHBIM YnciioM™. ChopMynupyiite BbICKa3bIBaHHE, 00OpATHOE ATOH Teopeme, U HaWIUTe ero
WUCTUHHOCTHOE 3HAYCHHE.

11*. HadauTe MCTUHHOCTHOE 3HAYEHHME BBICKA3BIBAHMSI:

a) CymiecTByeT NpaBHIbHBI MHOTOYTOJBHHK, BHYTPEHHUE YIJIBI KOTOPOro pasHbl 110°.

6) Liudpa expun uncaa 7'" pasma 3.

Moayib
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OneMeHTbLlI MaTeMaTU4eCKoW NMOTUKU U Teopun MHOXecCcTB

@ YHpax(Heva n 3agayun Ha noBTopeHune

LA

1. BriaBute, Kakue W3 CIEAYIONIUX MPEIIOKEHUN SBISIOTCS BBICKA3bIBAHUAMH, U HAUAUTE HUX

WCTUHHOCTHBIE 3HAUCHHSI.

a) \/g — JICHCTBUTEIIBHOE YHUCIIO.

6) YienbHBIN Bec JIbJa MEHBIIE YISIbHOIO BECa BOABL

B) B npesHerpeveckoit mugonorun AdunHa sBisieTcss OOTHHEH MYIPOCTH.

r) Opranmzanus OoweauaenHbix Harmii (OOH) Obuta ocHoBana B 1945 1. /U1t yCTaHOBJICHUSI BO
BCEX CTpaHax OOLIECTBEHHOTO CTPOS OJMHAKOBOH OPHEHTALUH.

1) Erunerckue nupamunel O6bmi noctpoeHs! B X VI Beke.

e) ConHeyHasi cucteMa COCTOUT U3 6 IUIaHET.

k) (AxeR) (|x+2(|<2). 3) (VxeR) (Jx+2]<2).
2. Cdopmynupyiite TaKyro TeOpeMy, 4ToObl 00paTHOE €ii BbICKa3bIBAHHE OBLIO MCTHHHBIM.

3. Haiinute HEOOXOAMMOE U JIOCTATOYHOE YCIOBHE TEOPEMBbI; CHOpMYIHpyiiTe 0OpaTHOE el BhICKa-
3pIBaHHE M HAWJHTE €ro UCTUHHOCTHOE 3HA4YCHHE:
a) Ecinu nenoe yncno a kparHo 14, To OHO KpaTHO 7.
6) Ecii TpeyroibHHUK MPSIMOYTOJBbHBIN, TO Y HETO J1Ba OCTPBIX YIUIa.

4. HaiiinTe MCTUHHOCTHOE 3HAYEHHE BBICKA3bIBAHMS:
a) (VxeR) (x> —x+1>0). 6) AneN\{1}) (n|3 u n|7).
5. Jaumer muoxectBa A ={1, 2, 3,4}, B={1,3,5,9}.
Haiimure AUB, AN B, A\B, B\ 4, AXB.
6. B kiacce 28 yueHHKOB U BCE OHHU MOCEHIAIOT JIHOO BOJICHOONIbHYIO, THO0 0ACKETOOIBHYIO CEKIIUIO,

160 06e cexuun. CKOIBKO YUEHHKOB IIOCEMIAIOT 00€ CEKIUH, €CIU BOJICHOOIBHYIO CEKIUIO
nocemarnT 12 y4eHUkoB, a 6ackeTOosbHYI0 — 20 y4eHUKOB?

5

7. Haiinure muoxectsa AU B, A B, ecnu A={x€[R‘(x+1)2(x—5)2 <0} u
B={xeR|x>-3}.

8. Ilycts S,, S, — MHOXKecTBa pemennii Ha R ypasrennii x* —5x—6=0 n Jx—6-(x’-1)=0
coorsercrBenHo. Haitnure: a) S, US,; 6) S,NS,; B) S,\S,; 1) S,\S;; n) S, xS,.
9. Onpenenure Oynean mMuoxectBa A =[-2, 3)(|Z.

10°. Haliiure MCTUHHOCTHOE 3HAYEHHE BBICKA3bIBAHUS:
a) MHOXECTBO TOJI0KUTEIbHBIX PpalfMOHAJIbHBIX YHCEII UMCCT HAUMCHBIICEC YUCIIO.

6) s m000ro HaTypalibHOTO /1 JIpo0b
B) (Axe R) (\2x* —4/31x+1<0).

11°. HOKa)KI/ITe, YTO UCTHHHO BBICKA3bIBAHUC:

n
HECOKpAaTHMa.
n+l1

a) st 00X palMOHANBHBIX YKcen d, b, a <b, cymecTByer 10 KpaifHel Mepe OJIHO paino-
HaJBHOE YHUCIIO ¢ TAKOE, YTO a < ¢ < b.

6) st mr00BIX MPPALMOHANBHBIX (PAMOHANBHBIX) YHCET d, b CylIecTBYyeT 1Mo KpaiHel mepe
OJIHO MPPAIMOHAIBHOE YHCIIO C TaKOE, 4T0 a < c < b.



dnemeHTbl MaTeMaTU4eCcKOW FIOTUKU U Teopun MHoOXecTB

@ MpoBepo4Has paboTa

LA

BLISICHI/ITC, SABJIACTCS JIU MPEIJIOKCHNUEC ,,Y YCTBIPEXYTOJIbHUKA 3 J:[I/Ial"OHaJ'II/I“ BbICKa3hbIBa-

Hpodozzo/cumeﬂbﬁocmb
Pabomu;: 45 MUHyT

Moayib

HHUCM, U, B CJIy4ac YTBCPAUTCIIBHOI'O OTBETA, HalJUTE €ro MCTUHHOCTHOE 3HAYCHHUE.

Jlaubl BeICKa3bIBanus p: ,,4(15%, q: ,,4(8 .
a) CocraBbTe CIOKHBIE BBICKA3BIBAHUSL: ,,p U ¢, ,,p WIH ¢, ,non p*, ,non g*.

6) Haﬁ].'[PITe HUCTHUHHOCTHOEC 3HAYCHHUE KaXXJIOI'0 ITOJYYECHHOT'O BBICKAa3bIBAHUSA.

Jlana Teopema ,,Eciu 4eTBIPEeXyTroNBHUK SBISETCS POMOOM, TO B HEM MOXHO BIIMCAaTb
OKPY’KHOCTB.

a) YKkaxuTe HeoOXOAMMOE YCIIOBHE, H0CTaTOYHOE YCIIOBHE.

6) ChopmynupyiiTe BbICKa3bIBaHHE, 00paTHOE TeopeMe, U HalJIUTe ero UCTHHHOCTHOE
3HaYeHHeE.

Janst muoxxecta 4 = {0, 2, 3, 6} u B= {2, 3, 7, 12}. Boisicaute, Kakoe 13 MHOKECTB

M, =12,3}, M,={2,3, 6}, M,=10,2,3,6,7,12},
M, = {0, 6}, M,=1{7,12}, M,=1{0,6,7,12}
PaBHO MHOYECTBY:

a) AUB; 6) ANB.

Harigure MCTUHHOCTHOE 3HAYEHUE BHICKA3BIBAHUS:

a) {x, y, z} ={y, z, x}; 6) 3¢ {3}.

Brrsicuute, siBisieTcst v peuioskeHue ,,BEITpuTe OKHO BRICKa3bIBAHUEM, U, B CITydae yTBEp-

JUTCIBHOI'O0 OTBETA, HalUTe ero UCTUHHOCTHOE 3HAuYCHHE.

Jlanb! BbicKasbiBanus p: 4% = 15%, g: ,,A/16 =4,
a) CocraBbTe CIIOKHBIE BBICKA3bIBAaHUA: ,,p U ¢, ,,p WM ¢*, ,,non p*, ,non g*.

6) HaiinuTe MCTMHHOCTHOE 3HAUEHUE KAXJOTO TOJyYEHHOTO BBICKA3bIBAHMS.

Jlana teopema ,,Ecnu 4eThIpeXyroibHUK SIBISIETCS MPSMOYTOJIBHUKOM, TO €My MOXKHO OIH-
caTh OKPY)KHOCTB".

a) YKakuTe HeoOXOAMMOE YCIOBHE, JIOCTATOYHOE YCIOBHE.

6) Chopmynupyiite BbICKa3bIBaHHE, 00OpaTHOE TeOpeMe, W HalIuTe ero HCTUHHOCTHOE
3HauEHUE.

Mycts S,, S, — MHOXecTBa pentenuii Ha R ypasmennit x° +2x-3=0 u
(x=3)(x*=1)=0 coorBercTBEHHO.

Haiinure:
a) S,US,; 6) S,NS,; B) S,\S;; r) S;\S,.
Ucmone3yst MeToq MareMaTH4ecKol MHAYKIHU, JOKAKUTE, UTO:
P42 43 4t = ADEED g
5 , .
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KopHu. CteneHnwn.
JNlorapudpmbi

moayns 3

(O BBINIOJHEHUE onepauI/n‘/’I C ,I[CﬁCTBI/ITCJ'II)HBIMPI HucCJIaMU: CJIIO)KCHUE, BBIYUTAHUC, YMHOKCHUC,

JIeJICHUE, BO3BEJICHUE B CTENEHb C PAl[MOHAJIbHBIM WM JEHCTBUTEIbHBIM IOKa3aTeseM;
JeHCTBUH ¢ KOpHAMU n-i crenend, n€ N, n>2, ¢ norapudmMaMu MOJIOKUTENLHBIX YHUCE,
() TpUMEHEHHE CBOWCTB CTEICHEH, PaJUKaIOB, JIOTapu()MOB MPU BHIMOJHCHUU BBIYUCICHUN C
JICHCTBUTEILHBIMU YHCIIAMH,
() mpUMEHEeHHEe OLCHUBAHHWU W MPUOIVDKEHHUH JUIS MPOBEPKH JTOCTOBEPHOCTH BBIYHCICHUH C
JIEHCTBUTEILHBIMUA YUCJIAMU C HCIIOJIb30BAHUEM CTENEHEH, pajuKalioB, JOrapupmMoB.

| §1 LEL

1.1. ITousitue kopHsi. CBolicTBa

W3BecTHO, 4TO n-5i CTENeHb JISUCTBUTEILHOIO YKCia b ¢ HaTypaJibHBIM HEHYJIEBBIM IOKa-
3arenieM n, 0003HaueHHast b", — 9TO TIPOM3BEICHNE 1 MHOYKHUTENEH, paBHbIX b. CrenoBaTesbHo,
PY 33[aHHBIX OCHOBAHUHU b W MOKAa3aTelie 71 HaXOMUM 3Ha4YCHHe CTereHd b" = a.

Panee MbI paccMOTpenH ofiHy U3 0OpaTHBIX 33/1a4: €CJIM U3BECTHO ¢ — 3HAUCHHE CTETICHH 1
TIOKA3aTeNb CTENeHN 71, 71 =2, TO MOXHO HaiTH OCHOBaHHE b, jisa KoToporo b’ =a. Takum
o0pasoM, pelieHne ypaBHeHui 11 cTenenu npuBeso K BBEACHUIO OHATHS K8AOPAMHO20 KOPHSL.
IMeHHO TIONOKHUTEIBHOE pellieHHe ypaBHeHus x° =a, a >0, obo3HadaeTcs yepes \/5 u
Ha3bIBACTCS K6AOPAMHBIM KOPHEM, U KOPHEeM 6MOpOil CHenenu u3 d.

MHorue 3a/1a4u IPUBOIAT K PEIICHHUIO YPaBHEHUIA cTereHu Oonblie, ueM 2. Hanpumep,
HEOOX0IMMO OTPEICIUTh JUTHHY pedpa Kyba, eciu ero o0beM paBeH: a) 8 M3; 0) 5 M.

B cnyuae a) nnunHa peOpa paBHa 2 M. B ciiydae 0) Ha MHOXecTBe Q HE CyIIECTBYET
TOYHOTO 3HAYCHUS JIUHBI pedpa, TaK KaK HE CYIIECTBYET PAIllHOHAIBHOTO YHCIA X, JJIST
KOTOporo x° = 5. Pelrenue 5Toro ypaBHeHus 0003HAYaeTCA yepes i/g, U SIBJSICTCS] KOpHEM
mpemuveii cmenenu (Kyouueckum KopHem) W3 4ucna 5.

Omnpeaesnenus. © JleiCTBUTENbHOE YHUCIO b HA3bIBaeTCd KOPHEM He4YeTHOH n-i
* ~
crenenn, n€ N, n>1, u3 neiicrBurensHoro uucna a, ecim b" =a.

e HeorpunareiabHoe JCHCTBUTEIBHOE YMCIO b HA3BIBACTCS KOPHEM 4YeTHOM n-i
* ~
crenenn, n€ N, n> 1, U3 HeoTpULIATENLHOTO AEHCTBUTENRHOTO YUCHIA d, ecln b" = a.




Moayinb

KopHu. CteneHun. Jlorapudmbl

KopeHb n-ii cTernenu u3 gucia a 0003Ha4aroT K/Z . 3Haymr, "\/_ =bsb"=a, a,beR,
n=2k+1, uila=beb"=a, a,beR,, n=2k, keN'.

3HaK KOpHS ("\/7) HA3bIBACTCS TAKXKE PAOUKAIOM R-il CHIEneHU, 3 d — HOOKOPEHHbIM
YUCAOM.

Hanpumep, /0,25 =0,5; 3/—0,125=-0,5; 4/~16 e cymectsyer; 40 =0, ne N, n>2.

3ameuanue. TIpuMeHUB CBOWCTBA YHCIOBBIX HEPABEHCTB, MOKHO OKa3aTh, YTO IMPH
I YKa3aHHBIX B ONPEIEIEHNH YCIOBHAX 3HAYEHHE KOPHS OJHO3HAYHO OIPEEICHO.

KOpeHL I’l—f/’I CTCIICHU U3 YUCJIAa d BBIYUCIIIEM HAa OCHOBAHUN OHpCHeHCHI/IH, TO €CTh HAXOAUM
JENCTBUTENRLHOE PellcHUe ypaBaenus Buna x" =a, a€ R, n =2k + 1, wiu Heotpunarensroe
petenne ypasHenus x" =a, a€ R,, n=2k, ke N'. Pemenunem 1aHHOro ypaBHEeH s MOXKET
OBITB JINOO PAIIMOHATLHOE YHCIIO, THO0 HPPAITMOHATEHOE YHCIIO, TIO3TOMY (TIPH HEOOXOMMOCTH)
HAXOJUM €r0 JAeCATHYHbIE IPUOIMKEHHS TIPH TOMOIIN KaIbKYIIATOPa, THM00 IIOCTYyIas Kak B
CIeyolen 3aaue.

3amaya. BeuucianM gecaTHYHbIE NPUOIMKEHHbIE 3HAYEHUS C HEJOCTATKOM M M30BITKOM
I 4HCIIa 3\/5 ¢ TouHOCTHIO 10 1072,

Pewenue:

U3 fBoiiHoro Hepaserctea 1° <2 <2 nojydaeM, uto 1< i/i <2, Toecth | 12 ABIAIOTCA
MPUOITIDKEHHBIMH 3HAYCHUSMH THCIIA V2 ¢ HEZ0CTAaTKOM M U30LITKOM COOTBETCTBEHHO C TOY-
HOCTBIO 110 1. Pacemotpum kyOsruncen ot 1 o2 crmarom 0,1: 1,1°; 1,2°; ...; 1,9°; 2°. 3ametnm,
g0 1,728 =1,2° < 2<1,3<2,197; 3naunr, 1,2 < 3\/5 <1,3. Yucna 1,2 u 1,3 — 310 npubimimken-
HbIC 3HAYCHUS YHCIIa 3/ 2 C HEIOCTATKOM M M30BITKOM COOTBETCTBEHHO ¢ TOUHOCTHIO 10 107!

PaccmoTpum ky6sI uncen ot 1,21 10 1,29 ¢ marom 0,01: 1,21°; 1,22°; ...; 1,29°. Tak kak
1,953125 =1,25% <2< 1,26° =2,00376, T0 1,25 < 1/5 <1,26, Toectp 1,25 u 1,26 — nipubnu-

-2
JKEHHBIC 3HAYEHUS YUCIa A/ 2 C HEJIOCTATKOM M H30BITKOM COOTBETCTBEHHO C TOYHOCTHIO 10 1077

Teopema 1 (cBoiicTBa paJMKaJIOB)
Jlnist mo0bix a, be R, 1 yeTHOro HaTypaabHOro HEHYJIEBOTO 1 MITH JUIs IF00bIX d, b€ R
Y HEUYETHOI'0 HAaTypabHOT'O /1 BEPHO:

1° (%)”=a; 7° a>b20:>§/z>%;
20 #a-b=4a b 8 ¥a* =|a|, Va* =|a;
A o 4ab =] 4b]. a-beR.;
, b#0;
40 2k
10° zﬁz—"la', a-beR_, b#0;
b QM

>2;

p=2 11° {a* =%|a’|, acR, p=2.

50
60

»

ﬂ

Jlokazamenbcmeso:

[l moka3aTenbCTBA STHX CBOWCTB BOCHONB3YEMCS OIPEICICHHEM KOPHS M TEM 00CTO-
SATENbCTBOM, YTO 3HaYeHHE KOPHs (€CIM OHO CYLIECTBYET) eIMHCTBEHHO. Clie1oBaTesbHO,
JIOCTATOYHO TOKa3aTh, YTO COOTBETCTBYIOIIAsA CTETIEHb BBIPAKECHUSI OHOM (IpaBoii) yacTu
paBeHCTBa paBHA MTOAKOPCHHOMY BBIPKEHHIO JPYTOH (JIEBOM) €ro JacTu.

@
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1° Ecan 0003HAYUTH bZK/Z, T0 b" =a wu mocie MOJACTAHOBKU BBIPAKEHUS JUIS b
[OJTY4UM ({/Z )" =a.
2° JIefCTBUTENBLHO, (% K/Z )' = (K/Z )" -(K/E)” =a-b. Tlo onpeneaeHuIo KOpHs n-i

CTEICHH MTOYYUM, uTO A/ a-b = {/; . % .

CaoticTBO 3° sgBIIsIE€TCs CaeICTBUEM CBOMcTBa 2°, a cBoiicTBa 4°, 5°, 6°, 9° u 10° moka3bl-
BAaIOT aHAJOTMYHBIM 00Pa3oM.

7° Tlpenmonarast MPOTUBHOE, YTO % < % , TIOJTIyYaeMm, uTo (%)" < (%)" (Momyis 1,

TeopeMa 2, CBOicTBO 9°), TO ecTh a < b, BONpeKH rurorese. 3Hauut, ya >4/b.

mMoaynb

8° VunThIBasi, 4TO KOPEHB M3 HEOTPHUIATEIBHOTO YUCIIA SBISIETCS HEOTPUIIATEILHBIM H YTO
2k 2k 2kl 2k 2k
(*a)* =a™, nonysaem: ¥a* =Y|a* =|a|. ¥
3aoanue. Jlokaxute cBoiictBa 3°—6°, 9°—11°.

3ameuanue. ECIV n — 4€THOE HATYypaIbHOE YHCIIO, TO TIPU MPUMEHEHUH CBOUCTB 2°, 4°,
9°, 10°, 11° Hago yOemUThCs, YTO IpaBast 4acTh — YHUCIO HEOTPHLATENBHOE.

1.2. IIpeoOpa3oBaHusi HPPALMOHAJIBLHBIX BbIPAsKEHH I

lhmaMMWAmummmwmt64w03mmamqmgtmaMMWAumwamwmlna)wmxmqmﬂ

Z
%Saﬂauuﬂ ¢ peleHueM

3 4 3
1. Yopoctum Beipakenne N7 =7 -5.
Pewenue:

70 -7 5 =37 (1-5) =7 A2=742.

Ecnu creneHb KOpHS YeTHAs W MO 3HAKOM KOPHS COIEPIKATCS MEepPeMEHHbIC, TO MOTYT
OBITH MCIOJIB30BaHbl CBOMcTBa 8°—11°.

2. BriHeceM MHOXKHTENb H3-T0J] 3HAKA KOPHS: A x®=5x7, xe (=00, — i/g] U [‘{/g, +00),
Pewenue:

4\/)66 —5x? :\/xz(x4 -5) :‘{/x_z"{/x“—S =\/M‘V4 x' =5,

3ameuanue. bpio O OIIMOOYHBIM TPUMEHHUTH CBOICTBA 1°—7°, eClTi He M3BECTHBI 3HAKH
3HAUCHUI MHOXKHTEIICH, TO €CTh A6/1€MC s HeBEPHOLL 3ANUCH BUOA:

4x’(x* =5) :W~4Vx4 -5.

Jle#icTBUTENBHO, 00JIACTBIO IOITyCTUMBIX 3HaueHNH (O/]3) BhIpaXKeHNs JIEBOW YacTH PaBeH-

CTBa SIBIISICTCS MHOXKECTBO [—% . O]U[‘{/g, +o0), a OJI3 BeIpaxkeHUs: MpPaBOW YaCTH

PaBEHCTBA SIBJSICTCSI MHOXKECTBO [4«/3, +o0).

[Tpu BHECEHHM MHOKUTEIIS ITOJT 3HAK PAIHKAIA MO2YH Oblmb O0ONYueHbl OWUOKY Cedyio-

4
WUX 6UO0E: —7«/521/(—7)2 -«/52«/9_8; X- 4{x—yz =4 );—zy =14/x2y.
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_J9 / 4 , >0,
[IpaBuibHOE perieHue: —7ﬁ =—+/98; x-4 { x’ Yy, €ClIu X

4/x? y, ecan x <0.

2 H36aenenuem om uppayuonailbHoCmu 6 3Hamenameine anreraI/Iqecxoro OTHOIIC-
HHUA HaSBIBaeTCﬂ npeoGpaSOBaHHe OPpUBOAAIICEC 3HAMCHATECIIb 3TOI0 OTHOHICHUA K
panoHaJIbHOMY BULY. DTO MOYKHO BBITIOJIHUTH Ppa3iinIHbIMUA criocodamu.

a) Vmnooicenuem yucaumens u 3Hamenamens OTHOUICHHUS BUAA (4 — MPOM3BOIBHOE
BEIPAKEHUE):

A
1) ——,
)a.%
A
2) ——,
) Taidh

«/g —\/E — CONPANCEHHbIE BbIPANCEHUS).

a,be R, na 4/b"";

a,be R, na Boipaxenue, conpsbkeHHoe 3HameHatenmo (va ++/b u

Ilpumep

2 _ 2T+ 2(7442) _2(7+442)
V71-42 (1-V2)W7+42) (1) -(2) 5

0) Ilpumenenuem hopmyn:
("\/E—K/E)("\/a”’l +§/a"’2b +...+”\/ab"’2 +Vb”’l)=a—b, nelN, n=22, a,b>0;
(%+%)(Vu""] —K/a""zb +...—4/ab""2 +db”'I )=a+b, ne N, n —HeueTHOE YNCIIO.
Ilpumep

2 @324V 2306 +34)
B-2 @-V2)AB +33-2+327) 4B -Q2)
=21/9 +3/6 +1/4).

B) Tlocneoosamenvubim UCKAIOYEHUEM padukaﬂoe aﬂee6pauqea<0ﬁ CYMMbl 6 3HAMeHameile

Ilpumep

1 _ 345442 _ 3+5+42 _
V3+5-2  (3+5-V2)W3+5+42) (f3+5)-(2)

(W3 +5+42)26-1043)
T (26+10V3)(26-1043) 376(26*/_ 244/3 1046 +100).

2
%hnauue ¢ pelIeHHEM
[ 2 2
YipoctuM BelpakeHne A =4/(x+2)" —8x: «/_—T .
X

Pewenue:

IToCKOIBKY BRIPaXKEHHMS IO PaJuKaIaMH COAEPXKAT mepeMeHnyro, HaxomuM OJ13 BeIpa-
sernst 4: (0, 2) U (2, +o0). Torma:

x 2 \/(x 2)? \/_ |x 2| \/_ —x, ecmn xe (0, 2),
A=+x"—dx+4 P

\/;, ecian X € (2, +oo0).
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(%} YnpaxHeHuUs n 3agaum

LA

2) J0.0025:  6)¥256-936; B 2324 5 B-2  piaB-2r.

529-49

B myHkrax T), 1) Haiimure Ui MOMYYEHHBIX YHCEN NMPUOIMKEHHBIC 3HAYSHUs ¢ HEOCTAaTKOM U

. Beruucaure:

-2
HM30BITKOM C TOYHOCTBIO 10 107,

. BhIHecHTe MHOXKUTENb M3-TIOJ 3HAKA KOPHSL:

a) V32a'b’; 6) V25a°b’, a<0; B) y/(x—3)" +12x;
) ix’y%; 1) 4/169x°y*, y<O0; e) V8a’h®, b<O.
. BHecuTe MHOXHUTEND MOJ 3HAK KOPHS:

a) —bﬁ, b<0; 0) x-,/_?z; B) —cV7a; r) x-32y; ;[)a-“\/ﬂ;

e) a3, a>0; K) y\/g; 3) x-\/%; n) x-3/2xy; K) x-4—x.
. YopocTtute BbIpajkeHUE:
a) (23 +5)(5-243) + (4—+/5)2 +8V5; 6) 3\/5—\/%%\/%;
ﬁ ﬁ 1) 4/6x(5 +246) - 3v/2x - 2/3x; 10 (14452 +45).
. H36aBbTech OT MPPAIMOHAIBHOCTH B 3HAMEHATEIIE:

1 1 1 5

1
— 0 s — —_—
Y Vs P PTn-as Piehed

o

. Brrancaure:
a) \J(1=+3)* —4/27; 6) 1+3i2+%; B) 4/8++/37 -8
1) 5+ 246 + 11— 62 +47—443; 1) V124246 — 245 —24/30.

B nyHkre 1) HalaMTe AJIS IOJYYEHHBIX YMCE NPUOIMKEHHbIE 3HAUYEHMS C HEJIOCTATKOM U
-3
M30BITKOM C TOYHOCTBIO 10 107,

. YmpocTtute BBIpaKEHUE:

a)m—zﬁ—12\/%+5\/§; 6) (\/717 ; 4+\/,J (\f \E)

N Jep+n +Jep-1n' ) J(x+2)" —8x

] r 2

Ap+2:J4p” -1 \/E—%
X

\/7 Vab +b . o \/a+x2_2\/z+\/a+x+2 p

a+b : X

3+245-6 =
—_; 13++/48.
XK) 1+4\/§_\/§ 3) +r

mMoaynb ~



Moayinb

KopHu. CteneHun. Jlorapudmbl

8. Ompenenute, BEpHO JM PaBEHCTBO:
a) V26 +15.3(2=3)=1: 6) 9++/30 +3/9 /80 = 3.

9. Tlokpacwiu mon momernenus pasmepa 8,45 mx4 M. Ckonbko rpaHeit kyba ¢ pebpom 2,6 M

MOJKHO IOKDPBITH TEM JKE€ KOJIMYESCTBOM KPAcCKH IPH OIMHAKOBOM pacxoie Kpacku Ha | m>?

10*. Haiinure 3nayenue BoipaskeHust /(7 —a)(4+a), eciu N7 —a ++4+a =5.
11*. Tlokaxwure, 4TO \/6m+ 2N9m* —n® —\/6171—2\/9m2 —n* =243m—n npu n<3m, m,neR_.

XA Crenenn ¢ gelicTBUTENLHLIM NOKasaTenem

Bam YK€ U3BECTHO IOHATUC CHIENEHU C Ue/IbIM NOKA3ameslem.

* * 0 _ 1
Just neN', ae R 6buio onpegenero: a" =a-a-....a; a"=l; a"=—, a 0" =0.
— a

1 MHOMKHTENeH

I 3ameuanus. 1. Beipaxenue 0° He ormpeienicHo.

2.a">0 g a>0, me”Z.

i Cmenenb C PAUUOHAIbBHBIM noKazamejiem

ITpu u3yueHnu cTeneHu U ee CBOUCTB BO3HUKAET BOIIPOC O HEOOXOAUMOCTH PACCMOTPEHHUS
U CTETICHH C PALMOHATIBHBIM TTOKa3aTeneM. [10710KuTenbHBII OTBET Ha 3TOT BONIPOC JJAET CAMO
pasBuTre MaTeMaTHKU: MHOXkecTBO N Gbuto pactumpero 10 Z, norom 10 @, 3arem 1o R u Ha

3THUX MHOXKECTBaX OBIIH ONPEe/IeNICHBI apU(PMETHUECKUE OTICPaLIUHL.

MHorue 3aa4i B pa3IMYHBIX 00JACTAX TaKKe MPUBOIAT K CTENICHH C PAllMOHAIBHBIM
nokasareneM. Hampumep, ObUIO yCTaHOBIEHO, YTO KOIMYECTBO ) OakTepuil, KOTOphIE pas-
MHOKAIOTCSI B HEKOTOPOH CpeJie, BEIPAXKaeTCs B 3aBUCHMOCTH OT BpeMEHH ¢ (popMyIoit y = a'.

3 . . 3
Ecin t=§ Jaca, TO KOJIMYeCTBO OakTepuii B 9TO# cpene uepe3 — uaca Oymet y=a?, To

2

€CTh TOJYYHIIH CTEIICHD C PAIlMOHALHBIM [TOKa3aTeIIeM.

[Tpu onpeienieHny CTENeH! ¢ PallMOHATBHBIM M UPPALMOHAIBHBIM MTOKA3aTeSIMH €CTECT-
BEHHO TOTpeOOBaTh, YTOOBI OCTABAINCh B CHJIE CBOMCTBA, KOTOPBIMH OOJIAJAI0T CTEIICHH C
LIEJIBIM TTOKa3aTeJIeM.

m

_ *
Cobirofast 5TO yCIOBHE, BBIICHUM CYTh Bhipaxkenus a", me Z, ne N'. Jlna a >0

m n m. n z
nonydaem (a”) =a"" =a". Takkak (W a") =a", TO JOTMYHO CYMTATH, UTO a” =X/ a".

m

Onpenenenne. Crenensio a”, rme ac€ R

s

meZ, ne N, n>2, naseBaercs

+9

qucino Alq™ .

m

=0 min m,neN , HO BBIpakeHHE q” HE UMEET CMBICIA, €CIIU

s |3

3ameuanua. 1. 0

MeZ ua<0.
n

w2

=277 =43y =33’ =" =0.

Ilpumep: (27)
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m

m
2. 3HaueHue CTENEHU a” He 3aBHUCHUT OT CIIOC00a 3aIliCH II0Ka3aTeasa —.
n

m o o
B camom JCe, €ECIIM X = — = B, TO, UCIIOJIB3Yysl CBOMCTBA KOPHCH, ITOJIydacM:
q

n

L2 — m
x:aq =qap an’aP” :mﬂamq ZnIam =a"
3. CTereHp MOJ0KUTEILHOTO YHCa ¢ palluOHAJIBHBIM MMOKa3aTCJIEM ITOJIOKUTEJIbHA, TaK

KaK 3Ha4YCHUEC KOPHS JI000M CTENEHHU U3 MOJIOKUTEIHLHOTO YHCIa MOJI0KUTEILHO.

. _ 1
4. CnipaBeTBOE [T CTETIEHH C LIEITBIM TTOKA3aTeNIeM CBOKCTBO @ =—— BBIIOJIHACTCS
a

" OJ1s1 CTCIICHU C paHI/IOHaIH)H])IM IMOKa3aTCJICM.

JeiictBuTensHO: a " =X a” \/_ = Lm
7

m
m .k
3aoanue. Jlokaxure, urto eciui —=k€ Z, o a" =a".
n

CJ'IGI[YIOH.IaSI TCOpEMaA IMOKA3bIBACT, UTO CTCIICHU C pAallMOHAJIbLHBIM IMOKA3aTCJIEM 06na/:(a10T

TEMU XKE CBOP'ICTBaMI/I, YTO M CTCIICHU C LCJIBIM IMOKA3aTCIICM.

Teopema 2 (cBoiicTBA cTeleHel ¢ PalMOHAJIBHBIM MOKa3aTeJeM)

s a,be R, x, ye Q, Bepuo:

4+
- x
al_a . .a Xy

==.5
b b* a’
6°a) (a>1, x>y)o a*>a’; 6) 0<a<l, x>y)&e a*<a’;

1°a*-a’ :ax+y; 20 (ax)y =axy; 30 (Clb)x =a' bx,

7°a) (a>b, x>0)= a*">b"; 6) (a>b, x<0)= a" <b";

8 (a*=a’,azl) = x=y.

Hokazamenvcmeo:
JHoxaxxem cBoiictBa 1°, 2°, 4° (ocTanbHbIe CBOMCTBA MOXKHO JI0Ka3aTh aHAJOTHYHO).

m . . o
Iyets x=—, y= Lo peZ, k, re N'. Mcnons3ys cBoiicTBa KOpHEii 1 cTeneHeii ¢
k b r b b b b

L CJIBIM IMOKAa3aTeJIEM, ITOJIyYacM:

mr+kp

10 ax.ay:a%.ar _\/_ F_ } \/_kp [ mr+kp _a%+r:ax+y;
2 (@) =(at)’ = W_V \/\/ —4fa =a% =a®
4° ﬂx % a” \/_ % dx

k_: .
z T

3aoanue. Jlokaxkute cBorcTBa 3°, 5°—8°,

2
%33H3HI/IH C peHIEHI/IeM
5

1. Beruncimm 3Hauenue Beipaxkenns A =2"(4)2-(0,25)° -8°.

Pewenue:

5 5 3
A — 271 (4)2 . (0,25)5 A 82 — 271 (22)2 A (272 )5 . (23)2 — 2—1 . 22 2. 2—10 3 26 — 271+5710+6 — 20 — 1‘

mMoaynb
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2. Cpasuny uncna (3/5)* u (\/3)°.
Pewienue:

B cuily 04€BHIHBIX YHCIIOBBIX HEpaBeHCTB 4 < 5, §/5 < «/5 U CBOMCTB 6° U 7° ojtyyaem:

A5 =@5) <(W3)' <3,

3. IIpeobpasyem Beipaxkenne A=x2y3(x* —y?).

Pewenue:
1 2 2 1 12 2 1 2 1 1.2 2 12
3 §+§ 3 2 §+

A=x2y3 (X7 —y)=xlxdy’ —x2yiyd =x23y3 2y

L 72 1
3=xby3 —x2y.

2 15
4. TIpencTaBuM B BUJIE CTENIEHH BEIpAKEHHE A = («/Z -b—b3)’ +4a’b>.

Pewenue:
2 15 2 2 15
A=Wa -b=b>) +4a’b’ =(Na -b)* =2\a -b-b* +(b)’ +4a’b’

L5 4 15 2,

=ab® —2a’b* +b° +4a*h’ =(Ja b+b?) .
1 2

2+ 3
5. Ympoctum Ha O/13 BeIpaxkenune B = u

Pewenue:

1 2 11 1 1 1
XXy Xy 4yt x4yl
= - = 5 = .

3

X’y X1y y

2
3

B

6. YIpocTuM BbIpakeHHE:

1 1 1 1
co xa_yz (x3+y3)2—4-3/xy 21

3 6
=TT 11 51 12 Ty S
xz +x3y6 x6y3_x2y3
Pewenue:
I‘IT06I)I YHOPOCTUTH BBIPAXKCHHUEC C, PAa3JI0KKUM Ha MHOXHUTCIIN YUCIIUTECIN 1 3HAMCHATCIIN
1 1 1 1 1 1 5 1 1 2 1 1 1 1

OTHOMIEHHMIT: X2 +)c§yg =x3 (xg + yg); xgy§ —xiyg :xiyg(x§ — yg);
[ 11 [
(X +y2)" —4xiy? =(x* = y?)".

[IpousBenenue NepBbIX ABYX OTHOIIEHHUH BbIpaxkeHus: C NPUHUMAET BUL:
1 1 1

(f =y =y _ (8 =y O =) _ (8 =yt =y

5 1 1 1 1 1 51

x€y§(x5 _+_y€) xgyi(xg +y€) x€y§
2 11 2 1 11 1 11 1 1
x6 —2x0yS +y° 2 X3 =2x0y0 4+ 3 +2x0y° X3+ y3
Urak, monyuaem: C = < Y ; Y 4 = Y s )1) Y = < f .
x€y§ xEyE xéyi xEyE
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"/ Cmenenb NON0JNCUMEIBHOZ0 HUCNA C UPPAUHOHATIbHBIM NOKa3amelem OIpele-
JSIeM, UCTIONB3YSI ICCSATHYIHBIC MPHOMMKESHISI HPPAIIMOHATFHOTO YUCa C HEAOCTAaTKOM U
U30BITKOM (cM. MOZTYITb 1). MI3BeCcTHO, UTO IIs1 JTF000T0 MPPAMOHATIBHOTO YHCIIA X CYIIECTBYIOT

TaKHe PalMOHAIBHBIC YHCIA X, , X, , 9T0 X, <X <X, x, —x =10", neN.

Onpenesnenne. Ctenenblo urcna a, a >1 (0<a<1), obo3naueHHo# a*, ¢ UPpaHO-
HAJILHBIM MIOKA3aTeJIeM X, Ha3bIBACTCs JICHCTBUTEILHOE YUCIIO £, KOTOPOE JUIs JTF000T0
<t<a™ (a™ <t<a™),
x; — JCCATUYHBIC HpI/I6J'II/DKeHI/I$I qyuciia X C HEAOCTAaTKOM U H36]>ITKOM COOTBET-

*n

HATypaJbHOTO /1 YAOBJIETBOPSET IBOMHBIM HEPABEHCTBAM
e x

n?

CTBCHHO.

ITo onpenenenuio cuuraeM, 9ro 1 =1 s 1106010 UppanuoHaILHOTO YUCa X.

2
%\%aaﬂne ¢ peuIeHueM

HaﬁI[CM HECKOJIBKO A€CATUYHBIX HpH6.]'IH)KCHHI71 C HEAOCTAaTKOM U I/I36I>ITKOM I
a) 5% 6) (0,1)".
Pewenue:
a) VI3BecTHBI AeCATHYHBIC TPUOMIDKCHNS YHCIIa V2

1<V2<2; 14<y2<15 141<42<142; 1414<2<1415; ...
CJ'ICI[OBaTC.]'IBHO, YHUCJIO [ = Sﬁ YAOBJICTBOPSACT Z[BOfIHBIM HEpPaBCHCTBaM:

5'<t<5% SM<r<5Y; MM <r<st MM << 5ML L

0) Mcronp3yst gecATHUHBIC TPUOJIMKECHHUS Yicia +/ 2, MOJTydaeM JeCATHYHbIC MTPUOIIH-
2
JKEHHS YUCla § = (O,I)I :

0.)°<s<(0D"; (0,D" <s<(0,D"; (0,D)"* <5< (0,D"*"; (0, <5< (0,)"*"; ...

Cmenennb nonodcumeibHo20 4ucid ¢ 0eicCmeumeabHbimM ROKA3amesiem 06J1a):[aeT
TEMU XKC CBOfICTBaMI/I, YTO U CTCIICHDb C pallMOHAJIbHBIM ITOKa3aTCJICM. HOKa)KeM, Harpumep,

cBoiicTBo 1° Teopemsr 2.

Hokazamenvbcmeo:
v} ’ ’
W3 nBOMHBIX HEPABEHCTB X, < X < x; ny,<y< y;, rme Xx,, X,, y,, Y, — NE€CATUYHbIC
IPUOTIKEHNS ICHCTBUTENEHBIX YHCEN X, Y, MONydaeM, uto X, + y, < x+y<x, +y unpu
a>1 umeem a”" <a*<a™, a’" <a’ <a’, neN. YMHOXUB ITOWIEHHO 3TH HEPABEHCTEA,

*n 4 Yn

noJyuum a “a

<a'a’ <a™a™, nm a™"" <a‘a’ <a™"". Tockonbky a*’ Takxke
JIOJKHO YIOBJIETBOPATH TOCIeHEMY HepaBeHCTBY mist 1€ N, To BBHIy eIMHCTBEHHOCTH

4HCIIA, YIOBIETBOPSIONIETO STHM HEPABEHCTBAM, ClIeyeT, uto a'a’ =a™. P

3ameuanun. 1. llpn a <0 creneHs ¢ UppaLMOHATIBHBIM IIOKA3aTeJIEM HE ONPEIeNsIeTCs.

2. Inst moboro a>0 u xe R umeem a” >0, Tak Kak a* COAEPKUTCI MEKIY IBYMS
CTEIEHSIMH ¢ PAlMOHAIBHBIME [TOKA3aTEISIMU YKCIIA d, KOTOPBIE, KAK M3BECTHO, I10JIO-

JKUTCJIbHBI.

mMoaynb
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Z
%&mauuﬂ ¢ peleHueM
e
1. Beruncnum [(5) :I .

Pewenue:

V3 -7 —/81 -9
1 _(1 N O S I e N
[(E) :l _(2) _(2) =(27)" =2 =512

2. CpaBHHM JCHCTBUTENBHBIC YNCIIA X M Y, €CITH H3BECTHO, UTO (ﬁ - JE ) = («/7 - «/g ).

Pewenue:
[TockonbKy HaHbI ABE CTENEHU C OJIMHAKOBBIM OCHOBAaHUEM, CPABHUM C €IUHMIIEH 3TO

ocHoBaHwue. 13 IBOMHBIX HEPABEHCTB 2 < ﬁ <3 2< «/g <3 cuenyert, uro 0< ﬁ — \/g <1
(Tak Kax «/7 > \/g ). ITo cBO¥CTBY 6° TeOpeMbl 2 Moay4YaeM, 4To X < Y.
3. Pemnre Ha MHOXecTBe R, ypaBHeHHe =7

Pewienue:
Taxk Kak IoKa3zaTellb CTENEHH — MPPALMOHAILHOE YUCIIO, TO X JOJKHO ObITh IOJ0KHTEILHEIM
1 1 1
2
yucnoM. Torpa: (xf) 27 o x =7,
1
Omeem: S ={7"*}.

4. Pemmte Ha MHOXKecTBe R, HepaBeHCTBO x>

Pewenue:

Kak u B 3aganuu 3, x mpuHUMAET TOJIBKO MOJIOKHUTEIbHbIE 3Ha4eHus. [[0CKOIbKy OCHOBaHUs
CTEIEHEN OIMHAKOBBI, CPABHUM IOKA3aTEIU. Y UNUTHIBAs, YTO «/5 <2, B cuiy cBoiicTBa 7°
nmosy4yaem, uto 0 < x <1.

Omeem: S =(0, 1).

@ YnpaxHeHuUs n 3agaum

1. Brrumcnure: 1 -1
-1 0,047%.25.[ =
-1 3 9 5

a)3 -5+ = | 0) B) .

2 9,28-10° =2,8-10°’ 2.5 ’

a7
1 -5 1 4 1710 1 3. . R ). 3-7 Z
) (25) (125) —(5) (625) D QTOHT2% 9 ot
2. VmpocTtuTe BBIpaKEHHUE:
2 11 2 1 1

2) a3—a3b3+b3; 6) x+2x2; 5) a—4a*? : v a + b _a+b;
a+b 2x 3 1 1 11 11
a*+2a? a’b*+b a’b?>—-a a*b?
2 1 2 ¥ 1 ﬁ
- - - 8
Zl) 91 da . _1+IT 6613 : e) (3—1)6_9\/3(9—1)«/5; )K) ((27) 13) .
3a 2+2a? a’+3a?’



KopHu. CteneHu. Jlorapudmbl

3. Cpasaure c 1:
| J3 5 Jr 5
a)l=1 6)|=| ; B) (m—3)""".
() () .
4. Ilena ¢yTOOIKM TMOCIE IBYX IMOCJIEI0BATCIbHBIX MOBBINICHUN HA OJHWH M TOT € MPOICHT
m3mMenmack co 100 a. e. mo 125,44 1. e. Ha ckoibKo IPOIIEHTOB TOBKIIIATACH [IeHA KaX bl pa3?

5. Kpucramn noeapenHoit conu (NaCl) coctout u3 4 HOHOB HATpHs cr Na*
(Na") u 4 monos xnopa (Cl™), pacmonokeHHBIX B BEpPIIMHAX
peleTku B Buae kyOa. JImaroHans rpanu ky6a pasHa 4-10°cwm.
CKOJIBKO TaKMX KyOHKOB cojepikarcs (IIpUOIM3UTENIFHO) B OJHOM
kpynuie comu oobemom 0,1 mm’ ?

3
6. HaiiguTe X, eciam ofHA CTOPOHA MPSMOYTOJBHHUKA paBHA X2 CM,

2
Apyras — .X'z CM, a mom@anb MnpsaMOyrojJbHHUKa paBHaA 15 em”.

5/

7. Breruucnure:

2.5% _9.5" B 1 0.5
2) %; 6) 47 -(0.34)° +(4) (6,25)°%;
3
SY 1 03 e 01 02"5"-25 02"
2 . . (0.7 2 > .
8. VYmpocture Bblpaxenue (Ha coorBerctBylommei O/13):
1 1 2 11
a’+b? a’*+2a’b’ X7 =1 1+x+x° 1 1
R B P 0) 1_x"—1' - . T |
a*—a*b* +b? l1-x2

2 2
o 3 3 3 i 4 (x3 +23/xy +4y3)
2 2 2 __ 2 2 2
5) x?+3y L X 3y? | x? -y, v -[2—3’x}
y

2 % % 'x_y 2 ’ 4
X—2x°y-+Yy x3—8y'3\/; :3\/5
) m’ +m* .3\/§+31/4m9 . 0 <(ﬁ)\/§)*2‘/g_ ) 75«/@ .527«/5
8 |m3—1|—1 ’ ’ 25@ 155

9. Cpasaure c 1:

1 1 1 2 V23
2) (V5 -+3)2: 6) (T -1)°: 5) (3 -1)7%; " () .

7
* .
10*. IIpoBepbTe CHpaBeUIMBOCTh PaBEHCTBA:

1
a) (& +x* =2 V2 +2)(xr* — V2 + 1) +x7V2)T =27 +42;
11 -
0) (x+2(x_1)5)3 +(x_2(x_1)§)§ =2, et 1< x<2.

117, JlokaxxuTe, 4TO Pa3HOCTb JIOOOr0 YETHIPEX3HAYHOTO IIEJIOr0 YUCIa M YUCIA, 3aMHCAHHOTO
TeMH ke nudpamu, HO B 0OpaTHOM MOpPsAAKe, KpaTHO 9.

mMoaynb ~
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KopHu. CteneHun. Jlorapudmbl
Norapndmb!

Jozapughmor 6vinu uz06pemensvi wOMIAHOCKUM yueHblM JaHcoHOM
Henepom (1550-1617). Ou coenan omxpuimue, ymo YMHOMCEHUE U QeleHue Yucel
MODICHO 3aMeHUmb COOMBENCMBEHHO HA COJICeHUe U Gbluumanue 102apug-
mog amux uucen. Y. Kennep, nanpumep, ucnoin308ai 0ecamuinble 102apug-

MblL 05l 2p0Mo301<ux aACmpOHOMUYECKUX paACYentos. B Hacmosuee epems

CIOJCHO Hatumu 001acmeb HAYKU, 20e Obl He NPUMEHAIUCH 102APUPMbL.

3.1. Ilonsitue Jorapudpma

B nmpenpiayniem maparpade onpeneniig CTENeHb ¢ MOJI0KUTEIBHOTO IeHCTBUTEIBHOTO
YHCNA ¢ C TIPOM3BOJBHBIM JIeHCTBHTEIBHBIM TTOKa3aTeneM b Tak, uto a’ =c, ¢ >0. B cBs-
3H C OTUM MOXHO C(OPMYIHPOBATH JIBE 3a/a4H:

1) HalWTE YUCIIO @, €CITH U3BECTHBI ICHCTBUTEIILHOE YUCIIO b ¥ TIONOKUTENBEHOE YHCIIO C;

2) HaiimuTe yKcio b, eciayu U3BECTHBI YHCIIA C, A € IRj, a#l.

IMepBast 3anaua (st be N, b >2 ) npusena K BBEJICHHIO OHSATHS KOpHs (paduxana).

Bropast 3a1a4a npuBena K BBEICHUIO TIOHSITHS J102apu@ma.

ChopmynupyeMm 0e3 JJoKa3aTeabCTBa CISAYIONICE YTBEPKICHHE

Teopema 3. JIns MrOOBIX MOJIOKUTEIBHBIX JCHCTBUTEIBHBIX YHCEN d, ¢, d #1, Cy-

meCTBYET €AUMHCTBEHHOC JICCTBUTENILHOE YHCIIO b, YAOBJICTBOPAIOLICE PABECHCTBY

b
a =c.

3ameuanue. ENMHCTBEHHOCTD YHCIA b CIiEyeT U3 CBOMCTBA 8° CTENCHEH.

m
Omnpepenenne. JlorapudMoM IONOKUTEIBHOTO YHCIA ¢ O OCHOBaHHIO d, € R,
o b

a # 1, Ha3bIBaeTCs JCHCTBUTEIBHOE YUCIIO b, JJIsl KOTOPOTO d = C.

O6o3uavarot: log, c =b.
CrenoBarersho, log, c=b <> a” =c (1). loncrasus BeIpaxenue s b B pasenctso (1),
THIOJy4HUM OCHOBHOE 102aPUPMUUECKOe MOHCOECHEO:

7% €
Ilpumep

logzﬁ=%, TaK KaKk 2% :«/5.

2

3ajganus c peuieHneM

1. Boranemam log 1.
Pewenue: )
O6o03naynm log A 3\/5 =¢. Ilo ompenencuuio yorapudma («/5 ) =i/§ =33, OTKyza

o 2
a2 . o 2 4
3% =3°. [IpupaBHUBAS TOKA3ATEIN CTETICHEH, TTIOMYYaeM — = — <> O = —-.

2 3 3



KopHu. CteneHu. Jlorapudmbl

2. Haiiiem IeHCTBUTENBHBIE YUCIIA X, P KOTOPBIX HMEET CMBICH BeIpakenue log (3 — x).

Pewenue:
x>0 x>0

o onpenenenuto morapudma nonygaem < x # 1 s xzl <xe 0, DU, 3).

3—x>0 x<3

Sameuanusn. 1. Ycnosue a # 1 065133.T6J'ILHO, MOCKOJIBKY B ITPOTUBHOM CJIy4ac, COIIIaCHO

b
omnpeaenennto norapudma, 1° =1 mis moboro be R wu, cnemosarenbHo, Yuciao b He

OTIPEEIIACTCS OAHO3HAYHO.

2. YCJ'IOBI/Ie, yTOOBI YKCIIA d U ¢ OBUIH TTOJIOKUTCIIBHBIMHA, HCXOOUT U3 IIOHATHA CmeneHb
YuCaa ¢ OeticmeumenbHblM NoKazamesem v u3 TOT'0, YTO TaKas CTCIICHb IPUHUMACT TOJIBKO

TIOJIOXKHUTEINbHBIE 3HaUeHus. [10oTOMy BIpakenus Buja log,(—6), log(73)9 HE UMEIOT CMBICTIA.

3. B HeKoTOphIX ciydasiX B BBIUUCICHUSIX HCIOJB3YIOTCS Oecamuunsle 102apughmol

(obo3navatorcs Ige =log,, ¢, ¢ >0) w/unm namypanvusle nozapughmur (0603Ha4YAOTCA

Inc =log, ¢, ¢ >0, tne e=2,7182... - uppalOHAIBLHOE YUCIIO0, KOTOPOE OyAET OIPENEIEHO

ITO3KEC.

4. K monsTHIo norapugM 4ncia Mbl BEpHEMCS B MOyie 7.

3.2. CBoiicTBa Jorapu¢gmon

1° log,a=1, 6° log, x” =alog, x;
2° log, 1=0; 7° log , x=-log, x (o #0);
o log, x __ _
3° a =X (0ocHo8HOE nocapugpmuiec 8 log, x= log. x;
Koe modicoecmao), log a
° _ . ° __1 .
4° log,(xy)=log,6 x+log, y; 9° log,c= log a'
5° logaizlogax—logu v; 10° log, x=log, y=x=y.

3ameuanue. CorictBa 4°—7° MOTyT ObITH 000OIICHBI B BUIe CBOMCTB 11°—14° 1151 ciydaes,
KOTJIa BBIPDKEHHUS JIEBBIX YaCTe UMEIOT CMBICI U AJIS OTPULIATENbHBIX 3HAYCHUH X U );

nanpumep, log, (—3)*.

Teopema 4 (cBoiicTBa J10rapumMoB, IPOJOHKEHHE)
*

* £
s mobeix xR, u,ve R_, ¢ =2k, k=2, Beimonuens paBeHCTBA:

+9

11° log, (uv) =log, |u|+log, |v]; 13° log, u” =alog, |ul;

Teopema 4 (cBoiicTBa JiIOrapu(pMoB)
Jlns moOwIX d, ¢, X, YE IRi, a#l,c#1l,xe R, sepno:

120 10ga%:10ga |M |_10ga |v|’ 140 IOgua x:éloglﬂ X

ﬂo:<a3ameﬂbcm60:

o 1 0
CaoiicTBa 1° 1 2° ciienyroT U3 paBeHCTB @ =d U @ =1 COOTBETCTBEHHO.

3° Iycrs a@” = x, a #1, Torna b = log, x. loncTaBus BeIpaskenue s b B IEPBOE paBeH-

log, x

CTBO, IIOJIYyYUM da =X.

mMoaynb
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log, (xy) log, x . aloga vy — aloga x+log, y Ha

4° HWcxons u3 cmoiictBa 3°, momy4yuMm d =xy=a

OCHOBaHHH cBoiicTBa 8° cTenenn noirydaeM, uro log, (xy)=log, x+log, y.

CaoiicTBa 5° 1 6° NOKA3BIBAIOT AHAIIOTHYHO CBOHCTBY 4°.

1
log o x 1 3 —log, x ]
7° (@) " =x=a™"=(a")" ", cnenosarensro, log , x=—log_ x.
a o

log, x log, x log, x
cd log. a — (clngc a )log(, a _ a log. a

log
=C

1 1
8 a® =x=c"" . [TpupaBHMBAast IOKA3aTENH CTETIE-
Held, [0JTy4aeM COOTBETCTBYIOIIEE CBOMCTBO.

Caoiicto 9° cnenyet u3 cBoiictsa 8° mpu x =c, ¢ yderom, uto log, c=1.

. . u
Caoiictea 11°—14° cnenyror u3 coiicts 4°—7° mpu 3amene uv Ha |uv|, — Ha
v

u” malul”. P

2
%:ﬁlﬂaﬂﬂﬂ C pelicHuemM

1. Wcnomnb3ys cBOiCTBA JTOrapu(pMOB, MOXKHO BBIYUCIHTH MHaue Jorapudm 3amanus 1,
2 21 4
ctp. 38: log ; i/gzlogé 33 =§~T10g3 3 =3
2

—3log (logs x)
log, (1 1 1
2. Yapocrum Beipaxerne A =log, 2x” +log, x - x4 Elogi xt+2 7

Pewenue:
ITpumenuB cBOiCTBa JIorapu(MOB, MepeiieM BO BCEX CllaraeMbiX BhIpakeHHs 4 K
norapudmam mo ocHoBauuio 2 (mpu x>0, x #1):
log, 2x* =log, 2+log, x> =1+2log, x; x
4 ’ —3log__; (log, x) 3
(log,, x*)" = Elog2 x| =4logix; 277 = 2 eallona) = ploealloea )™ — o073 .

log, (logy x+1)

=log, x+1;

—3log (logyx)

Torna A=log,2+log, x* +log, x-(log, x+1) +%(log22 xHr+2 =
=1+3log, x+log? x+ 2log? x + 229" =14 3log, x+3log? x +log’ x = (1+log, x)*.

Ornepainus, MpHU BBHITOJHCHUU KOTOPOW BBIpaXCHUIO E CTaBHUTCS B COOTBETCTBHUE
log, E, a>0, a#1, HasweiBaeTca J10zapudmuposanuem. Jleiicteue, odparHoe norapud-
MHUPOBAHHIO, TO €CTh OTHICKAHUE BBIPAXKEHUS TI0 €ro JIOrapu(Mmy, Ha3bIBaeTCs HOMEHYU-
posanuem.

3ameuanua. 1. Vicxons u3 coiictBa 10°, 3aximtogaeM, uro paseHctsa log b=log ¢ un
R

b = ¢ paBHOCWIBHBI st IOOBIX @, b, ce R, a#1.

2. CpaBHeHue JJorapr()MOB ¢ OJIMHAKOBBIMU OCHOBAMH BBITIOIHSIETCS CIIEAYIOIIIM 00pa3oM:
ecm ¢>1, 1o log, a<log, b< a<b, aeciu 0<c<1, 10 log,a<log, b= a>b.

Z
%32}12H"ﬂ ¢ peleHueM

1
1. Perinm wa MHOokecTBe R ypasHenne x 2" =4,

Pewenue:
O13: x€ (0, 4o0).



KopHu. CteneHu. Jlorapudmbl

JlorapuMupys 1 UCHONB3YsI CBOMCTBA JIOTapU(PMOB, TIOTYIACM:

A

log, x=
logr xy\ 2: ’
log,(x"") =log, 4 & (log, x)’ =2 & |log, x| =2 & log, x=+2.

mMoaynb ~

272y =2

[ToTeHIUpYs, HAXOAUM: X, =
Omeem: S ={2"F2, 2‘5}.

2. CpaBauMm log, 3 c 1,5.

Pewenue:

[Tomaraem, uro log, 3 <1,5. IloTeHupys, Ha OCHOBaHHUH CBOMCTB CTETIeHH TIOJTyYaeM
20w’ <2 53< 2", TocneiHee HEPaBEHCTBO HEBEPHO, TOCKOILKY 2" —22 \/7 =22<3.
CrenoBarenbHO, BepHO, 4To log, 3 >1,5.

3ameuanue. B cumy cBOHCTB 3° 1 6° 11000€ MOJOKHUTEIBHOE YHCIIO MOKHO PEACTABUTD
KaK CTEIeHb JI00ro APyroro MmojloKUTEIbHOTO, OTIIMYHOTO OT 1, Yhcia WK Kak Jiora-
PH(hM ITOTOKUTETHHOTO YHCITa C TIPOM3BOIIBHBIM ITOJIOKUTEIBHBIM, OTIIIYHBIM OT 1, OCHOBa-
et =log, ¢, a,ceR;
HSIOTCSI TIPU pEllICeHUH YPaBHEHUH, HEPABEHCTB U T. 1.

HueM. JlelicTBUTeNBHO, a = C ¢ # 1. Du npencrasieHus puMe-

+9

@ YHpamHeva n3agayviu

LA

B) log,5-log,9-log, 2; r) ylogg4;

1. VYmpocrure BbIpakeHHE:
log, 25
log,5 "’

2. Haitnure uncno x, ecnmu 1gx =21g5-31g2 -0,51g625+0,251g256.

lo, 4+2logs 3
a) 25", 6) ) 5T

W

Haiimure 1g56, ecmm 1g2 =a, log, 7=0.
Ynpocrure Bripakenue log -3-log,36+1og - 8-log, 81.
Jlokaxwure, ato 36'°%° 41078 —3°0% =24,

3anummTe B mopsake BospacTaHus uucna log, 3, 1, log, 5.

5
8. YmpocTuTe BhIpaskkeHHUE:
a) log, ab—log, |b|; 6) log, b” +log , b*;
log2 24 log,192
log%Z log,2 "’

N s

Hokaxute, uro log,2>0,5.

B) (log, b+log,a+2)(log, b-log,b)log, a—1;

1
1 N A
1) (6(log, alog , b+1)+log, b~ +log? b)* ~log, b; e) {al Pozga | g2 +1]’
x) \/logn p+log, n+2-(log, p—log, p)ylog, p; 3%) gV? —pilose
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Moaynb

9.
10.

11.

12.

13%.
147,

Hatinute uncno x, eciu logs x =2logs 5+ %logﬁ 25— logg J5-2.

Jlokaxure (IpH JOIMYCTUMBIX 3HAUCHUSIX MEPEMEHHBIX), YTO:

log, x la+b| lg|la|+1g|b]| 2 ga
108, X _ 1 = =Tab:
a) log, x 1+log, b; 0) Ig 3 > , ecmd a” +b” =Tab;
1 1 Iglga
B) log,, c= 08, ¢ 08, ra® =lga.
log, c+log, ¢
Haiinure:
a) log,, 8, ecmu log,,3=a, log,,5=>0; 0) log,, 168, ecmu log,12=a, log,, 24 =0.

IIpumenuB cBONCTBA CTENEHEH, JOKax)UTE JBOMHOEe HepaBeHcTBO 0,6 <log,2<0,7.
Haiizure 3Hauenue Beipakenust 2 +27¢, ecim 4° +47 =23,

Vnpocrute Bhipaxenue log,., m+log, ,m—2log, ., mlog, ,m, ecnu m* =a’ —b’.

@ YHpamHeva n 3agayn Ha noBTopeHune

LA

Boruucaure:

a) 5\/1071; 0) logﬁ4+log3%;

B) 53/0.027 - (3/0.0016) *; r) ((0.6))"7(0,09) 0.1

HaiiiuTe MCTMHHOCTHOE 3HAYEHUE BBICKA3HIBAHUS:

a) 732 > 24/7; 6) log  2<log  0,5;

B) \/§+1—‘{/28—16\/§; r) log3§—log35=2; 1) 5\/ﬁzx%,xZO;
e)i—=—F \/_ Vx, ye R\R,; x) log, (xy)=log, |x|+log, y, Vx, ye R\R_.

i
Beluncnute:  a) (\/E—Z\/g+ \/g)(\/ﬁ+ V3- 6\/5); 6) 240,57 : 4.

Vr{po CTHUTC BBIPpAXKCHUC!

a) ( +2x+1) (2x+ 14x2 ] 6) log, 5log, 9log, 2.

—10
CpaBHure 4ncia: a) 35 u 7\/§; 0) (ﬁ)“’ u (é) .

M36aBbTeCh OT MPPALMOHAIBHOCTH B 3HAMEHATEIE:

B J——— &) ——; B 2 n—1
V6 +43 x+4fy +is 3-42-45
Bacceitn canatopus B BHIe mapaienenuneaa HarmoJHSIIOT
ne4eOHOH BOmON M3 MUCTEpHBI 10 ypoBHS 1,77 M. OcHoBa-
HueM OacceiiHa sBiIgeTCs MPSIMOYTOJbHUK CO CTOPOHAMHU |
2,0 M 1 2,3 M. B Hanmmuum nucTepHsl B BUE Kyba ¢ pedpom:
1,9 m, 1,95 M, 2,0 M, 2,05 M, ... Kakyto mucrepny ciemyer
BBIOPATh, YTOOBI BOJIOWH M3 HEE MaKCHMMAaJlbHO BO3MOXKHO ;

HAIlOJIHUTH OacceiiH, He MpeBBIMas MPEeIyCMOTPEHHOTO
ypoBHS?
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8. Hexkro yrtBepxmaert, uto 3 <2, tak kak u3 (0,5)° <(0,5)* mocnenoBarenbHO cleyer:
1g(0,5)° <1g(0,5)*, 31g0,5<21g0.5, 3<2.

9. JlokaxuTte, 4TO:

a) \/x+2\/ - +\/x—2\/ —-1=2, ectu x<2;

a+b
6) log, 3

10. Haiigure HCTUHHOCTHOE 3HAYECHHE BBICKA3BIBAHUS:
a) 3+35v2 -7 =3/5v2 +7; 6) 16 /9 =3/94/18 —912 - 3.

11. VYopocrtute BbpakeHHE (IIPU AOMYCTHMBIX 3HAUEHUSX IIEPEMEHHBIX):

1 _
a) (3/2\/5 —167%% (16—0,25 +(2\/§)3); 6) 3log5J§ _Qgloss _310g936;

moaynb

I'me ommbka?

710 a+log, b), ecniu a’ +b° =7Tab.
(log, g.

Jaip 4 Ma-a r) log - (a’ —2) +log,(a—2) +log, (a2).
3

B’m Y b—Aa

12. Cpasuure:

) 1og0,{161 log 6—6) co; 6) (W2)") ¢ (3)")

B) ‘{lﬁ c G\IW; r) log ;7 ¢ log,, 3.

13. Tlpu KakuX 3HAYEHHAX @ BepHO paBeHcTBO log, a’ =2log,(—a)?
14*. Beraucnure log 8, ecim log,3=a.

o 2 5 8 3n-1 5
15”. Haiinure HaTypasibHOE YHCIIO 7, IPH KOTOPOM BEPHO paBeHCTBO 3 -37-3°-...-37" =27°.

Hpodozzo;cumeﬂbﬂocmb
Pabome;: 45 MHHYT

@ lNMpoBepo4Has paboTa

LA

B 3a0anusx 1, 8 ykascume eepuvlil 6apuarm.

1. 3naveHus NEPEMCHHBIX d, b, JJI KOTOPBIX 3\/ ab S 3\/2 . 3\/5, IIpUHAUIC)KAT MHOXXECTBY
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SdneMeHTbl

mooynb 4%  KOMGUHATOPUKM.
BbuHom HbloTOHA

. Vuenye - x N

aK 3010mo — gceadq

6 yene.
. Durer

_

O uaeHTUGUKANNS NOHATHH: YNopadouenHoe MHOJCeCmseo, hakmopuan, pazmeuenue, nepe-
CMAaH0BKA, couemaHnue INeMeHmMOo8 KOHEUHbIX YUCTIOBbIX MHOIICECTE;

(O UCIMONIb30BaHUE Pa3MEIIeHHUH, TIePEeCTAHOBOK, COUETAHNN TIPH PEIICHNH ypaBHEHHH, HEPABEHCTB,
MPOCTHIX 33/1a4 U3 MOBCEIHEBHOM JKM3HU;

O *npumeneHne OnHoMa HblOTOHA WM (hOPMYITBI OOIIETO UieHa PA3IOKEHHUsI CTEleHH OMHOMA B
JICHCTBUTENBHBIX MM CMOJICIIMPOBAHHBIX CHUTYAIHSX;

(O *mpUMEHEHHe CBOWCTB OMHOMHAJBHBIX KOI(P(PHUIHUEHTOB U Pa3iIOKEHUs] CTEEHH OMHOMA
IPU PEICHUU PA3INYHBIX 3a1ad.

BN SnemenThi koMBUHaTOpPUKK
1.1. YnopsizoueHHbIe MHOXKeCTBa

3amaua 1. Heobxomumo obecrieunts 150 000 kBapTHp HOMEpaMu TeICPOHOB, KAKIBIH 13
KOTOPBIX COCTOUT M3 MISCTU PA3IHYHBIX U(P. BO3MOXKHO JTH 3TO, €CIIM U3BECTHO, YTO HOMEP
TenedoHa MoXKeT HaYMHATHCS U ¢ U pbI 07

3agaua 2. J{is1 BRICTYIJICHHUS Ha KOH(EPEHIMH ObUTH 3aperuCTpUpOBaHbl 7 pedepaTos.
CKOJBKHMU crIOCO0aMH MOKHO 3aIIPOrPaMMHUPOBATh STH BBICTYILICHUS ?

3anauya 3. B X xiacce obyuaercs 24 yuamuxcs. Kaxaplil neHb rpynmna u3 3 y4eHHKOB
JEXypHT 10 Kiaccy. CKOIBKUMH CIIOCO0aMH MOJKHO BBIOPATh 3THX TPEX JEKYPHBIX?

3aMeTnM, 9TO B MOAOOHBIX 3a1a9aX Peub UMIET O Pa3MEIICHUH JIEMEHTOB KOHETHOTO MHO-
JKECTBA B OMpPENEICEHHOM MOPAJIKE, O HaXOXXJECHUU KOJIMYECTBA MOAMHOXKECTB JaHHOTO
KOHEYHOTO MHOYKECTBa, 00JIAIAOINX ONpeNeIEHHBIMI CBOMCTBAMH, O KOJIMYECTBE TEX MIIH
WHBIX KOMOMHAIIMI 3JIEMEHTOB U T. TI. Takue 3a/1a4un Ha3bIBAIOTCS KOMOUHAMOPHBIMU 3A0a-
yamu. OOIaCcTh MATEMATHKH, B KOTOPOU N3y4YatOTCsl KOMOWHATOPHBIE 32/1a49H, HA3bIBAIOT KOMOU-
HAmMopuKou.

KomOuHaTOpHbBIE 337141 BO3HUKAIOT KaK Ha PAKTHKE, TAK U B PA3ITUYHBIX 00JIaCTIX HAyKU
1 TeXHUKU. OHU BCTPEUaroTCs IPU U3y4E€HUH TEOPUH BEPOATHOCTEH, TEOPUU YUCEN, MaTEMaTH-
YEeCKOMU JIOTUKH, HHPOPMATHKH, (PU3UKH, XuMuH U ap. [1pu perrennn koMOMHATOPHBIX 33124 B
OJIHHUX CITy4asiX Mbl OyJeM HCKaThb XOTs Obl OHO pEIICHUE, B JPYTUX — BCE PEILCHHS WM
OIITUMAJIBHOC U3 HUX, UJIH TOJIBKO 061].[66 KOJIMYECTBO pCHIeHI/Iﬁ uT A MoxHO J0oKa3arb, YTO
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HEKOTOpble KOMOMHATOPHBIE 3a/1a4M HE UMEIOT perieHus. Hanpuwmep,
JI. Ditrep (1707-1783) chopmynupoBal 3aady, a mo3xe ObLJI0 JJOKa-
3aHO, YUTO HEJIB3sI 3aIIHCaTh NMeHa 36 0(hUIIEPOB, UMEIOIINX 6 Pa3THIHBIX
BOMHCKHX 3BaHUI U MPHUHAIUISKAIIUX K 6 pa3sHBIM pojaM BOWCK (IO
oIHOMY OHIIEePY TaHHOTO 3BaHHUS B KQXKIOM POJIE BOWCK), B 36 KJIeTKaxX
KBaJ[paTa pa3MepoMm 6 X 6 Tak, 4TOOBI B K&KJOH TOPU30HTAIN U KaXKIOH
BEPTHUKAIH OBUIH MPEICTABICHBI BCE POA BOWCK U BCE 3BAHUSL.

./Ieonpt) Diinep

Ha pucynke 4.1 mokazano perienue 3Toi 3aaa-
4§ JUIS 9eThIPEX PoIoB Boiick (A, B, C, D) u 4eTbIpex BOMHCKHX 3BaHHI

Aa | Bd Dc

(a, b, ¢, d). Jlononnume mabauyy u 3aéepuiume peulerue. Ac | Da |l Cd

KOM6I/IH&TOpHLIe 3a1a41 BO3SHUKAIOT U B CIIOPTUBHBIX UT'Ppax. OcobeH-
HO 9aCTO OHHM BCTPCHAIOTCA IMPU UT'PC B IIaxXMaThbl U HIAIIKH.

Ce Ad

B nanHOM yueOHUKE MpHUBEAEM PEIICHHS MPOCTEUIINX (TUIOBBIX) Ca | Bc | 4b

KOMOWHATOPHBIX 33144, TO €CTh T€X, B KOTOPBIX B KAXKIOW U3 YUUTHIBAC- Puc. 4.1
MBIX KOMOMHAIIMH DJICMEHTHI HE TOBTOPSFOTCSL.

PaccMOTpUM KOHEUHBIC YHCIOBbIE MHOKeCcTBA. Oc000€ 3HAUCHHE UMEIOT B MaTeMAaTHKe
YIOpsI0YEHHBIE YHUCIIOBbIe MHOXKeCTBa. Kaxkioe MHOXKeCTBO 00J1a1aeT COOCTBEHHOI BHYTPEH-
HEH CTPyKTypoi, BKITFOUAIOIIEH KaK €T0 3JIEMEHTBI, TaK U IMOPSIIOK UX PACTIONOKEHHSL. DIIEMEHTBI
MHO>KECTBa MOI'YT 6])ITI) YHOopsAA04YCHbI pa3IMIHbIMHA CHOCO6aMI/I. HaHpI/IMep, SJIEMECHTBI
MHOXkecTBa A={a,, da,, d;, a,} MOTYT OBITH YIOPSAOYECHBI CICAYIOIINM 00pa3oM:
{a,, as, a,, a,}, {a,, a,, a5, a,}, {a,, a,, a,, a;} u T. 1. Kaxxmoe U3 3THX MHOKECTB, HECMOTPS
Ha TO, 9TO COCTOUT U3 OTHHX M TEX YK€ MIEMEHTOB, OTIAMIACTCS TIOPSAKOM UX PACTIOTIOKCHHS.

Omnpepnenenne. Koneunoe mHOxkectBo M ={a,, a,, ..., a,} Ha3pIBaeTCA YIOPSII04YeH-
HBIM MHOK€CTBOM, €CJIM €T0 3JIEMEHTBI PACIIOJI0KCHBI B ONMPEACICHHOM TOPSIIKE.
Jpyrumu cioBamu, MHOXKECTBO M Ha3bIBaeTCs YNOPSIAOUYEHHBIM, €CIIH KaXJIOMY €T0
AJIEMEHTY CTaBUTCS B COOTBETCTBHE ONPECICHHOE HATYPaIbHOE YHCIIO OT 1 110 71 Tak,
YTO pa3IMYHBIM 3JIEMEHTaM MHOXecTBa M COOTBETCTBYIOT pa3HbIC YHCIIA.

OIIHO M TO K€ KOHCYHOC MHOXKECTBO MOXET 6]>ITB YHOpAA0YE€HO pa3JIMIHbIMU CHOCO6aMI/I.
Hanpumep, MHOXKeCTBO ydaruxcst X Kiacca MOXKHO YIOPSIZIOYHTh MO pocTy (B MOPSIIKE BO3-
pacTtaHus WK YObIBaHUsI), IO MacCe TeJla WK B al(paBUTHOM MOPSIKE (haMIITHA.

3ameuanun. 1. YOpsAA0Y€HHbBIE MHOXKECTBA, COOTBETCTBYIOIINE AAHHOMY MHOMKECTBY,
MPUHATO 3aIMCHIBaTh B KPYIIBIX CKOOKaX.

Ilpume
e (1,2,3) |

23| sy | ean| @3y |  @eLy| 612

2. ]1Ba ynopsijio4eHHbIE MHOKECTBA PABHBL, €CII OHU COCTOST U3 OJIHUX U TEX XKe IEMEHTOB
Uy HUX OJWHAKOBBIA TOPSJIOK PaCIOIIOKEHUS ITHX JIEMEHTOB.

IIpumep

VYnopsigodeHusie MHOXecCTBa (a, b, ¢, d) u (a, b, ¢, e) paznuunbl. Takxke pa3aIUuHbI
ynopsitoueHHbie MHOKecTBa (8, 9, 10) u (8, 10, 9).

mMoaynb
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[TpousBeneHre MEPBBIX 71 HEHYICBBIX HATYPAIbHBIX YHUCEN 0003HaYaeTcs 1!, To ecTh
nl=1-2-3-...-n.

Moayinb ' ]

O603nauenue n! unTaercs ,,9H Gpakropuan’.

IIpumepo

=1 21=1-2=2; 31=1-2-3=6; 6!=1-2-3-4-5-6="720.
I 3ameuanue. CauraeM, 1o omnpenenennto, yto | 0! = 1.

[To3xe MBI 060CHYEM 3TO ompeieicHne. B yactHOCTH,
nl=m-D)!n s n>1 wm
nl=m-2)-(n—-1)n ans n=2, wm
n=n=-3)-(n-2)(n—Dn anst n>3, win

n'=mn-4)- . . : It n>24 uT oI
Ilpumepui
1.9. Y N (n—-
- 100 _8!-9 10=90 P (n=1)! (n=2)!-(n 1)=n—1.

] 8! ’ n=2)!" (n=2)!
. @n! _@n-D!2n_
® - @y "

Z
%&maﬂue C peui€eHueEM
(n+2)!

n
Pemnm Ha MuokectBe N ypaBHeHue Z(n——l)' =15(n+2).
Pewenue:
>
n+2=0 n>l,
O[3: in—-120
neN.
neN
Ha O/13 umeem:
! !
(n+2)! —15(n+2) (n=D! n(n+1)(n+2) S15(n+2) &

2(n—1)! 2(n-1)!
3 _ 5 _ _ I’l=—6€ OI[37
Snn+)(n+2)=30n+2)=nn+1)=30n"+n 30_0@[11:56 oJ13.

Omeem: S ={5}.

1.2. Pazmelenus

Jano muoxectso M ={a,, a,, a,, ..., a,}, card M =n.
Bri6epem sro0bie m dmemenToB u3 gaHHbix n (0 < m < n) snmementoB mHoxectBa M u
COCTaBUM pa3iIMyHbIE YIIOPSI0YEHHBIC MHOXKECTBA.

Onpenenenne. YopsaodeHHsle m-sieMeHTHbIE, tae 0 < m < n, HoaMHOKECTBA MHO-
xectBa M, card M = n, Ha3bIBalOTCS pa3MelIeHUsIMA U3 72 DJIeMEHTOB 10 /1.
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Yucino pasMelleHnil U3 1 3IeMEeHTOB 1o /1 0bo3Ha4daeTcss A,
Cunraem, 110 onpezienenno, uto A’ =1.

Z
%%nauue ¢ peleHueM

Jano muokecto B ={0, 2, 3}. Haiigem uucio A32.

mMoaynb

Pewenue:

U3 tpex anementoB 0, 2, 3 (7 =3) MOXKHO COCTaBUTH 6 YMOPSAOYCHHBIX MOJAMHOMKECTB,
conepxkanmx mo asa (m =2 ) snementa: (0, 2), (2, 0), (0, 3), (3, 0), (2, 3), (3, 2). 3nauwur,
A =6.

Haitnem dbopmyity miist onpeieNieHus Yricia pa3MeIIeHHi 13 1 3JIEMEHTOB I10 /1, TO €CTh
Haiinem Gopmyity juist BeruKCIeHus unciaa A”.

OueBUIHO, YTO A,: =n. OIUH 3JIEMEHT W3 J@HHBIX 7 3JIEMEHTOB MOXHO BBIOPATh
n crnocobamMu, a U3 OJHOTO BIIEMEHTa MOXXHO COCTAaBHUTh TOJBKO OJHO YIOPSAIO0YECHHOE
MHOJKECTBO.

YtoObl pa3MecTuTh JIF00bIC /1 +1 3IEMEHTOB M3 JaHHBIX 71 3JIEMEHTOB Ha m +1 MecTax,
MOYKHO Pa3MECTHUTh JIFOObIC 711 JIEMEHTOB Ha MEPBBIE /711 MECT. DTO MOXHO caenath A cro-
cobamu. Kaxkaplit pa3 mpu BEIOOpPE 71 SIIEMEHTOB M3 TAHHBIX 71 OCTAIOTCS 71— 111 DJIEMEHTOB,
KaXJIbIi U3 KOTOPBIX MOXKET OBITh pa3MenieH Ha (1 +1)-om Mecte. 3HAYUT, JJIs1 KOXKJI0TO U3
A" crocob0B pa3MeIeHHs IIEMEHTOB Ha [IEPBBIX /71 MECTAX MOJIYYaeM 1 — 1 BO3MOXKHOCTEH,
MTOCPENICTBOM KOTOPBIX (71 +1)-e MecTo 3aHUMAeT OJIMH U3 71— 1 OCTABIIUXCS AJICMEHTOB.
OrTcrona cieyer, 9To A,;"” =(n—m)A". YuursiBas, 4to Ai = 11, TOCJIEIOBATEITHLHO MOTYYaeM:
Al=n(n-1), A’=n(n-D(n-2), A'=n(n-1)(1n-2)(n-3), ..,
A'=n(n-1)(n-2)..(n—m+1l).

Takum o0Opa3omM, oKa3aHa

Teopema 1. Ecnu m u n — HatypasibHble yncia, tne 0 <m<n, ToO
A'=n(n-1)(n-2)..(n—m+1).

Ha npakTuke yao0Hee moIb30BaThest APYroi GopMysioii ayist BeraucieHus ducina A’

Tak xak n(n—1)(n=2)..(n—-m+D)=n(n-1)(n-2)...(n—-m+1)x
(n—m)-...~3~2~1= n! 0
(n-m)-...-3-2-1 (n—m)!

!
A" =
(n—m)!

(1

U3 popmymst (1) st m =0 momyuaem A’ =1, a mis m=n nonydaem A’ = n!. Takum
o0pazom, Teopema 1 u ¢popmyina (1) cripaBeATUBBI IS JIFOOBIX HATYPAbHBIX YHUCEN M U 7,
rme 0<m<n.

Wrak, 3amaua 1 u3 mynkra 1.1 perraercs ciemyrommmM 00pa3om:

s _ 100 10! 41-5-6-7-8-9-10
0T 10-6) 4 41

=151200.

CnenoBarenbho, Bo3MOXxHBI 151200 TenehoHHBIX HOMEPOB, U OTBET MOJIOKUTEIICH.
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1.3. IlepecTanoBKHU
3anaua 4. /lano muoxectso B ={0, 2, 3}. Haiinem uucimo A; .

Pewenue:
N3 tpex anementoB 0, 2, 3 MOXKHO COCTaBUTh CJIEIYIOIIHE 6 YHOPSJOYEHHBIX IMOJ-
MHOYKECTB, COJICPIKAIIUX TI0 TPU IJIIEMCHTA:
(0, 2, 3), (0, 3,2), (3,0, 2), (3, 2,0), (2, 3, 0), (2, 0, 3).
3naunt, A} =6=1-2-3=3.
3amMeuaeM, 4TO 3TH Pa3MEIICHHS MOJTYyYeHBI yTEM COOTBETCTBYIOIICH MEPEMEHBI MECT
JTAHHBIX TPEX AJIEMEHTOB. TakuM 00pa3oM, MOJTyUHIIN TIEPECTAHOBKH.

Omnpenesenne. Pa3mMemmenns U3 n 31eMeHTOB 1o n MHOXectBa M ={a,, a,, ...,a,},

HAa3bIBAIOTCA IE€PECTAHOBKAMHU U3 11 3JIEMECHTOB.

Yuco nepecTaHOBOK U3 /1 DIIEMEHTOB 0003HauaeTcst P,.

n
— .
Ha ocnoBanuu gopmynsl A = n! u onpeneneHus NepecTaHOBOK MOIyYacM:

P =n!,neN. )

n

Taxum ob6pa3om, Toka3aHa

*
I Teopema 2. Ecu neN', 1o P, =n!.

HWrak, 3amada 2, npeuioKeHHas B IyHKTe 1.1, peraeTcst npu MoMOLIM OHSTHS IIepecTa-
HoBku. Umeem M = {1,2,3,4,5,6,7},torna P,=7!=1-2-3-4-5-6-7=5040.

CrenoBarenbHo, BO3MOKHEI 5 040 crioco60B mporpaMMUpoBanus 7 pedepaTos IIs BbIC-
TYIUICHUS Ha KOH(EPEHIIUH.

U3 popmyi (1) u (2) monyyaem cienyroryo hopmyny: | A" =

3ameuanue. YCIOBUMCS, Y4TO MyCTOE MHOXKECTBO MOKHO YIIOPSIOYUTEH €MHCTBEHHBIM
obpazom, To ectb P, =1. CnenosarensHo, 0! =1. Torna dpopmyna (2) cnpaBeainsa s
moboro ne N.

1.4. CoueTanus

3anaua 5. J{ano maOxectBO B ={0, 2, 3}. Halinem Bce ero HeyrnopsiiodeHHbIE MOMHOMKECTBA.

Pewenue:

IMoy4gaem ciemyromme MoaMHOXKECTBA:

a) TMycToe MHOKECTBO: J;

0) TOJMHOXKECTBa, cojepkaiue mo ogaomy anementy: {0}, {2}, {3};

B) IOJMHOXXECTBA, coepxkamue 1o asa snementa: {0, 2}, {0, 3}, {2, 3};

r) camo muHOoxectBo B ={0, 2, 3}.

3naunt, MHOXKeCcTBO B ={0, 2, 3} umeer Bcero BoceMb HEYHMOPSIOUCHHBIX ITOIMHO-
KECTB.
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Onpenenenne. m-3JIeMeHTHbIE HEYIOPSJTOYEHHBIE TOAMHOKECTBA MHOKECTBA
M ={a,, a,,..,a,}, thne 0<m<n, Ha3BIBAIOTCS COUETAHHSIMU U3 711 DJIEMEHTOB
1o m.

Yucno coueTanuii u3 7 HIEMEHTOB 110 m obosHadaerca C)' wim

3naunt, A8 3aa4m 5 momydaem, uro: C;, =1, C; =3, C; =3, C; =1, a 4ucio Beex
HEYIOPSI0UCHHBIX MoMHOKecTB MHOXKecTBa B = {0, 2, 3} paBnO
C/+Ci+C; +C; =8=2"

3amerum, yto C f =1, NOCKOJIBKY J1H000€ MHOKECTBO M UMEET TOIBKO OIHO OE33JIEMEHTHOE

1
MOAMHOKECTBO — ITYCTOC MHOXKECTBO. Cn =n, TakK KakK 71-3JICMCHTHOC MHO>XCCTBO HMECT
POBHO 71 OAHOIJIEMEHTHBIX ITOAMHOKECTB.

3ameuanue. YtoObI OTINYATH COUCTAHHS OT PA3MEILCHU#, HECOOXOIUMO YIECTh, UTO:

- B COUYCTaHHIX BCE MOJAMHOXECTBA 33JaHHOI0 MHOXKECTBA HE YHOPSIOYCHBI, a B pa3-
MEIIEHHSX BCE IOJMHOXECTBA YIIOPSI0UCHBI;

- 2JIEMEHTBI Pa3MEICHUIT 3aIUCHIBAIOTCS B KPYIIIBIX CKOOKAX, a DJIEMEHTBI COYCTAHUI — B
(bUTYpHBIX CKOOKaX.

Hanpuwmep, pasmemenuns (1, 2) u (2, 1) cunrarorcs pa3iu4HbIME [10JIMHOXKECTBAMH,
HECMOTpS Ha TO, YTO COJCPIKAT OJHU U TE JKE DJIEMEHTHI, a moaMHokectsa {1, 2} u {2, 1}
BBIPAXKAIOT OJTHO U TO YK€ COYECTaHHE.

HWrak, coueTaHus — 5TO TAKUE MOMHOKECTBA JJAHHOTO MHOJKECTBA, KOTOPBIE OTIIHYAI0TCS
MEX]y COO0H TOJIBKO AJIeMEHTaMH, 03 yueTa MopsiiKa UX Pa3MeleHHsI.

Haiiem dopmyity uist onpesieneHus: Yicia COYeTaHuid U3 71 3JIEMEHTOB 10 711, TO €CTh
Haiinem opmyiry st Berauciaenus unciaa C.

PaccMoTpuM Bce m-3JeMEHTHBIC MOAMHOXKecTBa MHOXecTBa M ={a,, a,, ..., a,}.
VIOpsiIouuM KaK10€ M3 ITHX MOJMHOXKECTB BCEMH BO3MOKHBIMH CIOCOOAMU M MOJIYYUM
BCE M-3JICMEHTHBIC YIIOPSIOUCHHBIC TIOIMHOKECTBA MHOXKecTBa M. M3BECTHO, YTO YHCIIO
3THX TOAMHOXeCTB paBHO A”. Tak Kak 4HClIO BCEX M-3JIEMEHTHBIX MOJMHOKECTB MHO-
xecrBa M pagro C)', a Kax10e TOIMHOXECTBO yIOpsiiounBaeTcst P, criocobam, cie/yer,

A
m __ m. m o __ n
yro A" =C - P . 3nauur, | C" = ——.

m

U3 popmym (1) u (2) nomyyaem:

m_ n! — Cm:n(n—l)...(n—m-l—l)‘
m!(n—m)! m!

n n

Takum o0Opa3omM, ToKa3aHa

Teopema 3. Eciiu m u n — HarypaspHble yncia, tne 0 <m < n, to
n!
m _
" i —m)! 3)

mMoaynb
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3ameuwanue. U3 popmynsr (3) s m=0 nomygaem C. =1, a 111 m=n nomydaem
Cc'=1.
Takum o6pazoM, Teopema 3 1 hopmyia (3) cripaBeIUTHBEI JIJIS JIFOOBIX HATYPAJIbHBIX UUCEIT

m U n, yaoBieTBopstomux ycnosuio 0 <m < n.

Wrax, 3amava 3 u3 nmynkra 1.1 pemaercs cieayonmm oOpazom:

s 24
€= 31(24 - 3)! =2024.

CrieioBaTeNbHO, TPYIITY JACKYPHBIX 10 KJIACCY MOKHO COCTaBHUTh 2 024 criocobamu.

Ceoiicmea uucen C
CripaBe UTHBBI CIIE/YOMINE PABEHCTBA:
1°C'=C"", 0<sm<n, m,neN — gopmyna e3aumosamensemvix covemanuii,
1 1
200 =Cl+C", 0<m<n, m,neN - pexyppernmnas popmyna ona onpedenenusn

yucaa co4emanuir,

3° C,? + Ci + C’f +..+C"=2", ne N — unc/I0 Bcex HEyNOPsANOYEHHBIX TTIOJMHOMKECTB
n-3JIEMEHTHOT0 MHOKecTBa M paBHo 2", 10 ecth card B(M) = 2"

3aoanus. 1. Jlokaxute cpoiicta 1°—2°, none3sysace dopmynoit s C".
2. Jlokaxxute CBOUCTBO 3°, MPUMEHUB METOMl MaTEMATHIECKON HHITYKIIUH.

3ameuanusn. 1. JIpyroe nqoka3aTenbCTBO CBOMCTBA 3° MPEACTABICHO B CICIYIOIIEM Iia-
parpade.

2. DT CBOMCTBA BHIPAKAIOT Pa3HbIC OTHOIICHUS MEXK/Ty YMCIOM PAa3IMYHBIX HEYOPSI0-
YCHHBIX ITIOJAMHOXXCCTB JAaHHOT'O KOHCYHOI'O MHOXKECTBA.

Z
%3&13}{“6 ¢ pelieHueM

7 5
Pemmte Ha MEOXKecTBe N Hepasenctso C,, > (.

Pewenue:
2n=>0
m>7 1235,
oms: {312l 2%
neN
Ha O/13 nmeem:
7 s (2n)! (2n)! 5!(2n-5)! S\ 2n—-T)!-(2n—-6)(2n—5)
| 1
G > G O =5 C =7 T 6@y O

n>o,

<:>(2n—6)(2n—5)>42<:>4n2—22n—12>0<:>2n2—11n—6>0<:>|:n<05

Vuauresast O/13, nonyuum: n>6, ne N.

Omeem: S = {7, 8, 9, 10, ...}.
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1.5. OcHoOBHBIC NPaBHJIa KOMOMHATOPHKH

1.5.1. Ilpaguno ymuorcenusn

3agaua 6. B X kinacce 12 ronomreit u 15 neBymiek. CKOJIBKUMH CHOCOOaMU MOXHO
COCTaBHUTH CMEIIaHHBIC KOMAHIIBI, COCTOSINE U3 4 fOHOMIeH U 2 MEeBYyIICK, IS YIacTHs B
JMIEHCKUX COPEBHOBAHMSX 110 BOJIEHO0Ty?

Pewenue:

YeThipex roHomei u3 12 MoskHO BBIGpath C|, crocobamu, a AByX JeBYyIIEK U3 15 MOKHO
BbiIOpath C); crocobamu.

Torma cOOTBETCTBYIOITHE KOMAH/IBI MO>KHO COCTaBUTh

¢l =202 1200 495.105=51975 (cocosavm)

Omeem: 51975 cnocobamu.

IIpu pemenuu 3T0il 3a1a4u Mbl UCIIOJIL30BAIU HPAGUIO YMHOMNCEHUSL.

Teopema 4. Ecnu MHOXecTBa A M B KOHEYHBI, TO KapAWHAJ JIEKapTOBa TPOU3BEICHHS
AX B paBeH NpON3BEACHHUIO KapANHAJIOB 3THX MHOKECTB:

card(AxX B)=cardA-cardB.

Teopema 5. Eciu MHOecTBa B, B,, ..., B, KOHEYHBI, TO CIIPABEAINBO PABEHCTBO:
card(B, X B, X...x B,)=card B, -card B, -...-card B, .

1.5.2. Ilpasuno cnoxcenus

3agaua 7. CKOJIbKO HaTypaJbHbBIX AenuTenel y uncna 7707

Pewenue:

Pa3znoxxum ancno 770 na npocteie MHOKUTETH: 770 =2-5-7-11. Takum o6pa3zom, 9ucio
770 umeeT "eThIpe MPOCTHIX HATYpATbHBIX JAenutens (uucna 2, 5, 7, 11).

Uucno HaTypalbHBIX JEJIHUTENEH, COCTABICHHBIX M3 MPOU3BEICHHS JIBYX MPOCTHIX
MHOXHUTeNeH, paBHO C f =6 (9ro gucna 10, 14, 22, 35, 55, 77), a 4uca0 HATYpaIbHBIX
JlenuTeneii, COCTaBNeHHBIX M3 IPOM3BEICHUS TPEX MPOCTHIX MHOKHUTENEH, pasHo C, =4 (310
gucna 70, 110, 154, 385).

Kpowme Toro, genurensvu gucna 770 sisisirorest uncna 1 u 770.

Wrak, uncno 770 umeer Bcero 4 +6+4+1+1=16 HaTypalbHBIX JCTUTEICH.

Omeem: 16 HATYpaTBHBIX ICTTUTEICH.

HpI/I peIICHNHU 3TOM 3a1a91 Mbl UCIIOJIB30BaJI RPAGUIIO C/IONCEHUA.

Teopema 6. Eciii koneunble MHOkecTBa A M B — Henepecekarommecs, T0 ectb A(1B=,
TO KapAnHaI 00beIMHEHUSI MHOKECTB A, B paBeH CyMMe KapIHHAIOB 3THX MHOYKECTB:
card(AU B) = card A + card B.

Teopema 7. Ecnu koHeuHblE MHOXKECTBA B, B,, ..., B, —I0ONapHO HelepeceKarouecs,
TO €CTh A, N A]. =, i # J, TO CIPaBETUBO PABCHCTBO:
card(B,UB,U...UB,)=card B, + card B, +...+ card B,.

mMoaynb
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Z
%3&1‘4-{3 ¢ pelIeHneM

W3 nByx OyXTanTepoB ¥ BOCBMH 3KOHOMHUCTOB HY)KHO COCTaBUTh KOMUCCHIO U3 6 YEIOBEK,
B KOTOPYIO JIOJKEH BXOAUTH XOTs Obl ofluH Oyxrantep. CKOJIBKUMH CIIOCO0aMH 3TO MOXKHO
caenarb?

Pewenue:

Ecnu B komuccun 6y/:[eT OJMH 6yxraJ1Tep, TO 3Ta KOMUCCHs, COITIACHO PaBU1y YMHOKCHUA,
MosxeT 6bITh coctasiena C, -C; =112 (cocobamn).

Ecnu B koMuccuu OymyT aBa OyXrajirepa, TO OHa, COIIACHO IPABHITYy YMHOXKCHHUS, MOKET
6uiTh coctasnena C, -C, =70 (cnocobamu).

HTax, coracHo NpaBHITy CIOXKEHHUS, COOTBETCTBYIOIIAst KOMUCCHSI MOXKET OBITh COCTaBIICHA
C,-C;+C;-C{ =112+70=182 (cnocobamn).

Omeem: 182 crocobamu.

3aMeTHM, 4TO HAMH JI0 CHX IOP ObLTH PACCMOTPEHBI IPOCTEHIIINE (TUIIOBBIEC) KOMOUHATOPHBIC
3a]1a4u, TO €CTh 3a/1a41 Oe3 HOBTOPEHHI dJIeMeHTOB. KOMOMHATOPHBIE 3a1a4K C TIOBTOPEHHUSMHU
AJIEMEHTOB SIBJISIOTCS 00JIee CIIOKHBIMU.

Hanpumep, npu nepectaHoBKe OyKB B CIIOBE ,,yuHuTeNb  momydaem P, =7!=5 040 ,,c10B.

OjHaKO TIpU TEePECTaHOBKE OYKB B CIIOBE ,,KJIacC MOJydyaeM MEHBIIE ,,CII0B*, TaK KaK
[PH [IEPECTAHOBKE JIByX OYKB ,,C ,,CIIOBO‘ HE MEHSICTCSI. B TaKnX citydasix uMeeM IepecTaHOBKU
C MOBTOPCHUSIMHU JIEMEHTOB. TaKoke CYIIECTBYIOT Pa3MEICHHUS C TIOBTOPCHUSIMHE 3JICMCHTOB
Y COYETAHMUS C TIOBTOPEHHUSMHU JICMEHTOB.

@ YnpaxHeHuUs n 3agaum

1. Hano muoxectBo A={l, 2, 3, 4}.

a) 3amummTe Bce YHOPSIOYEHHBIE MHOXECTBA JUISI MHOXeCTBa A.

0) 3amumuTe BCe YNOPSIOYCHHBIC MMOJIMHOKECTBA, COJICPIKAIIME J[BA JIEMEHTAa MHOXKECTBA A.
B) 3amuInTe BCE YIOPSIOYCHHBIC [TOJMHOXKECTBA, COACPIKALIMEC TPH AIIEMEHTAa MHOKECTBa A.

2. Brluuciure:

10! 91-4!
1-81- Q- Y., o
a) 3!; 5!; 8!; 0) aor B) o
3. Pemmre Ha muoxkectBe N ypaBHenue:
n! n! 22n! n! 6n!
=12; 0) ——=—""F—; — =
)(n 2)! )(n—4)! (n=3)! B) (n=5! (n-3)!
4. Pemmre Ha MuoxectBe N HepaBeHCTBO:
(n ! 16n! 5n! (” 4)'
<20; 0) —>———;
R ) =1 n=2)1 B) =2y >
5. Brruncnure:
a) AL AL AL AL AT 6) P, P,. P, P, P ®) Ci. C2. CF. CL,. C.
6. Brruncnure:
AL . ¢ . . . A +P, C,-P
Vs OAGE B DAR WCALRD e e w) T



7.

8.

9.

10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

OnemeHTbl kOMGMHaTOpukn. BuHOM HbloTOoHa

Penmre Ha Muoxectse N ypasHenue:
a) Al-Cl =4 6) Al —C, 7 =45x; B) A’ =347 +2C".
Jano muoxecto: 1) 4=1{0,1}; 2) A={a, B, v, }.
a) 3amuInuTe BCe IOAMHOXKECTBA MHOXKECTBA 4.
6) Haiinure kapauHan OyneaHa MHOXKeCTBa A.

B Baze 10 kpacHbIX 1 6 xenThIX TBO3AUK. CKOJIBKUMH CIIOCO-
0aMH MOKHO COCTaBHTH OYKET U3 ITSITH TBO3IHK?

HauunoHanbHbIi YeMIHoOHAT 10 GyTOOIY IPOXOIHUT B JBA
kpyra. Komanpl Bak/ibl MPOBOAAT MATUH JIPYT C IPYTOM.
Onpenenute, CKOJIBKO BCEro MaT4del ClieayeT 3arulaHUpO-
BaTh, €CJIM B YEMITMOHATE YYaCTBYIOT 18 KOMaH.

KoMuccust cOCTOUT U3 HpeceaTelisl, ero 3aMeCTHTENIS | ele TpeX YeaoBeK. CKOIbKUMH CIIOCO-
6aMu 5 YelroBEK MOTYT PaclpeNeluTh MEXTy COOOM 3TH OOA3aHHOCTH?

CKOJIBKUMH CITOCO0aMu 8 JIeTel CMOTYT PacIoOKHUTHCS Ha ckameiike?

CKOJIBKUMH CIIOCO0aMHM MOYKHO CHIMTH TPEXIBETHOE 3HAMS IPH HAJMYUH CEMH OJMHAKOBBIX
0 pa3MepaM pPa3HOIBETHBIX MPSIMOYTOJBHBIX OTPE30B TKAHU?

CKOJIBKO ,,CJIOB™ MOYKHO COCTABHTh U3 OYKB:

a)p, 0,0, U, H,a, 0) 3, 0, 6; B) Y, e, H, @, T) w, K, 0, /1, b, H, bl, i?
CKOJIBKMMHU CIIOcO0aMH MOYKHO PAacCTaBUTh 7 KHUT Ha MOJKe?

CKOJIBKMMH cIOCOOaMH TIOKYTIaTellb MOYKET BBIOpAaTh 3 KOMIIAKT-IHCKA C PAa3HBIMH MTPaMH H3
8 pa3zIMYHBIX KOMIAKT-IUCKOB, IPEUIOKEHHBIX IPOAABLOM?

B xomanze 16 urpokoB. CKOJIBKHMHU CIIOCOOAMHU TpPEHEP MOXKET COCTABUTH BOJICHOONBHYIO
KOMaHIly U3 6 UrpOKOB?

B ypne 6 6enbIx u 8 yepHbIX mapoB. Hayraa n3BiekaioT ofHOBpeMEHHO JBa liapa. Haiinure
BEPOSTHOCTh COOBITHS:

a) A = {u3BIIeUeHBI JABa OEJbIX 1Iapa}; 0) B = {U3BICUYCHBI /IBA YCPHBIX LI1apa}.
IIpuBenuTe npUMeEpsl MPUMEHEHHS Pa3MELICHUH, IEepeCTaHOBOK U COYETAaHUN B >KU3HEHHBIX
CUTYalUsIX M B APYTUX IIKOJBHBIX AUCIUTUIMHAX.

e

CKOJIbKUMH CTIOCO0aMU MOXKHO YIOPSAJ0YHTh MHOXKecTBO {1, 2, 3, 4, 5, ..., 2n} Tak, 4ToObI

KaXkJ10€ YETHOE YMCIIO HAXOJMJIOCh HA YETHOM MecTe?

Pemmre Ha mMHOxectBe N ypaBHeHwme:

6(2n)! _ nl Qn+2)! ., Gn)! _ 5(n+1)!
D Bn=Dl =3 ©) 2n)! =65 B) Gn-2)! (mn-D!"
Pemure nHa MuOkectBe N HEpaBeHCTBO:
(n—16)! < 1 (2n+3)!< 2n)!
e < ~ERTI)C < 400, = <g0.
2) (n=-5(n-4)"2° ©) 2n+1)! % B) (2n—2)!<80
Brruucnure:

An7 - A: A:—_lz + Pn—l AZ | Pn + 2Pn+1 A;:n i Pn—m+1
VA O CA R
Pemure na muokectBe N ypaBHeHwe:

a) P = (x2 -25)- Axy+4 .Px+4fy; 0) Aifll .Px—y =156P _,.

mMoaynb
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25.
26.
27.

28.
29.

30.

31.
32.

33.

34.

3s.

36.

37.

38"

39%,

€MEeHTbI KOM6I/IHaTOpI/IKVI. BuHom HbloTOHa

2

* 2
JHoxaxwure, uro mist Beex n, me N umcno C., +C. .

| ABJICTCA TOYHBIM KBaApaTOM.

Hoxaxwure, uto P, =(m—1)(P,

> +P, ), meN, m=2.

TIpu nmomomm uugp 0, 1, 2, 5, 6, 7 cocraBbTe BCEBO3MOXKHBIC MIECTU3HAYHBIC HATYpalbHBIC
ymcia (0e3 MOBTOpeHHs HU(p B 3alUCH YKCIA).

a) CKOJIBKO BCEro TaKhX YHCEN MOXKHO cocTaButh? 0) CKOJBKO YMcen HaunHAIOTCS ¢ ludpb 27
B) CKOJIBKO YHCeN HAYMHAIOTCS ¢ Ludpsl 17 I') CKOJIBKO YHCeN OKaHYUBArOTCS Hudpoi 1?

1) Cxomnbko 4ncen HaunHarotest ¢ 207

B xonkypce yuacTByIOT 8 AeByliek U 9 roHomeld. Ha onpeneneHHOM STare IO/KHBI Y4acTBOBATh
cMelIaHHble mapsl. OnpenenuTe, CKOJIBKUMH CIIOCO0aMU MOKHO COCTAaBUThH 6 CMEIIAHHBIX Tap.

B ¢yr6onbHOl KOMaHAe 25 UTPOKOB, BKIIOYAs ABYX Bparapeil. CKOIBKUMU CIIOCOO0aMU TpEHEP
MOXKET COCTaBUTh KOMaHIy U3 11 UIpoKoB Ul 3alulaHUpOBaHHOTO (hyTOOIBHOrO Marda?

Y MapuHsl 7 pa3inuHbIX KOMIIAKT-AUCKOB C KJIACCUYECKUMH MY3bIKaJIbHBIMH ITPOU3BENCHUAMH,
a'y Koy 9 pa3nuuHbIX KOMIIAKT-AUCKOB HAPOAHON My3bIKH. CKOIBKUMHU CIOCO0AMH OHH CMOTYT
OOMEHATHCS 1O 3 KOMITaKT-JucKa?

CKOJIBKO HATYPaJIbHBIX JICIUTENICH Y Yucia: a) 210; 0) 85; B) 101; r) 105?

Y Onbru 10 KpacHBIX U 6 KeNTHIX TBO3IUK. CKOIBKHMHE CIIOCOOAMH OHA
MOXET COCTaBUTh OYKET U3 3 KPACHBIX U 2 JKEJITBIX TBO3IUK?

Ha ¢upme paborarot 3 3amecrurens aupektopa u 10 MeHeIKepoB.
CKOJNIBKUMH CIIOCO0aMHU MOYKHO COCTAaBUTH KOMHCCHIO U3 5 YeJOBeK,
BKJIIOYAIOIIYIO XOTsl ObI 2 3amecTuTesnel aupexkropa?

Pemnre na muoxectBe N HepaBeHCTBO:
a) 247 >x-P_,; 6) Al +C 7 <ldx; B) A —12C! >3A7;
r) 5C}>C! n ClL,—C) <1,25A] e) 14PCI < AL

x+2° n-22

Haﬁ,[[PITe, HCIIOJB3Yd COUYECTaHHUA, KOJIUYCCTBO ,I[I/IaFOHaJIeI‘;I BBIITYKJIOTO MHOTOYTOJIBHUKA
C n CTOpOHaAMH.

Jlokaxure, 4TO:
a) C'=C", + ZC:’_’; +C" 7

n=2 9

6) C"=C", +3C" ) +3C" 7+

n—=3

CocraBbTe:

a) KOMOMHATOpHBIE 33Ja4l Ha NMPUMEHEHUE Pa3MEILEHUI;
0) KOMOMHATOpPHBIC 33Jlaud HA TPUMEHEHHE MEPECTAHOBOK;
B) KOMOMHATOPHBIC 3374l Ha MPUMECHECHUE COYCTaAHUII,

I') CMEIIaHHbIe KOMOWHATOPHBIC 3aadyH.

Penure Ha mMuokectBe N X N cucremy ypaBHeHwMiA:
A)f s 3x 3x-1
y yox __ —_ =
a) 4P +C)" =126, 6) Ayl 3 SA;, % 10,
. 12C2 =5C =0,
P, =1720; 2y 2y

x+2

Hoxaxwurte, uto Vne N, C; -+/3n <4". (Omimmmazna no Maremaruke PecryGmixa Moimosa, 2010)
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BuHom HeloTOHa

2.1. ®opmyia 6unoma HeroTona
Ha ocunoBaunu toxaects (a+b)’ =a’ +2ab+b’, (a+b)’ =a’+3a’b+3ab’ +b’

JIETKO IIPOBEPUTH, YTO
(a+b) =(a+b)*(a+b)* =a* +4a’b+6a’b* +4ab’ +b*,
(a+b)’ =(a+b)*(a+b)’ =a’ +5a°b+10a’b* +10a’b’ + 5ab” +b’.

3ameTM, 4TO 5TH (HOPMYIIbI ABJISFOTCS YACTHBIMH ClydasiMu 001eit popmynst (a+b)",
&
ne N, rme a, b — mo0Oble anreOpaMIecKnue BBIPAKEHHMS.
kS
Jokaxkewm, uro s moboro n€ N°, me N, 0 <m < n, cnpasennmea hopmysia

(a+b)"=Cla" +Cla"'b+Ca" b’ +..+C"a""b" +..+ C'D". (1)

Dopmyny (1) nazwiBator ghopmynoii 6unoma Heiomona.

Howxazamenvcmao:

HoxaxxeM opmyiy (1) MeTogoM MaTeMaTHUECKOH MHTYKITHH.

O6o03HaunM BbickaszbiBanue (1) uepe3 P(n), ne N°.

Jlns n=1 BeickassiBanne P(1) cnpaseqmso, Tak kak (a+b)' =a+b=C/a+ C,b.

ITpennonokum, 9To A JT060ro HATYPaTbHOTO YUcia 1 =m, m =1, BbickassiBanue P(11)
TakKe CpaBeIuInBo, T0 ecTh (a+b)" =Cla" +C.a" b+ C.a" b’ +..+ Cia"'b" +..+C'b",
rme keN, 1<k <m.

Jokaxem, 910 U JJs JII0OOT0 HATypaidbHOTO uncina n=m+1, m =1, BbeICKa3pIBaHUEC
P(m+1) Taxxke cnpaBemiuBo. JleiicTBUTENBHO,

(a+b)"" =(a+b)"-(a+b)= (C’a" +C.a"'b+...+Ca" " b" +..+C"b")a+b) =
=Cla"" +(C+C)a"b+...+(CL+CE™Na" b + ...+ (C" +CMab” +CIb™".

0 0 1
Vuutesas, uro C, =C, . =C" =C"! =1, u npumensis peKyppeHTHbIE (OPMYJIBI BbI-

m+l
k k+1 __ k+1 m—1 m __ m
L C +C7=C cm+C=C

m+l 2 m+17?

nomyaaem: (a+b)"" =CY a"" +C! a"b+..+Cha" b +. .+ C" ab™ + C D™

m+1 m+l1 m+l1 m+1

o 0 1 1
gyucnenus: yucna coueranuit C, +C, =C, ., ..

Crie1oBaTeNbHO, B CHJTY METOJIa MaTEMATHYIECKOIM HHYKIIUH, BEICKa3siBanue P(n) cripaBes-
JIMBO JUTS JTFOOOTO HATYPaIbHOTO Yncia 71 > 1.
*
Wrak, g moboro n€ N umeem:

(@+b)"=Cla"+Cia"'b+C:a"?b* +..+C'a""b" +...+ C'b" umm
(a+b)'=a"+Cla"'b+C!a" b’ +..+C"a""b" +...+b" wm

(a+b)"=2C;”a”””bm, meN, neN, 0<m<n. [

m=0

3ameuanue. I[J'[SI KpaTKOﬁ 3allucu CyMMbI 4JICHOB KOHEUHOM IMOCJIe0BaTeIbHOCTH
n

MPUMEHSAETCS CUMBOI ,, )~ (curMa). Takum oOpasom, Zai obo3Hauaer a, +a, +...+a,

i=l1

W YUTaeTcs ,,CyMMa YIEHOB a-H, 1 oT 1 10 H.

mMoaynb
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Z
%32}13"“0 ¢ pelieHueM

12
3anuineM pasjoxenue crenenn ounoma (a+b) .

Pewenue:

(a+b)?=Cha” +CLa"b+CLa"b* + Ca’b’ + Cla’h* + Ca’'b’ +
+Cpa’h® +CLa’b’ +Cha'b® +Ca’b’ + Ca’h" + Clhab" + C;b" =
=a"” +12a"b+66a'"’b’ +220a’bh’ + 495a°b* +792a’b’ +924a°b° +
+792a’bh” +495a*b* +220a’b’ + 66a°b" +12ab" +b".

Omnpenenenust. * [IpaBast gacTs popmysnsl OnHOMa HbI0TOHA Ha3bIBAaeTCS pa3/ioKeHHeM

crenenu 6unoma (a-+b)".

0 1 2
*Yuema C,, C,, C,,...,C", ..., C!' B popmyie 6nHOMa Hbr0TOHA HA3BIBAIOTCS GUHOMM-

ATbHBIMU KO3(puIIeHTAMMU.

Cesoiicmea pasznoxcenus cmenenu

ounoma

1° KonudecTBO ciaraeMbiX (YJICHOB)
pas3lIoKEHUs CTErIeHH OMHOMA, a, 3HAYMHT,
U KOJIMYECTBO OMHOMHAIBHBIX KOA(phH-
mmentoB C), C., ..., C" pasHo n+1.

2° B ¢dopmyne 6unoma HeroToHa 110-
KazaTeJH CTEeIeHH a yObIBaroT oT 72 10 0,
a TOKa3aTeu CTEreHu b BO3PacTaroT OT
0 go n.

3° B KaxX/IOM cIaraéMoM pa3iIoKeHHs
CTeNeHH OMHOMAa CyMMa IoKaszaTeyei
CTETNeHEe! a M b paBHa n.

4° (k+ 1)-11 ueH pa3no>KeHUs CTENEeHU
ounoma (a+b)", To ecTh

T, =Cta""*b*, ke{0,1,2,..,n},

Ha3bIBACTCS 0OU{UM UTICHOM PA30HCCHUS
cmenenu ouHomd.

IMoncrasmnss B popmyiy st 7)., BMe-
cT0 k HarypajbHble 3HaueHHsA OT 0 10 n,
TIOJTy4aeM BCE WICHBI Pa3JI0KEeHHs CTEIICHU
OMHOMA.

0 _ny0 o

Hanpumep, 7, =C,a"b” — nepsslii
YJeH pas3lIOKEHUs CTeNeHH OUHOMA,

4 n—-4y4 o
T, =C a""b" —usaThlii 4ieH pa3ioKeHuUsI
CTEIeHU OMHOMA.

®

Ceoiicmea dGuUHOMUATBLHBIX KOIPPu-
yuenmos

1° Cymma Bcex OMHOMHAIBHBIX KOAPQH-
[MCHTOB, NPU 3aJaHHOM 3HAYCHUU 71, PaB-
Ha 2" C'+C +C’ +..+C'=2".

JeiictBurensHo, mycth a = b =1. [loncras-
JIs151 971 3HAYeHus B hopmyny brnHoMa HeroToHa,
nonydaem: (1+1)" =C) +C, +C. +...+C".

2°Takkak C" =C"™", 10 GUHOMHATIBLHBIE
KOA(PUIUEHTBI, PABHOYJAJICHHBIC OT KOHIIOB
pa3IoKEHHsI, PaBHBI APYT IPYTY.

3° Cymma OMHOMHUAIBHBIX KO3()(DUILIMEHTOB,
CTOSIINX Ha YCTHBIX MECTaX B PA3I0’KCHHUH CTE-
MeHu OWHOMa, paBHA CyMMe OMHOMHAIBHBIX
KO3(D(PHITMEHTOB, CTOSIIINX HA HEYCTHBIX MECTaX
3TOTO K€ Pa3IOKeHHs, U papHa 2" .

HetictButensHo, mycth a =1, b =—1.Tloxa-
CTaBJISIs 3TH 3HAUCHMS B (hopMyity OrHOMa Hbro-
Tona, noydaem C. —C! +C> +...4+(=1)"C" =0,
YTO U IIONTBEPKIACT CIIPABETHBOCTH TAHHOTO
CBONCTBA.

4°a)Ilpu n =2k, ke N', GunoMuanbHbIi
KOA(PPUITUEHT CPETHETO WICHA Pa3ioKCHHUS
crenenn onHoMa ( C ,’f ) SIBIISIETCST HAMOOJTBIIIIM.

0) IIpu n=2k +1, ke N, Gunomuanbuble
KOA((QUITMEHTHI IBYX CPEITHUX WICHOB Pas3io-
eHus cTenenn Guroma pasasl (Ct = C'yu
SIBILSTFOTCSI HAMOOJTBIITAMHL.
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3ameuanue. Crenyer paznudarh KO3(QQHUIUCHT YiICHA Pa3JIOKCHUS CTEIICHH OMHOMA OT
OMHOMHAILHOTO KO3()(HUIIMEHTA STOr0 KE 4jieHa pasjiokeHus (B ciydae, Korma d, b
SIBJISTIOTCSI BRIPQKCHUSIMHU € KO PUITHCHTAMH).

3 3 2 2 3
Hanpuwmep, B paznoxenun crenenn outoma (3a+b)” =27a” +27a°b+9ab” + b’ xosd-
(UIMEHT TPEThEro cjaaraeMoro paBeH 9, a OMHOMHABHBIN K03()(UIIMEHT 3TOTrO JKe cliara-
2
emoro pasen C; =3.

bunomuanbHbIe KO3()QHUITMEHTH! pa3oKeHus cTerneHn OuHoMa (a +b)" Tpu pasIYHBIX
3HAYCHUSIX /1 MOT'YT OBITh BHIUYMCIICHBI IPU TIOMOIIH mpeyzonvhuxa Ilackans.

1 1
Pekyppentnas Gopmyna C' =C" +C"" no3Boiser nociea0BaTelbHO BbIYUCIATH

m+l1

1
™", ecin u3BecTHbI Koddduumentst C" u C". Coorset-

OonuHomuanbHble ko3 duimenter C
CTBYIOIIIMIE 3HAUCHUsSI yIOOHO pacIionararh B BHE TPEYTOIbHUKA, HA3bIBAEMOTO Apumenu-

UeCKUM mpey2o0/;ibHUKOM NI mpey2oibHUKOM Hackans.

c" neN bunom

£ CTCIICHU N

1 n=0 (a +b)°

11 n=1 (a+Db)

1 2 1 n=2 (a +b)*

1 3 3 1 n=3 (a+b)’

1 4 1 n=4 (a+b)*

1 5 10 5 1 n=5 (a+b)
1 6 15 20 15 6 1 n==6 (a+b)°

c:, ., C.

n

B (n+1) -it ctpoke 3armcanst uncia C., C.,

IIpaBuiio cocTaBieHUs MOCIEAYIOUIEH CTPOKHM TPEYrOJIbHUKA, IIPU YK€ U3BECTHOMU
TMIpeJIbITyIIEH CTPOKE, CIIeyOIIee: EPBbIN U OCIETHUMN 3JIEMEHThI CTPOKH PaBHbI 1 ; KA IbIi
13 OCTaJbHBIX 3JIEMEHTOB CTPOKU PaBEH CyMME ABYX JIEMEHTOB IIpEAbIAyLIeH CTPOKH,
CTOSILLMX CJIEBA U CIIPaBa OT BBIYMCIISIEMOTO.

HWrax, 11t BOCBMOH CTPOKH TpeyroibHHKa [lackais moiydaeM ciemyromye qncia:
1, 1+6=7, 6+15=21, 15+20=35, 20+15=35, 15+6=21, 6+1=7, 1.
3aoanue. 3anoIHNUTE JAEBATYIO CTPOKY TpeyronbHuka [lackans.

3ameuanue. B XI kmacce Mbl pacCCMOTPHUM JIPYTOid CIIOCOO HAXOXKACHUS] ONHOMHUAIIBHBIX
KO3 (PUITEHTOB, TIPH TOMOIIHN TPOU3BOJHON (DYHKIINH.

CremneHb ¢ HaTypaJIbHBIM TTOKa3aTesIeM Pa3HOCTHU ABYX BBIPaXKCHUH BBIYUCISETCS IO (Op-
MyJle, aHaJIOTH4HOH (opmyrte Onroma HeroToHa:

(a—b)"=C'a" = Cla"'b+C2a"*b> = C2a" b + ..+ (=1)"C"a"™"b" +...+(=1)" C"D",

WIIH: (a=b)" = Z(—l)"’C,’["a”""b”’, meN,neN, 0<m<n. 2

m=0

Dopmyna (2) BeBomutcs 13 hopmyiisl ouHoma Herotona ¢ yaetom, uto (a—b)" =[a+(=b)]".

mMoaynb
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2.2. Ilpnaoxenusi omnoma HeroTtona
PaccMoTpuM HEKOTOpPBIE MPUIIOKCHHUS OMHOMHAIBHBIX KOA(P(HIIMEHTOB U Pa3JIOKCHUS
CTerneHn OMHOMA.

2
%:hlﬂaﬂﬂﬂ (¥ pemeHneM

o o 14
1. HaiineM 1ecToii uiieH pasnoxKeHus creneny ounoMa (vVx +x) .

Pewenue:
|
T, =C5 (2" - x° =%(«/})9 2 =2002x" Vx° =2002x /.

20
~., 1
2. Haifem craraeMoe pasiosKeHs CTeNeHn OMHOMa ( X +— | . He comeprKaruee x.
X

Pewenue:
[Monb3ysce GopmyIoi o0IIero uieHa pa3IoKeHUs CTENeHH OMHOMa, TIoJTy4YaeM

k k
T, = C;O («/;)ZH (Lz) . CoracHo yclioBHIO, («/;)zo"k (Lz) = x". 3Hauur,
X X
# -2k=0 k=4.

Omeem: I1aToe citaraemoe PAa3JT0XKCHUA CTCIICHU OuHOMA.

3. Haiinem HanOONbIMi OWHOMHUANBHBIA KOAQPHUIIMEHT pa3IoKEeHUS CTEIIEHH OMHOMA

(o]

Pewienue:
Tak kak 7 =22 — 4eTHOE YMCIIO, TO HAUOOMBIIHNIT OMHOMMATBHBIH KOA()(PUIHEHT 3TOro
1 22!
paznoxenust paseH C,, =———="705432.

1-11
Omeem: 705432.

n

. 1
4. OnpesienuM MATHIA YICH PA3IOXKEHHs CTereHn ounoma | 3a —T , ecnu OMHOMHU-
a

ANBHBIN KOA((UITIEHT YeTBEPTOTO WICHA ITOTO pa3ioxkeHus paBeH 20.

Pewenue:
3 n! _(n=2)(n—Dn )
INockoneky C, = =3 6 , TOJIy4aeMm:
Wﬂma (n=2)(n—-n=120 n’ —3n’ +2n-120=0 < n=6.

4
_ 1 6! -
Hrak, Ts :(_1)4 Cé '(361)6 ‘. ﬁ Zm'9a2 -a : =135.

Omsem: T, =135.

@
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10.

11.

12.

13.

(%} YnpaxHeHuUs n 3agaum

3anumuTe pas3inokeHUue CTENeHH OMHOMA: s
7. 8. 6. 1,1 4
a) (x+y)'; 6) Ba+b)’; B) (Va ++/b)°; r) (+) .0 (2a+3x)°".
Xy

3anumure Pa3JI0KCHUE CTCIICHU OnHOMA:

;

1 1 6 1,4
a) (4—x)"; 6) Qla—b)’; B)|——=——F | r) (2x-3)"; n) (a——=b)".
3anmuiure pasaokKeHUe CTeHeHd OHHOMA:

a) (‘/“7+‘E] 6) (x—Vx =D =+’ =D B) V2x+y) —(2x =)

JlokakuTe, YTO 3HAYCHUE BBIpaXKEHUs (5 —\/7 )'+(5+ \/7 )" SIBISIETCS HATYpaJbHBIM YHCIOM
npu ne N.

Haiinure:
a) TATHIH WIEH pasIoKeHHs cTermeHn 6maoma (3x+4)";
) cenpMoil wieH pasnoxeHus crerneny omHoma (vVx +24/v)°;

B) JIECATHI WiEH paslIoxKeHHs cremeHu ommoma (In2—51g3)"'.
Haiigure cymmy OHHOMHAIBHBIX KOA((OHUIIHCHTOB Pa3JIOKCHUS CTCICHH OWHOMA!
a) (4a+3b)"; 6) (log, x—3y)'""; B) (Vx +3/y)*; r) 8x—2y)"".

Haiiqure cyMMy OMHOMHATBHBIX KOI(D(DHUITMEHTOB, CTOSIINX HA HEYETHBIX MECTaX B PA3IOKEHHU
CTENEeHn OMHOMA:

a) 3x+4y)"; 0) (\/1;—\/1;] ; B) (a—15b)"; r) 2Vx +b)”.

Haitaure:
a) WiIeH pa3JIoKeHHs cTerneHu OuHoma (v X + 2x)", comepxamuit  x'%;

6) uneH pasnoxenus crernenu ouHoma (3 x — 2va)", coxepxarmmii - a*;

1 .
B) WIEH Pa3JIOKEeHUsI CTeNIeHH OMHOMa (+/x + —2)30, HE COZIepIKalhi X.

Haiinure cpeqHuil wieH pas3ioxkKeHHs CTENeHH OMHOMAa:

a) (" +2y)'"; 6) (Wa+b")™; B) (' =y r) (Vx—lgx)".
Haiinure nBa cpeHUX uieHa pa3jioKEHHs CTEICHH OMHOMA:
a) (x=y")"; 6) (Ja +4b)"; B) (2 =3yH)'"; ) G+x".
Haitnure cymmy k03 OUIIMEHTOB pas3ioKeHHs CTEIIeHH OWHOMa:
a) (8x>=5y%)’; 6) (7Tx+8y")°.

Hatinure PpalMOHAJIbHBIC YICHBI PA3JIOKCHUS CTCIICHU OuHOMA:

a) V5 -32)"; 6) (V3 +4/5)™.

n
- 1
CyMmma OMHOMMAJIBHBIX KOD WIHUCHTOB Pa3JI0OKCHUA CTCIICHU OouHoMa A X +3— aBHa
X

1

256. HaiimuTe crmaraeMoe 3TOTO pa3jioKeHHs, COIepiKaliee X 4.

mMoaynb ~
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14.

15.

16.

17.

18.

19.

207

Haiinure 3nayenue n B pasiokeHuu crenend ounoma (x+ )", ecanm xodpduuuent npu y?
paBeH KOd(P(HUITMEHTY TIPH V°.
Haiinure cnaraemoe pasnoxenus crenenn ounoma (v X +X)", comepikaruee x°, €ClIM U3BECTHO,

YTO CyMMa OMHOMHUAJIBHBIX KOO((UIMEHTOB, CTOSMIMX Ha YETHBIX MECTAaX JTOTO Pa3JIOKEHHMS,
paBHa 2 048.

n

N . 1
Haifnure A’, ecnu maThif uieH pasnoskenus crenenu 6unoma |/a +— | He conepxur a.
a

MeTonoM MareMaTHueCKOH MHAYKIUH U MpU oMo (Gopmysbl 6nHoMa HpIOTOHA, TOKaKHTE
manyro meopemy @epma: ,,Ecnu p — npocroe HarypansHoe uncio u n€ N, to n” —n xparuo p*.

3ameuanue. Teopema Depma 4acTo GopMyITHPYETCs CIeayronmM obpaszom: ,,Ecin p — npocroe
-1
HaTypaJbHOE YHCIIO M /I — HATYpaJIbHOE YHCIIO, HEe KpaTHoe p, T0 n’~ —1 kparHo p*.

Paccmotpure TpeyronbHuk ITackais. Kakue cBoifcTBa 4mcen (IOCIEIOBATEIBHOCTEH YHCEN)
MO)KHO BBISIBHTH M3 TOTO apH()METHUECKOTO TPEyrombHUKA?

Hcnonp3ys 6unom HproTOHA, cocTaBbTe 33ja4y Ha:
a) pasMeleHusi; 0) mepecTaHOBKH; B) COYCTAHMUS.

. JlokakuTe, cpaBHUBas Koo duLIeHTb! Ipr x B 0Genx yactsix pasercrsa (1+ ) (14 x)" = (1+x)**",
aro C;C) +C,'C. +..+C)C. =C},,, tne k,m,le N u [ <min(k, m).

@ YnpaxHeHUA U 3aa4a4m Ha NOBTOpPEHUe

Ha BeimyckHoM Bewepe 24 yuenuka XII kitacca oOmensuuck otorpadusimu. Ckonbko (oTto-

rpaduii HeoObxoUMO OBLITO?

B typHupe mo maxmartam ydactBoBaiu 14 CIIOPTCMEHOB U
Ka)XJIple JIBa IIaXMATHCTa CHITPajd MEXIy cOoOO Mo OIHOM
naptid. CKOJBKO MmapTuii ObLIO ChIrpaHO Ha TypHHpE?
CKOJBKUMHU CIIOCOOAMU 6 ydYaIllMXCsi MOTYT PACHOJIOXKUTHCS
Ha 20 mecTax?

[Taccaxwupckuii moe3n cocrout u3 12 BaronoB. CKOTBKAMHU CITO-
co0amMi MOXKHO COCTAaBHMTBH 3TOT TO€31?

4 sK3aMeHa Ha CTeleHb OakanaBpa ClielyeT MPOBECTH 3a 8 JHCH.
a) CKoJIbKUMH CIIOCOOaMU MOXHO COCTAaBHTBH pPaclUCaHUE dK3aMEHOB?

6) CKOJILKUMH CIIOCOOaMHU MOYKHO COCTaBHTh PACIUCAHUE YK3aMEHOB, €CIIM MOCIICIHUN YK3aMCH
00s13aTeNIbHO CIIeIyeT MPOBECTU B TOCIEIHUIN, BOCBMOM, 1eHb?

CKOJIBKMMH CIIOCO0aMH 8 JIEKTPHUYECKUX JIAMIIOUYEK MOYKHO PACIPEICNUTh 10 6 Pa3HOIBETHBIM
narpoHam?
CKOJIBKMMH CIIOCO0aMH MOYKHO MOCTPOUTH 10 CHOPTCMEHOB Ha COPEBHOBAHHH, €CIIU TIEPBBIM

JIOJDKEH CTOSTH CaMbIi BBICOKHH CIOPTCMEH, a MOCIEIHUM — CaMbId MaJOpOCIBIi?

X KIlacc TpescTaBIeH Ha KOHKypce Mo Maremaruke 12 ydernnkamu U 3 yuntensiMu. CKOTBKIMHA
CIOCO0aMH MOYKHO COCTaBHTh KOMaHIy, COCTOSIIYIO M3 5 y4alluxcs Hu:

a) OJTHOTO YUHTEJIs; 0) IBYX y4HTeIIeH; B) TpEX YYUTENCH;  T) XOTs Obl OJHOTO YUHUTEIs?
Hexro Hayrax naOpas HoMep TenedoHa, IOTOMY YTO HE 3allOMHMII HOCJIEIHHE JBE €ro LudpbL.
KakoBa BeposiTHOCTB, 4TO HOMEp OyjaeT HaOpaH MPaBHIBHO?



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,
25,
26*.
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B naxere 6 miokonaJHBIX IUIMTOK OJMHAKOBOTO pa3Mepa: 3 4epHOro MIOKojaaa u 3 Oesoro.
Hayran BeiOupatoT 1Be rumTku. KakoBa BEpOSTHOCTbD, YTO 3TH HIOKOJIA/IHBIE TUTUTKHA OJIMHAKOBOTO
Buja?

Pemmre Ha mMHOxkectBe N ypaBHeHwme:

) % =90, 6) A'-P,=42P; ) 8CL, =345 1) 6(CL,+C)=13C],.
Mycts (2a+b*)". Haiimure n, ecnm:

a) cymMma OMHOMHANIBHBIX KOA(P(QHUIIMEHTOB paBHa 256;

0) cymma OMHOMHAJBHBIX KOA(D(MUIMEHTOB, PACIIOIOKEHHBIX HA HEUETHBIX MECTaxX, paBHa 256;
B) OMHOMHMANBHBIH KOYDOHUIUEHT IPH @° paBeH GHHOMHAIBEHOMY KodhduImenTy mpu a’;
r) OMHOMHUANIBHBIN KOA(PQUIMEHT TPEThEro 4JieHa Pas3JIoKCHHsI PaBeH cCpeiaHeMy apudme-

TUYECKOMY OMHOMHAJBHBIX KOY(Q(PHUIUEHTOB BTOPOTO U YETBEPTOTO WICHOB PA3JIOKEHHS.
21

. 5 1 .
Haiinure uiieH pasnoxerus |3/ —T , He coleprkalui a.
a
6
1 . 5
Hano | vx +— |. Haitnure x, ecnn 7, = 9
X
B ypHe HaxomsTcs 6 OenbIX W § YepHBIX IIApOB OAMHAKOBOTO pa3Mepa. Hayrax m3mmekaror
OJHOBpEMEHHO JBa Inapa. Haiinure BEpoATHOCTh COOBITHSL:
A = {n3BnedeHs! nBa OeNbIX mWapa}; B = {M3BJICYCHBI J[Ba YEPHBIX LIapa};
C = {u3BJeYeHBI 1B Iapa OJMHAKOBOTO I[BETA}.

5/

CKOJIBKO BJIIEMEHTOB JOJDKHO COACPKaTb MHOXKECTBO, YTOOBI YHCIIO MEPECTAaHOBOK DTHUX dJIC-

MeHTOB ObuT0 He MeHblie 3000 u He 6obiie 5500?

Cepreil npurIacii Ha CBOH JIHb POXKICHHS 8 IIKOJMBbHBIX JPY3eH.

a) CKOJIBKAMH CIIOCO0aMH OH MOYKET MX Pa3sMECTHTh BOKPYT OBAJILHOTO CTOJA?
6) O6obmuTe IS 11 PY3eH.

Ha ¢upme ,,Tempus” paboraer 10 oneparopoB u 5 unxkenepoB. CocraBisieTcs jejieramnus u3
6 4eloBeK, U3 KOTOPBIX 1O KpaiHel Mepe 2 sBISIOTCS HHXeHepamu. CKOJIBKUMH CIOCOO0aMu
MOXHO COCTaBHUTh 3Ty AEJEraluio?

CKOJIbKO HaTypasIbHBIX YHCEJ MOXKHO COCTaBUTh U3 mudp 0, 2, 4, 6, 8, ucnosab3ys B 3arucH
qUClla KOKIYI0 U3 HUX HE Oosiee 0JHOro pasza?

Pemmmre na muoxectse N HEPAaBCHCTBO:

a) C +C* >n(n-2); 6) C' <54 ; B) CI'>2C0.

n+8 — n+62

Haiigure pannoHanbHbIC WICHBI PA3JIOKECHUsI CTEIEHH OWHOMA (ﬁ —3\/5)", ecim:
a) n=>5; 6) n=100.

Jlokaxure, uto: a) A" =mA" ' + A" ;

n—1 n—12

6) C) =2C; |, neN".

n)!
Joxaxwure, uto must Vae N ancnoBoe 3HaueHIe BRIpaKeHNUs oy “BIAETCA HENEIM SHCHIOM.
-nl
1 2 3 2
Joxaxwure, yro 3nauenue Boipaxenus C,,  -C,  -C,  -..-C,' SBISIECTCS TOYHBIM KBAIPATOM.

Pemmte Ha MuOkectBe NXN cucremy C'7' =C’, =2C"!

x+1 x+1 x+1

Jokaxute, uto s moboro ne N, 2n+1)!>2* - (n!)’.
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Hpodozzolcume/lbﬁocmb
Pabomu: 45 MUHyT

K%} MpoBepo4Has paboTa

a) 3aMeHHuTe paMKy TAKMM HATypalbHBIM YHCJIOM, YTOOBI NOTYYEHHOE BBIPAKEHHE MMEIO
embic: Apy.

6) Haiigure ymciao pa3MelieHnH, MOMyUYeHHBIX B IMMyHKTE a) MOCJE 3aMEHBI PAMKH COOTBET-
CTBYIOUIMM HATYPaJbHBIM YHCIIOM.

a) Haligure HCTUHHOCTHOE 3HAUEHUE BBICKA3bIBAHM:
W3 uudp 2, 4, 6, 8, 0 moxxkHO coctaButh 100 TeraeOHHBIX HOMEPOB, HCIOIB3YS KaXK/IbIH pa3
Bce HUGPHI (IpuueM HUGphl HE MOBTOPSIOTCSA).

0) Haiinure xapaunan Oyneana MHokectBa A ={2, 4, 6, 8, 0}.

-1 2
Pemmre na muoxectse N ypasmenne C., =x" —1.

X+l

Jlnst opraHu3anuu MaTeMaTHYeCKOTO Beuepa ydarquecs X Kiacca MOJDKHBI H30path
OPrKOMHUTET B COCTaBE MpPEACEAATeNs, CCKPEeTaps M IByX WICHOB oprkoMurera. CKOIBKHMH
croco0amMi MOKHO M30paTh OPrKOMHUTET, eciii B kiacce 30 yuaruxcs?

HpI/IBCHI/ITe MIpUMCP NPUMCHCHUS DJICMEHTOB KOMGI/IHaTOpI/IKI/I B HOBCGHHCBHOﬁ JKU3HU.

e

3aMEHHTE paMKy TAKHM HaTypaJbHBIM YHCIOM, YTOOBI MOJYUYEHHOE PAaBEHCTBO OBLIO
BEPHBIM:
A: 'P»Ht =420
P, 0

n=2

Haﬁ)lI/ITe HUCTUHHOCTHOC 3HAYCHHEC BbICKA3bIBAHUS:

Yucno A 2" onpeneneso npu ne {2, 3, 5}

Pemte Ha MHOKecTBe N HepaBeHCTBO 747! +14P_ <30P.

X+l
CKOJIBKO JICCATH3HAYHBIX HATYPAIBHBIX YHCET MOXHO COCTABHTb, UCIOJbB3Ys KXKIbIH pa3
Bce 10 mudp?
Iycts a, beN u JheR\Q. Jlokaxxute, 9TO 3HAUCHHE BEIPAXKCHUS (a + Jb )" +(a— Jb )"

SIBIISIETCSL HATYPAIbHBIM YKCIOM Tipu JitoboM ne N.

B X xnacce yuarcst 14 roHomreit u 18 nepymiek. CKOJIBKHMH CIIOCOOAMH MOKHO COCTaBHTh
KOMaH/IbI, COCTOSIIIIME U3 3 FOHOIIeH U 5 JeByIieK?
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Uucnosble PyHKLUMN.
OcHOBHbIe CBOUCTBA

moayns G

(O pacno3HaBaHHE W NPUMEHEHUE MOHATHI QyHKyus, epaguk ¢yHKyuy B PAIMIHBIX CUTYaIUSX;
() pacro3HaBaHHE OCHOBHBIX CBOWCTB M3YYCHHBIX (DYHKIHUHA M HX rpadukos;
O xiraccuuKanus U3y4CHHBIX (YHKIUIT IO pa3IMYHBIM MPU3HAKAM;

Q MIPUMCHCHHUEC CBOMCTB Q)yHKHI/Iﬁ B pCaJIbHbIX /W CMOJC/IMPOBAHHBIX CUTYyalUAX.

m MoHaTue coyHKumnn. NoBTOpPEHME N AONONMHEHUA

1.1. Moustue pynkuun. Cnocodsbl 3a1aHust PyHKUMHU

B moBcenHeBHOM JKU3HH BCTPEYAIOTCS MEPEMEHHBIC BETUUUHBI, KOTOPBIE MEHSIOT CBOH
3HAYCHMS B 3aBHCHMOCTH OT 3HAYCHHH JPYTHX IEepeMEHHBIX. HanpuMep, mokasarenu temie-
paTypsl BO3AyXa B TEUCHNE CYyTOK 3aBUCAT OT BPEMEHH UX PETUCTPAINH; 3HAYCHIE TIepEMEHHON
u = 2f + 4 3aBHCHT OT 3HaUCHWsI 1. SHAUCHHE TIEePEMEHHON ¥ =/ X —1 MeHseTcs B 3aBHCHMO-
CTH OT 3HAYCHHUI IEPEMEHHOM X, OJJHAKO HE KKIOMY 3HAUYCHUIO X COOTBETCTBYET 3HAUYCHUE Y
(nampumep, 1t x = 0).

Onpenenenne. DyHKUMeil Ha3pIBACTCS yopsimoueHHas Tpoika (A, B, f), toe A, B —
HEITyCThIC MHOYKECTBA, a f — MPaBIIIO (3aKOH), CTABAIICE B COOTBETCTBHE KAKIOMY
AJIEMEHTY X € A €IMHCTBEHHBIU dJIEeMEHT y € B.

B npyrux TepMuHax (yHKIHMS — 3TO 0TOOpaKeHHe MHOXKECTBa A B MHOXKeCTBe B.

Eci 57IeMeHTY X CTaBUTCsI B COOTBETCTBHE YJIEMEHT y, TO 0003Ha4atoT y = f (X), ¥ TOBOPSIT,
YTO y SIBIICTCSI 00pazom x win 3nauenuem QyHKIUH f B ToUke X. MHOXKECTBO A HA3bIBACTCS
obnacmovro onpedenenus Gynkuun f m odbo3Havaetcs D(f), a MHOXKeCTBO B Ha3bIBaeTCs
oonacmoio usmenenus Gyuxuuu f. Oyukuus (A, B, f) oboszHadaercs takxke f: A — B, uB
9TOM CITydae TOBODAT: ,, f ONpesiesieHa Ha MHOXKECTBE A CO 3HAUEHHSIMUA B MHOXKECTBE B nim
»for A x B“. MHoxectBo B, ={ye B | (dxe A) (f(x)=y)} HaspiBaercs odpazom mio-
Jcecmea A, Wi MHOMcecmeom 3Havenuil PyHKinu f, u ooozHavyaetcs flA) wm E(f), nm Imf.

3ameuanue. B nanpHEHIIEM pacCCMOTPUM HUCA08ble YHKYUU, TO eCTh (HYHKIIMH, JIIS
KOTOPBIX MHOKECTBA 4 U B SBISIOTCSI MOAMHOXKecTBamMu MHOXecTBa R.

Omnpepenenne. Oynxkuun (A, B, f) u (A, B,,g) Ha3bBaIOT PABHBIMH, CCIIH:
1) A=A; 2) B=B; 3) f(x)=g(x) ms moboro x u3 A.




Yucnosble pyHKkunn. OCHOBHbIE CBOWCTBa

Ilpumepo

& dynxmun f: R>R,, f(x)=|x|,n g:R>R_, g(x)zx/x_z, paBHBI, TaK Kak
D(f)=D(g), E(f)=E(g) u nns moboro xe R umeem f(x)=|x|= \/x—zz g(x).

# oynxnn f: R—>R,, f(x)=]|x
Pa3IMYHBI HX 00JIACTH U3MEHEHHS.

,u g:R—>R, g(x)=|x|, He paBHbI, MOCKOIbKY

&% OueBuIHO, 4TO Y paBHBIX (QYHKIHMIl PABHBI U MHOKECTBA UX 3HaUYeHM. MHOXeCTBOM
sHauennii pynkmun 2 R >R, f(x)=]|x|, aBmserca R, , mockomnsxy ns moboro ye R,
cymectByeT x€ R, a umenno x ==y, Takoif, uto f(x)=y. Bupouem, u y dyHKIHH
g:R—>R, g(x)=]|x], To %e MHOXECTBO 3HAUCHHIA.

3ameuanun. 1. [Ina dynkuun f: A — B npaBuio f HasblBaeTCs QYHKUUOHANLHOU

3asucumocmuio. B cootHomennu y = f(x), tae xe A, y€ B, nepeMeHHasi X Ha3bIBACTCSI

He3a8UCUMOIl nepeMeHH O, ITTH ap2yMeHmom GyHKyuu, a IepeMeHHas Y — 3ad6UcUMOll

nepemeHHou.

2. Ecnu u3 KOHTEKCTa SICHO, YeMy paBHBI MHOXecTBa A, B, To BmMecto f: A — B 3a-

MTUCHIBAIOT: ,,yHKIHUA [,

Ecmu nana dynxuus f: A— B u M C A, KC B, 10 o0pazom muoxcecmea M nipu oto-
Opaxenuu [ HazoBeM moaMHOkecTBO f(M)={f(x) ‘ xe M} muoxectBa B, a npooopazom
muoxcecmea K nazosem moamuoxkectBo 1 ={x€ A | f(x)e K} muoxkectBa A.

Z
%33&2""0 ¢ peleHueM

[ycts nanel pyskmms f: R =R, f(x)=x"+3, nmuoxectsa M =[0, 2], K =[3, 7].
Haiinem: a) oOpa3 mHOecTBa M; 0) nmpooOpa3 MHOKecTBa K.

Pewenue:

a) UtoObl HaiiTu f( M) — o0Opa3 mHOKecTBa M, yutem, uto 0 < x < 2, ¥ OCIe0BaTeIbHO
nonygum: 0 < x*<4, 3<x*+3<7, 3< f(x)<7. 3uaunt, f(M)c([3,7] Bepuo u
obparHoe BKouenne, [3, 7] < f(M), Tak xak ypaBHeHue x° +3=t, te [3, 7], umeer pe-
mrenus Ha mpomexytke [0, 2]. Crnemosarensro, f(M)=[3, 7]

6) U3 meoiinoro uepasenctBa 3< f(x)<7 nomyunm | x| <2, To ecth mpooGpazom
MHOXkecTBa K sBirgercs MmHokectBo 1 =[-2, 2].

OYHKIIMIO MOKHO 33]1aTh:

1) cunmemuueckum cnocofom — pu NOMOUTH TaOIHIIBI, TUATPAMMBIL, Tpaduka, mepe-
YHCIICHUEM YTIOPSIOYCHHBIX Tap YHCEIT;

2) ananumuueckum cnocofom — Tpu MOMOIIN BeIpakeHUs (opMyIist).

¢ Cunmemuueckuii cnocoo a)

7 -1 0 3,14 5

X
a) [1pu momony madiuysl MOTYT OBITH 33712~ )

HBl (DYHKIUH, 00TACTH OMPEACICHUS KOTOPBIX 5 A f

KOHEYHBI U COJIep)KaT HeOOINBIIOE KOINYECTBO —

sremMenToB (puc. 5.1 a)). _
6) Auazpammamu MOryT OBITH 3a4aHBI (PYHKIUH, _

00JIaCTH OTpeNieIeHUs] ¥ U3MEHEHUs KOTOPBIX Hpej-

CTaBIICHBI qUarpaMmmamu Jitiepa—Benna (puc. 5.1 6)). Puc. 5.1

mMoaynb
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Yucnosble pyHKkunn. OCHOBHbIEe CBOWCTBa

B) B Bune epaghuxa (cMm. myHkt 2.1).

r) dano G — MHOXECTBO ynopsaodouennwvix nap (x,y), x€ A, y€ B, HeHCTBUTEIbHBIX
YHCell TakuX, 9to a1 (X, y,), (x,, ¥,)€ G umeem y,=Yy,. HamomHum, 4to B 3TOM Ciy4yae
samana Qpyukiusa f: A — B, monaras, uro b= f(a), ecim (a, b)eG.

| Ananumuueckuii cnocoé

Yarire Bcero GyHKIIMS 331aSTCsI aHATUTHYCSCKH, TO €CTh COOTBETCTBHE MEIK/TY 3HAUCHHUSAMH
HE3aBHCUMOM ¥ 3HAYCHHUSMH 3aBHCHMOM TIEPEMCHHBIX 3a1aCTCSI hopMY/I0ll, COOMHOMWEeHU-
emM, CGOIICMBOM.

Ilpumepun

& ycrs pynxuus f: R, >R, f(x)= Jx. 3navenue KOPHSI OTHO3HAYHO OIPEIENEHO,
H09TOMY OJTHO3HA4YHO OyJIeT ONpesieNieHo U 3HaueHue pyHkuun f s moboro xe R,.

¥ @ynxyus ,uenas wacmp®. HanGornblee 11e10€ 4KCII0, He NPEBOCXOAIIEE YHCIIO d,
a€ R, nassiBaercs yenoii uacmuio uucna a v obosnavaercs [a]. Hanpumep: [3,1] =[] =3,
[2,1]=-3, [2]=2.

Oyukuus g: R —Z, g(x)=[x], HaseBaeTcs gynxuueii yenras wacmo uucia u 06o-
3Havaercs [ ].

HetpynHo npoBeputs ceoticmea Gpynkimu [

1° [x]< x; 2° [x+m]=[x]+m, meZ, xeR.

& dynxyua ,,0pobnas wacmo. Uncno a—[a), ac R, naswBaercs dpobroii uacmoio
yucna a n obosznagaercs {a}. Hanpumep: {1,01}=1,01-[1,01]=1,01-1=0,01;
(21 ==21-[21]=21-(-3)=09; {(+2}=+2-["2]=+2-1.

Oyukius h: R — [0, 1), A(x) ={x}, HasbiBacTcs hynkuueii Opoonas wacmo uucia u
obo3navaercs { }.

1, ecnu yncno X pamnuoHAIBHO,

B Dyucyun Jupwene: f:R—{0.1}, f(¥) :{0 €CIIM YUCII0 X UPPALHOHAIBHO.

3ameuanue. Yacto momyckaercs 3ajaHue (QYHKIUU TOIBKO Gopmynod y= f(x), npu
orpeneneHN: (HaKTHISCKU TONBKO (DYHKIIMOHAIBFHOH 3aBHCUMOCTH (KOTOPAst HE 3aBHCHUT
0T 0003HaYCHHsI IEPEMEHHBIX ), a e 00acTh onpeaeacHus (D ( f)) ¥ MHOKECTBO 3HAUCHHUN
HeoOxommuMo HalTH. B aToMm ciydae mHOXecTBO D = D(f) cuutaercs paBHBIM 001acTi
nmomycTuMbix 3HaueHui (O/13) mepeMeHHOW x B BBIpaKeHUH f(x), a MHOXeCTBO E(f)
CUYHUTAETCSI PaBHBIM MHOXKECTBY f(D).

2
%&maﬂne C peuieHueM

Haiinem muokecta D(f), E(f) dyukimu f, 3amanHoit popmysioir f(x) =+/x—3 +2.

Pewenue:

MmuoxectBo D(f) coBmamaer ¢ MHOKECTBOM peIIeHUI HepaBeHCTBa X — 3 = (). 3HauwnT,
D(f)=1[3, +eo).

MHOXeCTBO 3HAYCHHH aHATUTUYECKH 38 JaHHON (DYHKIIMK f paBHO MHOKECTBY JICHCTBHU-
TEJLHBIX 3HAUEHWH MapameTpa f, JUlsl KOTOPhIX ypaBHeHHe f(X)=? umeer XOTs ObI OIHO

©



Yucnosble dyHKUUU. OCHOBHbIe CBOUCTBA

pemienue Ha MHOKecTBe D( f). B maHHOM ciiydae 3TO ypaBHEHHE UMEET BUIl A/ X —3 +2 =1
¥ Ha MPOMEXKYTKE [3, +00) PaBHOCHIBHO ypaBHEHHAM vX—3=f—2, x—3=(t—2)" s
t—22>0. Takum obpaszom, st ar0boro ¢ u3 [2, +o0) ypaBHenue vx—3 +2=¢ umeer

pelieHue, IprHaIIexKanee MHOKecTBY D(f).
CnenoBarenbho, f(D)=E(f)=[2, +e).

1.2. Onepannu Hag PyHKIUSAMHA

Yacto BO3HHKaeT HEOOXOAMMOCTh PAcCCMaTPHBATh CyMMY, TIPOM3BEICHUE W/HIM YaCTHOE
JIBYX (DYHKITHI.

Ounpenenenne. Cymmoii, npousBenenuemM, 4acTibiM pynkuuid f: A—>R u
g: A — R HaspBaercs QyHKIUS, 3aJaHHAs COOTBETCTBECHHO CIEAYIOIIMM 00pa3oM:

(f+8):A-=R, (f+2)X)=f()+gx); (f-8):A=R, (f-2)x)=f(x)-g(x);

g: A—R, (%)(x)=%, g(x)#0, nnsa Bcex x u3 A.

2
%\&mafme C peuaieHueEM

Haiinem cymMy 1 mpon3BeieHre (QyHKIHH

R, >R, f(x)zx/;+l, ug R, ->R,, gx)=4x+2.

Pewenue:

Ha ocHoBauunu onpenenenns, st pynkumii f + g: R, >R, f-g: R, >R nmeem:

(f+8)0) = f()+gx)=vx +1+/x+2; (f-g)x) = x+DJx+2.

Onpenenenne. CyxenuneMm dyukimu f: A— B Ha Hemycroe MOJMHOKECTBO M,
M c A, nazwiBaercs pynkumsa g: M — f(M), tne g(x)= f(x) nns Bcex x u3 M.

B ycnoBusix gaHHOTO onpeienieHust QyHKIUs f Ha3bIBaeTCs pacuiupenuem GyHKINN g HA
MHOKECTBO A.

Ilpumep
Cyxenne pynkmmn f: R >R, f(x)=x"-3x—4,

X -1 0

o | W
~

f@)] o |-4 —2745 0

Ha IIOJIMHOXKECTBO M = {— 1,0, %, 4} 3aJ1aHO TaOJIUIICH:

Ha npaxTtuke, ecny HyKHO IOJYYHUTh HECKOJIBKO XapaKTEPUCTHYECKUX TOUEK rpaduKa He-
KOTOPO# (DYHKIIMH, UCTIONB3YeTCs €€ Cy’KeHHe Ha KOHEUHOE MOIMHOXKECTBO.

3ameuanue. Ecmu GyHKIMA f M g 3a/1aHBl Ha Pa3IHMIHBIX MHOXKECTBAX, U HEOOXOIHMO
paccMOTpeTh UX CYyMMY WIIM TPOU3BEACHUE, TO UCIIOIB3YETCs UX CYy)KEHUE Ha MHOXKECTBO

D(f)N D(g).

C nenbro 0oJiee NIMPOKOTO MPUMEHEHUS YHKITUI HEOOXOMMO PacCMOTPETh U HEKOTOPBIE

Jpyrue ornepanuy HaJl HUIMU.

mMoaynb ~
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Yucnosble yHKLMU. OCHOBHbIe CBOWCTBA

Omnpenenenne. Ilycts Gpynkuun f: A— B u g: B, = E, npuuem B C B,.
Oynkuus h: A— E, 3anannas paBenctsoM h(x) = g(f(x)), x€ A, Ha3piBaercs
KoMmno3unuei Gpynkuuii g u f u obo3zHavaercs g o f.

Crnenyrolyro TeopeMy MpHBeieM 0e3 TI0Ka3aTeabCTBA.

tuBHA: ho(go f)=(hog)o f.

Z
%hﬂa}me ¢ peleHueM

Ormpenennm, CyIEeCTBYIOT JI KoMIo3unun go f, fog, rie:
fill,+e0) >R, f(x)=+x—1, g:[-2,+0) =R, g(x)= x*=3.

Pewenue:

I Teopema 1. Kommosumus ¢yukuuii f: A— B, g: B—C u h: C —> D acconua-

Taxk kak BkiroueHne R C[1, +o0) I0XKHO, TO HE CYIIECTBYET KOMIIO3UIMU f © g.
[Mockonbky R, C[-2, 4+o0), TO cymectByer kommosuuus h=go f:[l, +e0) >R u

h(x)=(go /)x)=g(f()=gWx—1)=(/x=1)* ~3=x-4.

3ameuanue. B obem ciydae, orepanysi KOMIO3UINH (QyHKIHH HEKOMMYTAaTHBHA, TO €CTh

feg#gef.

Oco0yt0 poib I KOMITO3UINHU (PYHKIUH UTPAIOT TaK HA3BIBACMEBIC H10MCOeCHEEeHHbIe
Qynkyuu: £, M > M, €, (x)=x, xe M.

Paccmorpum dynkuuu f: A— B, €,: A=A, €,(x)=x, €, B— B, €,(x)=x. Haii-
aeM Kommosuuuu €0 f: A—Bu foe,: A—>B.

Hweert: (g, 0 /)(0)=€,(f(0))=f(x), x€ A, 1 (f o£,)(0)=f(€,(x) = (x), x€ A
3uauuT, y pyHkimid fo€,, €,° f u f omHa u Ta xe 00IaCTh ONPeEIeHUs A, OTHA U Ta KE
o0racTe U3MEHEHHUS B, a Tarke 3TN (QYHKIIMH TPUHAMAIOT OAWHAKOBEIC 3HAUYCHUS ISl BCEX
3HaueHuit x € A. CrienoBarebHO, 3TH TpU QYHKIUK paBHBL: f o€, =€, 0 f = f.

@anaMHeHwﬂ M 3agaum

1. Haiigure o6nacts onpenenenus ¢yukuuu f: D — R:

B f=—p 6) f()=—— B f(0)=

x*+4

X' -4
2. Haiigure MuoxecTBO 3Hadenuil Gpynkuuu f:D — R:
2) f(x)=x"-2; 6) f(x)=x—x"; B f)=—1r.
3. BeisicHUTE, paBHBI 1M (YHKLUH:
a) TR->R, f(x)=2x, g: Z—>R, g(x)=2x;
6) f()=—2—, g()=—15;
1 2x-2

xt=2x’
B) f,g:D—>R, f(x)=%+m, g(x):x(x—2)'




4. Jlauer muokectBa A={0, +1,£2,+3}, B={0,1,2,3,4} u ¢pynxuus f: A —> B,
f(x)=|x|+1. 3anaiite bynxmuro f muarpammoii.

5/
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5. Haiinure obnacts onpenenenust pyukimu f: D — R:
_ [xt1 _ x=2 - 1. =L
a) f('x)_ .X_l’ 6) f(x)_|x|_2a B) f(x)_{x}’ r) f(-x)_[x]

6. Haiinute MHOXKeCTBO 3HadeHuil ¢pynxkiuu f: D — R:
— . _ 1 . _X-— 2
a) f(x)=[x]; 6) f(x)=—"3: B f()=5—0

7. Haiimure cymMMy, pousBeeHne U kommosuimio f o g dynkumin f, gt R—R:

a) f(=|x], g)=x-1 6) f()=Vx+1, g)=x"+1; B) f(x)=x"-1, g(x)=Vx-1L

8. Haitoure kommnosuimu fo f, fo fof, .., fo fo..of ¢ymkmmn fi:R—>R:
D
a) f(x)=x; 6) f(x)=x-1.

n pas

9. TlpeacrtaBbTe B BUJE KOMIIO3UIMHU ABYX (DYHKIMH (OTIMYHBIX OT TOXKACCTBEHHBIX) (yHKIHIO

®:R—->R: a) D(x)=(x"+1"; 6) P(x)=3x"—1.

10*. JTaus pynxunn /2 A —> B, g: A—>C, f#g, M C A. Moryr iu cyxeHust 3tux QyHKImil Ha

MOJMHOXKeCTBO M ObITh paBHbIMU (yHKIusMU? [IpuBenuTe MpUMEpHL.

m OCHOBHbIe CBOMCTBA YUCNOBbIX (PYHKLUUN

2.1. I'pa¢uxk pyHKIUH

Onpenenenne. I'padpukom ¢ynkimn f: A — B HazbIBaeTCs MHOXKECTBO
G, ={(x,y)|xe A, y=f(x)}

IIpumepot

&% Hycts pynxkuus f: R =R, f(x)=2x-1. Hockonsky f(2)=23, 1o Touka A(2, 3)
MIPUHAATESKUT TpaduKy QyHKIMH, a Touka B(3, 1) He npuHaexut rpaduky 3Toi GyHKINH,

tak kak f(3)=5#1.

# To rpaduxy (pyHKIMH MOKHO CJIE/IaTh BBIBOJIbI Ya
OTHOCHUTENBHO ee Bapuanuu. Hanmpumep, Ha pucyHke 200+
5.2 n300pakeHa 3aBUCUMOCTh KOJIMYECTBA YKCHIUH
(0O0BeM BBIOOPKH paBeH 1375) onpeneneHHoro pocTa 150
OT JAaHHOTO pocTa x. HeTpyaHo 3aMeTuTs, 4To: JKEHIUH 100+
¢ pocroM 140 cM HEMHOrO; IIpU YBEIMUYEHUH POCTa

HX KOJMYECTBO BO3PACTAET J0 TEX IOp, ITOKAa POCT 507

mocturaer 165 cm, 3aTeM IpH JajbHEHIIEM YBEIH- , ,
YEHUH POCTa KOJMYECTBO JKSHIMH (OIPEIeICHHOIO 140 165
pocTa) yMEHBIIACTCSI. Puc. 5.2

190 X
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Yucnosble yHKLMU. OCHOBHbIe CBOWCTBA

2.2. Hynm pyHKuun

BaxHO 3HaTh TOUKH, B KOTOPBIX rpaduk GyHKmu f nepecekaet ock Ox; B TAaKHX TOYKAX
(GYHKIUSI MOKET TOMEHSTh CBOU 3HAK. DTU TOYKH HA3bIBAIOTCS HYIAMU YYHKUUU 1 MOYKHO
OTIpEJICTIUTh PeInB ypaBHeHHE f(x)=0.

2.3. MOHOTOHHOCTH (PyHKIMH

Omnpenenenns.  Oynknus f: D — E Ha3biBaeTCs Bo3pacTamoueil (yobIBarowieii)
Ha MHOXXecTBe M, M C D, ecim ni1s moObIX X, < X,, X, X,€ M, nmeem f(x,) < f(x,)
(f (%) 2 f(x,)).

o Oyukuust f: D — E Ha3piBacTCsl CTPOro Bo3pacraiouleil (CTporo yobiBaromeii)
Ha MHOXecTBe M, M C D, ecnu 11 moObIX X, <X,, X, X,€ M, nmeeM f(x,)< f(x,)

(f (x) > f(x,)).

Bo3spacraromas mwin yOpIBaromas (CTpOro BO3pacTaromias WK CTPOro yObIBaromas) Ha
HEKOTOPOM MHOXeCTBE (DYHKIIMS HAa3bIBACTCS MOHOMOHHOU (CIMPO20 MOHOMOHHOIL) HA 5TOM

MHOKECTBE.

Bospacranue (yObiBaHue) (yHKIIMM HA HEKOTOPOM MHOXKECTBE 03HAYACT, YTO OOJIBIIEMY
3HAUCHUIO apTyMEHTa, MPUHAUISKAIIEMY STOMY MHOKECTBY, COOTBETCTBYET OOJIbIIEE HIIH
paBHOe (MEHbIIIEE WM paBHOE) 3HaYeHUE QYHKIUU (puc. 5.3).

I'eomerpuuecku crporoe Bo3zpacranue (yObiBaHHe) (DYHKIIMU Ha HEKOTOPOM IPOMEKYT-
K€ WILTIOCTPUPYETCS CIACAYIOINM 00pa3oM: IpH ABMKEHHH 10 TpaduKy (HYHKIHH B TOJIOKHU-
TENFHOM HampaBieHHH ocu OX OTHOBPEMEHHO OCYIIECTBISICTCS U IBIDKCHUE B TTOJI0KUTEIb-
HOM (OTpHIaTeNbHOM) HampasiieHuH ocu Oy, T. €. BBepX, CM. PUCYHOK 5.3 B) (BHUS3,
CM. PUCYHOK 5.3 T)).

y4 y
8 Now
! i f(x2)
| 2 |
x )4

/| N fea| )
o X X, X ol x X, X
a) ['paduk Bo3pacraromnient 0) ['pacdmk yObIBaromie
GbyHKIIMH (byHKIIMT

y YA

0 X o " x
B) I'pacduk crporo r) I'padux croporo
BO3pACTAROIICH QYHKITUH yObIBaromie GyHKIUN

Puc. 5.3



Yucnosble dyHKUUU. OCHOBHbIe CBOUCTBA

3anaua. JJokaxem, uro pyuxims f: R =R, f(x)=ax’ +bx+c, a>0,crporo yosBaer

b

Ha MIPOMEXYTKE (— oo, —%).

Pewenue:

_ b Y b —4dac
Sanumem (ynkuuio B Buge f(x)= a(x + o ) i,

b b
W3 toro, uto x, <X, < 24 (3HAuMT, x,.+2— < 0), moce10BaTeNbHO MOTyYaeM:
a a

b b b\ b\ b\ b\
xl+ﬂ<x2+%<0, (xl+%) >(x2+%) , a(x]+%) >a(x2+%) ,

b\ b>—4ac b\ b>—4ac
a(xl +%) g > a(xz +Z) — g, WM f(x,)> f(x,). CnenoBatensHo,
¢GyHKIUS f cTpOro yObIBaeT Ha MPOMEKYTKE (— oo, —% )

AHAIOTHYHO paccMaTpuBatoTes ciaydan @ >0, xe€ (—%, +0<>); a<0, xe (— oo, — %),

xe (_%’ +c><>), U TIOJTy4aeM CICAYIONIYI0 TEOpeMy:

Teopema 2. ®ymxmua f: R—>R, f(x)=ax’ +bx+c, a>0 (a<0), crporo Bo3-

pacraeT (yObIBaeT) Ha IPOMEIKYTKE [— i, +o0 ) Y CTPOro yObIBaeT (BO3pacTaeT) Ha Ipo-

2a
( ; }
MEXKYTKE | —oo, ——— |.
2a

2.4. YeTHOCTH WJIH HEYETHOCTH (PYHKIUM

Onpenenenne. ®ynkuus f: D — R waseisaercs yeTHo# (HedeTHOI), eciu:
1) it xe D nmeeM —x€ D u

2) f(=x)=f(x) (f(=x)=—f(x)) msa moboro xe D.

Ilpumepun

& dynxima f: R° =R, f(x)==, ae R, nedyernas, mockonbKy:

x

1) g xe R* umeem —xe R" u2) f(—x) :—ix = —%: —f(x) ms moboro xe R”.
% Oyuxups f: R—R,, f(x)=x" +3, yernas, Tak Kax

f(=x)=(=x)"+3=x>+3= f(x) i moboro xe R.

& dynxkuma f: RS R, f(x)=ax’ +bx+c, a,be R, He sBustercs HU Y4ETHOMN, HH
HEYETHOM, Tak Kak f(—x) = ax® —bx+ ¢ ¥ HaiiieTcs TaKoe 3HAYCHUE X, uro f(=x)) #+f(x))

L
®

(Hampumep, X, =— 2a

mMoaynb ~
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Moayinb

BakHO 3HATH T€OMETPUIECKYIO HHTEPITPETAIIIO YSTHOH U HEUCTHOH (DYHKITHH.

Teopema 3. I'paduk yeTHOU (PYyHKIIMH CHMMETPUYCH OTHOCHTEIHFHO OCH OPIIHHAT, a
rpaduK HedyeTHOU ()YHKLIUM CHMMETPHYEH OTHOCHTEIILHO Hayaia KOOpAWHAT.

ﬂoxaaameﬂbcmeo:

Touku M(x, y), M'(—x, y) (cMMMeTpUYHBIE OTHOCHTENBHO OcH OY) OIHOBPEMEHHO
NPHHAJIEKAT HITH He MPHHATIeKAT rpaduky yeTHo# QyHkiwHn f, Tak kKak y = f(x) = f(—x)
(puc. 5.4 a)), a Touku M (x, y), M”(—x,—y) (cUMMeTpHYHBIE OTHOCHUTEILHO Hayajia
KOOPIUHAT) OMHOBPEMECHHO TPHHAIICKAT WIN HE MPHHAIUISKAT TpaduKy HEdeTHOH (yHK-

uan f, Tak kak y = f(—x)=—f(x) (puc.5.4 6)). W

yk

f(x)=x*+3

M'(—x,y) N ——————4 M(x,y)
| [Fe0 =70
! 3 I
! ! .
—X [0} X X
a) ['paduk yetHoOU PpyHKIIMN 0) I'pacuk HeweTHOH HyHKIIMN

Puc. 54

Z
%hﬂauue ¢ peleHueM

UccnenyeM Ha getHocTh GyHkmmio f: D - R, f(x)=x++/x> +1.
Pewenue:
D(f)=R. Tak kak f(—=D)# f(1), f(-1)#—f(1), To ycnosue 2) onpeneieHnus He

BBIIIOJTHEHO. 3HAUNT, PYHKIMS f HE SBISCTCSA HU YETHOM, HU HEUCTHOM.

3ameuanue. Jobas pynxuus f: D — R, mist koropoii obmacts onpenenenns (D(f) = D)
CHMMETPUYHA OTHOCHTEIBHO Hadajia KOOPAMHAT, MOXKET OBITh IPEICTABICHA B BHIEC
f=h +h,, tne h, —4erHas QyHKuMs, a s, — HEUETHAS.

JleficTBUTENEHO, STUMH (DYHKITHSIMHE SBIISIOTCS:
bt DO =R, B =3+ F(0), B0 =2(f() = f0),

3adanue. Jlokaxure, uto h, —deTHas GyHKIUA, a h, — HeUeTHas (CM. 3aMEYaHHe).



Yucnosble dyHKUUU. OCHOBHbIe CBOUCTBA

2.5. llepnoan4HOCTHh PYHKIIUH

OyHKIWHSA, TpapHK KOTOPOW H300paKEeH Ha PUCYHKE 5.5 XapaKTepu3yeTcsl TOBTOPEHUEM
3HAYCHUH TIPH YCIIOBHH, YTO 3HAYCHHE apIyMEHTa H3MEHseTCs Ha 1:
f(x)=f(x+D)=f(x+2)=...= f(x+n), ne Z.
O noBezieHnH 310M HYHKIHK Ha MHOXKeCTBE R MOKHO CyAMTB 110 e OBEICHHIO Ha MPO-
MeXyTKe JUIMHBI 1, Harpumep, Ha npomexyTke [0, 1).

S/

3 2 1 0!
Puc. 5.5

—_d
N.____
= ——=
=

Omnpenenenne. Oyukuus f: D — R HaspiBacTcs mepuoaMuecKoil, eClid CymecT-
ByeT Takoe jaeiictBurensHoe uncio 1, T # 0, Ha3piBaeMOe mepHoaOM (GYHKIINH, YTO:
1) s xe D umeem (x+T)e D, 2) f(xxT)= f(x) anst mobdoro xe€ D.

3aoanue. Jlokaxute, uto ecnu 1 — nepuon byHkuuu f, 1o uucna kT, ke Z', rtaxxe
SIBIISTFOTCSI TIEPHOIaMU 3TOU (DyHKITHH.

Ilpumep

Paccmorpum dyukipro f: R —[0,1), f(x)={x}, toe {x} — apoOuas yacte neiicTBU-
TENBHOTO uKcia x. JIoboe 1enoe HeHyleBoe Yuciio 7 BISETCS IEPUOIOM ITOH (PyHKIIUH, TaK
kak {x+T}={x}, xeR.

JlefCTBUTENBHO, HA OCHOBaHMU CBOMCTB QyHKuuu [ ] moiyuyaem:

fFx+T)={x+T}=x+T - [x+T]=x+T - ([x]+T)=x—[x]={x} = f(x).

I'papuk 3T0M (yHKIMU H300pakeH HA PUCYHKE 5.5.

3aoanue. Jloxaxmure, uato repronoM dyHKImH Jupuxie sBisercs mobdoe ancio 7€ Q.

BaxxHoit 3amadeii 11 neproandeckux QYHKIUA SBISCTCS HAXOKICHUE ¢ HAUMEHBIIIETO
HOJIOKUTEIILHOTO Teprofa 1), Ha3bIBACMOTO OCHOGHLIM HEPUOOOM QYHKUUU, TIOCKOIBKY

TIPH M3BECTHBIX 3HAUEHMSX TaKkol (DyHKIMH Ha IpoMeXxXyTke Buna [a, a +71,) amuasl T’ MOXKHO
HAWTH ee 3HaYCeHUs B TFOOOU Touke MHOXecTBa D( f).

B camom nene, st moboro x€ D(f) cymectByer k € Z, npu KOTOPOM
x+k-Tyela,a+T,)) u f(x)=f(x+k-T)).

IIpumepo

&% OcunosupiM nepuosiom pyukmuu f: R —[0,1), f(x)={x}, apnserca T, =1.

HeiictBurtensho, modoe uucio 7, 0<T <1, He ABIIETCS MEPUOIAOM ITON (YHKIIUH, TaK
Kak cymectByeT X, 0<x <1, mpu xotopom 0<x+7 <1, x<x+7. CrnemoBaTensHo,
F)<fx+T).

# O®ynxums f(x)=a, a€ R, He uMeer 0CHOBHOTO NMEpHOIA.

3ameuanue. Ecnu pyHkuus f MOHOTOHHA Ha OECKOHEYHOM (HEOTPAHUYCHHOM )

I MPOMEKYTKE, TO OHA HE SIBJISIETCSI IEPHOTUUCSCKOM.

mMoaynb
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Yucnosble dyHKuMM. OCHOBHble CBOMCTBa

2.6. DxcTpeMyMbl GyHKIHU

3agaua. Oepmep Moaydrt IPaBO HA OTPAXKIACHUE
y4acTKa 3eMJIU MPSMOYTOIBHON (hOPMBI, TpaHNYa-
IIETO C OJTHOM CTOPOHBI C MPSIMOJIMHEWHBIM UPPHU-
rarnyoOHHBIM KaHasioM. OH JIOJDKEH OTPaJIUTh y4acTOK
C TpexX CTOPOH, MPUYEM JUIMHA BCEW M3TOPOAU
JloJbkHa ObITh paBHa p. EctecTBeHHO, uTO (hepmep
XOYeT OTPaJnTh yUacTOK HanOoMbIeH rtomiaan. Kak
HANTH penieHue 9Toi 3a1auu?

Pewenue:
Jnist perieHus 3aa4y BbIpa3sUM IUIOIIAb .«/ ydacTKa /g
o 2
4epe3 X — JUIMHY CTOPOHBI, apaJuUIeIbHON KaHay, TO €CTh pr-
- X —Xx 8 !
o =x- p2 , The p2 — JUINHA CTOPOHBI, NEPIIEH- :
nuKynspHoi kanany. [Honyuwmim ¢ysknuto I crenenn :
, 1 ., p o ! p
A (X)=—=x"+=x, xe (0, p), rpaduroM KOTOPO# SABJIA- >
27 2 o| P x
etcs mapabona (puc. 5.6). Haubosbliee 3HaueHne GpyHKIHA 2
./(X) mocTuraeTcs B TOUKe ¢ abCIMCCON X, = g B stom Puc. 5.6
Cllydae TOBOPST, YTO B TOUKE X, = g, x,€ (0, p), byHKUUA ./ (X) HOCTHracT JOKAILHOIO
MakcuMyMa. Torna JJiHa CTOPOHBI, MapajuIeIbHON KaHaTy, paBHA %, JUTAHA CTOPOHBI,
2
MIePIICHANKYISIPHON KaHaTy, paBHA %, a HanOOIbIIIAs IUIOMIAb YYACTKa 3eMIIH PAaBHA %

N ngpyrum crnocoOoM MoIy4yaeM, 4TO MaKCHMaJbHOE 3HA4eHME ILIOLIAAM ydacTKa

JIOCTHTaeTCs IIpU X, = £, TaK Kak i jioboro x, 0 < x < p, umeeMm

2
2 2 2
__If,_p) PP
t,w/(x)—2x2+8_8.

Omnpenenenne. OKPecTHOCTHIO TOYKH @ HA3BIBACTCS JIFO00H MPOMEXKYTOK BUIA
Ve(a)=(a—€,a+e€), €>0.
Bynem cuutarh MPOMEKYTOK (—oo, +00) OKPECTHOCTHIO JIF000# Toukn a € R.

Onpenenenne. Touka a€ A Ha3pIBaeTCS TOYKOW JIOKAJIBHOr0 MakcuMyma (J10-
KAJILHOT0 MUHHUMYMa) QyHKIUH f: A — B, eciu CymecTByeT Takas CKOJb YTOIHO
mastast okpectHocTb Vi (a), urto f(x) < f(a) (f(x)2 f(a)) msBeex xe V. (a) ) A.

ToukH JIOKAIBHOTO MakcUMyMa (MHHHMYMa) GYHKIHK f Ha3bIBAIOTCS €€ MOUKAMU J10-
KaIbHbIX IKCHIPEMYMOS.

Ecnu a — To4Ka JI0KaIIbHOTO MakcuMyma (MUHEMYMa) QYHKIMH f, TO COOTBETCTBYOIIEE
3HaueHue f(a) HA3bIBACTCS JIOKAIbHBIM MAKCUMYMOM (MUHUMYMOM) TOH (DYHKIUH.
JloxanbHBIE MAKCUMYMBI M1 MHHUMYMBI (DYHKIIUU Ha3BIBAIOTCS €€ JIOKATbHBIMU IKCIpe-



Yucnosble pyHKkunn. OCHOBHbIE CBOWCTBa

mymamu. Ha pucyHke 5.7 TOUKaMu JIOKAJIb-
HOro Makcumyma GYHKUHH [ SBISIIOTCS d,
U d,, a €€ TOYKOM JOKaJIbHOTO MUHUMYyMa SIB-
nseres a,.

Z
%:hlﬂaHﬂﬂ ¢ pelieHHeM

1. ITokaxem, 41O X, :—2— SIBISICTCS
a

TOYKOH JIOKAJIBHOTO MakCUMyMa (pyHKITMH

fiR->R, f(x)=ax’+bx+c, a<0.

- f(az)

Pewenue: Puc. 5.7

b b\__D b b
B touke 5 roJyry4yaeM f( 2a)_ 1,0 A 06010 xe( a £, 2a+8)

2 2
BBITIOJIHEHO HEPABEHCTBO (x + 2_ba) >0, sgauut, f(x)= a(x + %) _D < _D_ f (—i )

CJ'IeL[OBaTCJ'ILHO, Xy =— — TOYKa JIOKAJIbHOI'O MaKCUMyMa (bYHKL[I/II/I f .

2a
2. [lokaxeM, 4T0 —1 U 5 SBISIIOTCS TOYKAMH JIOKAJIBHOTO MHHUMYMa, a 2 — TOYKOH
nokaneHoro Makcumyma dynkmmn f: R >R, f(x)=|x* —4x-5|.
Pewenue:
PacKpbIB MOJLYJIb, 3aIIMIIEM 331aHHYI0 (YHKIHMIO B BUJIE:

f(x):{xz —4x-5=(x—2)"=9, ecnn x€ (—oo, —1JUI[5, +o),

X’ +4x+5=—(x—2)>+9, ecmu xe (-1, 3).

Tak kak f(-1)=f(5)=0u f(x)20=f(-1)=f(5) mm xeR (crenosarensuo, u
JUTSL 3HAYCHUH X, IPUHAUICKAIINX JTFOOBIM OKPECTHOCTSIM TOYeK —1 1 5), TO 3TH TOUKH SBIISI-
I0TCSI TOUKAaMHU JIOKaJIbHOTO MuHUMyMa Qyrkiuu f u y,. = f(=1)=0.

Paccmorpum V, =(1,5; 2,5) — okpectHocTh Touku 2. s moboro xeV, umeeMm
f(x)=—(x—2)>+9<9= f(2), 3Ha4uT, 2 — TOYKA JOKAIBHOTO MaKCUMyMa DyHKIMU f U
Yaux = f(2)=9.

3ameuanue. CTporo MOHOTOHHASI HA HEKOTOPOM MPOMEXKYTKE (DYHKITHSI HE UMEET DKCTpe-

MYMOB Ha 3TOM [POMEKYTKE.

2.7. buexkTuBHble pynkuun. O0paTHas GpyHKuMs.
Oo0paTumble QyHKIUH

PaccmotpuM hyHKIHH:
fiR->R, f(x)=|x]; f,rR->R,, f,(x)=]|x]; f;:R, >R, fi(x)=]|x|=x
Ha nepsbiii B3masan yukuun  f,, f,, f, Majo OTIMYAIOTCA, HO OHU UMEIOT CYIIIECTBEHHBIE
pas3nuuuTEIbHbIE CBOUCTBA.
Hna dynxuuu f
a) CYLIECTBYIOT X, # X,, Takue, uro f,(x,) = f,(x,);
0) CyILIeCTBYIOT 7I€MEHTbI U3 00JIACTH M3MEHEHH (PYHKIIMH, HE UMEIOLIUE IPpoodpa3oB B D( f)).

mMoaynb
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Jna pyskiuu  f, : 1:060# 37€MeHT U3 0071acTH n3MeHeHns QYHKIUKM UMeeT Ipoo0pas B

D(f).
Jns dynkiuu f; : m0060i 21eMeHT U3 001acTH n3MEHeHHs QYHKIMU UMEET IIpoodpas B
D(f,), ¥ IpAUTOM TOJILKO OJIMH.

Omnpenenenne. Oyukius f: A — B Ha3bIBaeTCsl UHBEKMUGHOIL, €CITH U3 TOTO, YTO

f(x,)=f(x,) crenyer, 4uto X, =X,.

JpyruMu ciioBaMu, 3JI€MEHTHI U3 B MOTYT HMETh He 0oJiee OHOTO mpoodpasza B A.

Onpenenenne. Oyukius f: A — B Ha3bIBAETCA CIOPBEKMUGHOIL, €CITU JITA JTHOOOTO
y u3 B cymiectByert x u3 A, Takoii, uto f(x)=y.

Jpyrumu croBamu KaxKAbId 3JIEMEHT U3 B MMeeT 10 KpaifHel Mepe oJIuH mpoodpas B A.

Onpenenenne. @Oyuxuus f: A — B Ha3pIBacTCsA OUEKMUBHOI, €CIIA OHA OJHO-

BPEMCHHO MHBEKTUBHA U CIOPHEKTHUBHA.

IIpumepot

&% Oynxuus f, He ABJIAETCA HU UHBEKTUBHOM, HU CIOPBEKTHUBHOM.

# Oyukums f, ciopbextuBHa: 060l y € R, umeer nsa npooGpasa: y u —y;

L) =f(=y)= |_y | =)

Ho ona He sABIIsIeTCSI HHBEKTHBHOM, Tak Kak y #—) (¥ #0), a f,(y) = f,(—y).

@& Oynkuusa f, CIOPHEKTHBHA W MHBEKTHBHA: HE CYWIECTBYIOT X, # X,, TAKHE, 4TO
fi(x)=f;(x,). B camom nene, u3 Toro, uto f;(x,)=f,(x,), To ecth | X, | =|x, |, cnexyer, uto
X, = x,. Urak, pyukuus f, GuekTuBHA.

buekruBHble QyHKIHKH f: A — B 00J7a7al0T BaKHBIM CBOWCTBOM: K&)XKJIOMY 3JIEMEHTY
XE€ A OIHO3HAYHO COOTBETCTBYET dneMeHT f(X)€ B, u HA000POT, — KaXIOMY JIEMEHTY

Yy € B COOTBETCTBYET EIMHCTBEHHBIN AIEMEHT X € A, TaKoi,
uto f(X)=y. 3HaYUT, MOXKHO 3a/1aTh QYHKIHIO g: B — A,

Takylo, 4To g(y)=x< f(x)=y, ye B, xe A (1).

Takum o0pa3oM, eciiit QyHKIHS | ,,IPOKIIAIbIBACT My TH
OT MHOXECTBa A K MHOXeCTBY B, To (yHKuus g ,,po-
KJajbiBaeT myTu™ oT B k A, oOpaTHBIE MPOJIOKEHHBIM
¢yukuueit f. Ecnim A u B — KOHEYHbIE MHOXXECTBA, TO

cootHotieHue (1) MokeT OBITh M300paXKEHO JHarpaMMaMy
(puc. 5.8). Puc. 5.8

Onpenenenne. Oyuknus g: B — A HasbpiBaeTcs 00paTHON GyHKIUEH K QYHKIINN
fiA—>B,ecm g(y)=x& f(x)=y, ye B, xe A

-1
O6parnas pyskuus kK Gysknun f obo3nadaercs [ . OueBUaHO, uTO [ SIBIsIETCS 0Opar-
o 9 -1 -1
HoMt pyHknmed k [ . Oyukuun f u [~ Ha3bIBAIOTCS 63AUMHO 0OPAMHBIMU PYHKYUAMU.

(He mytats f ' ¢ %!)

I Onpenenenne. OyHKIUS, o0anaromas oOpaTHOM, Ha3bIBACTCS 00PATHMOM (PyHKIHET.




Yucnosble pyHKkunn. OCHOBHbIE CBOWCTBa

Paccmotpe komnosunmio pyakmuit f: A — B, g: B — A W y4HuTbIBas paBHOCHIBHOCTh

(feg)(y)=f(gy)=f(x)=y, ye B; @)
(goefH)=g(f(x)=g(y)=x, xe A

HOJ'H)SYSICB TOXACCTBCHHBIMUA q)YHKLII/IHMI/I E,, €, MHOXKECTB AuB COOTBCTCTBCHHO,

(1), momyunm: {

COOTHOIIEHHUS (2) IPUHUMAIOT BUA: fog=E,, go f =€,.

B crenctsue sToro, Gpynkims g (o6o3HaueHHas f ') ABagercs 00paTHOH K GyHKIHH f 1
COOTBETCTBEHHO (DyHKIMs / (0G03HAYCHHAs & ) ABIACTCS 0OPATHON K (DYHKIHH g.

Ecnu pynkuust f: A — B 3amaHa GpopMmyIioi, To ee 00paTUMOCTh, a TaKXKe 00paTHas K
Hell (PYHKIUSI MOTYT OBITh OTIPEEICHE], YIUTHIBAs! PABHOCHIBHOCTS (1), clrexyrommm o0pa3om:
1) u3 coorHomenust y= f(x), x€ A, y€ B, epeMeHHas X BBIPAXKACTCS uepe3 ), U MoTyda-

em x = g(y);

2) ecim ATO COOTHOIICHHE 00ECIICINBACT OHO3HAYHOE BEIPAKCHUE ITEPEMEHHOI X depes Y,

To QyHKIHs f 0OpaTuma;

3) nomeHsiB X Ha Yy M Y Ha X B opmyiie x = g(y) (11 COXpaHeHUs NPUHATHIX 0003HAYCHU),

noyaum opmyiy v = g(x), 3amaromtyro ooparHyio pyHkimoo g: B — A k dyHKImu f.

2
%?mnalme C peui€eHuEM

Haiinem obparnyto k dyrkumn f: [1,+00) >R, f(x)= m

Pewenue:

Jlns maxoskuenust o6parnoit gpynkuuu f: R, —[l, +o) u3 pasencrsa y =m
BBIpA’KaeM TIEPEMEHHYIO X 4epe3 y U momydaeM x =y +1. TlepeMenHas x BbIpakeHa
OIHO3HAYHO Yepe3 y. [loMeHsB X Ha y M y Ha X, monmydaeM y=x" +1, Toects f'(x)=x" +1.
Bnaunt, f: R, —=[l,+o), f'(x)=x"+1, — 10 06parHas k GyHKIUH f.

Ocnosnsle ceoiicmea e3aumno obpamnvix gyuxyuii f:A —>B u f B> A
1° O6parHas GyHKIHA (€CIu OHA CYIIECTBYET) €AMHCTBEHHA.
2° D(f)=E(f")=A, D(f")=E(f)=B. y
A
3° I'papukn Gyskumii f u f~' cuMMeTpHUHBI
OTHOCHUTEJILHO IPSIMOM, 3aJaHHOM ypaBHEHUEM ~
y =X o 3 7
4° O6e dynximu f u f ' mibo cTporo Bo3pacTa- 21 4
FOIIKE, JTUOO CTPOro YOBIBAKOIIINE.

Ilpumep

Ha pucynke 5.9 n3zo0paxeHsl rpaduKy B3aHMHO i
0 1 ) X

00paTHBIX HYHKIHI
fill, o) >R, f(x)=vx-1, u Puc. 5.9
R, S +e0), [T () =x"+1

OTH rpadMKH CHMMETPUYHBI OTHOCHTEITFHO IIPSIMOH, 3aJaHHOH YpaBHEHHEM Y = X.

mMoaynb ~
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Yucnosble yHKLMU. OCHOBHbIe CBOWCTBA

2.8. OrpanuyveHHble PyHKIHH

Onpenenennsi. » @yakuust f: A — B Ha3bpIBaeTCs OrpaHUYeHHO# CHU3Y (OrpaHu-
YeHHOU CBEPXY), CCIIH CYIECTBYET TaKOE ACHCTBUTENBHOE Yrcio m (M), Ha3pIBacMoe
MHHOPAHTOM (Ma:KOPAHTOM), 4TO JUIsL JIIOOOTO XE A BBIOJIHUMO HEPABEHCTBO
m< f(x) (f(x)<M).

o DOyHKIMS, OTpaHUYEHHAsI CHU3Y W CBEPXY, HA3bIBACTCS OrpaHuYeHHOol GyHKIMeii.

12
%&mafme C pelI€cHuEM

JoxaxeM, 4To:

a) pynxmus f: R =R, f(x)=ax’ +bx+c, a>0, orpanndeHa CHU3Y, HO He OTpaHHYEHA

CBEpXY; )

0) pynkuns f: R—>R, f(x)= 2x T OrpaHuYeHa.
X"+

Pewenue:

b

_ ] b* —4ac _ b’ —4ac
a) f(x)= a(x + —) e . Torma f(x)= g

b 2
, TaK Kak a(x+—) >0
2a

b* —4ac
4a -

Jlust ioKa3arenbeTBa yTBEPIKIACHHS, 4TO PYHKIMsS f He OrpaHrdYeHa CBepXy, PACCMOTPHM
2

ypaBHenue f(x)=t c mapametpom t=m: f(x)=t& a(x + L t —m. Tlocnennee

2a

st Beex x € R. 3naunt, QyHKUMs f orpaHMYeHa CHU3Y YHCIOM Ml = —

2a

ypaBHEHHE UMEET PEIICHU, TaK KaK IpaBasi 9acTh IPUHAMACT HEOTPHUIATSIFHEIC 3HAYCHUS
(st CKOJTb YrOAHO OOJNBIINX 3HA4YCHU ¢). TakuM oOpa3oM, GYHKIHS f MOXKET IPHHUMATh
CKOJIBKO YTOHO OOJIbIIINE 3HAYEHUs], TO €CTh OHA HE OTPAHUYEHA CBEPXY.
0) HaxoauM MHOXECTBO 3HaYCHUI GyHKIUH f, TO €CTh OMPeaeIsieM MHOKECTBO 3HaUC-
HUI mapameTpa f, JiIsl KOTOPBIX ypaBHeHHe f(x)=t umeer pf:H.ICHI/Iﬂ Ha MHOKecTBe D (f).
2

=t (t-Dx’+t=0=x" :1_ t #1. Ilocnenuee

ypaBHeHHe umeeT perenus, ecau f € [0, 1). Caemosarensro, E(f)=[0,1). D10 03Hauaer,

Ilycts

> l—t. Torma

x°
x*+1

gro st moboro x€ D(f) umeem 0< f(x) <1 muro ¢pyHKIMs f OrpaHUYEHA CHHU3Y YHC-
soM 0 1 cBepXy 4MCiIOM 1, TO €CTh OHA OrpaHUYEHA.

B Momyrne 7 MBI paccCMOTPHM CBOWCTBA HEKOTOPBIX AIEMEHTAPHBIX YHCIOBBIX (PYHKIUH, a
TaKKe NX IPIMEHEHHE.

@ yl'lpa)KHEHI/IFl n3agayviu

LA

1. Tlone3ysich rpadukoM, HAWAUTE TIPOMEXKYTKH MOHOTOHHOCTH (yHKmuu f: D —R:

5
a) f(x)=2x-3; 6) f(x)=-=: B) f(x)=]x|.
2. HaﬁHHTe TOYKH JIOKAJIbHBIX SKCTPEMYMOB H JIOKAJIbHBIC SKCTPEMYMBbI q)yHKHI/II/IZ
a) LR>R, f(x)=x"+x; 6) f: Ro>R, f(x)=—|x|.

3. Haiigute Hynu ¢yHkuuil u3 3azanuii 1, 2.

@



Yucnosble pyHKkunn. OCHOBHbIE CBOWCTBa

4.

5.

10.

11.

12.

13+,

14.

15+,

Haiinure obnacth onpenencHusi GpyHKIUH:

2) f(x):é+ x+2,  ©6) f(x)=\/171+ 2-x. B f()=vx-2+42-x.
—

Jlana GyHKIus: A S B
\_—— BeisiBuTE mMpaBmiio, cTaBsiee B COOTBET-
CTBHE KaXKIOMY IIEMCHTY MHOXeCTBa A
€/JIMHCTBEHHBIN DJIEMEHT U3 MHOXKECTBa B,
R —

U 3ajaiite QYHKIUIO f aHAUTUYECKH.

5/

[Monb3ysch rpaduKoM, HAWJUTE IPOMEKYTKH MOHOTOHHOCTH (yHkiuu f:D —R:
1
a) f(x)= L 6) f(x)={x}.

Oyuxkuuu f, g: D - R sasisrorcs Bospacraromumu Ha MHokectBe D. Kakue us ciemyromux
v 3 2

bynxkunii f+g, f—g, f+f.—f, f . f°, gof, onpenenennnx Ha MHOKecTBE D €O 3Ha-

yeHusiIMH B MHOXecTBe R, MoHOTOHHBI Ha MHOXecTBe D?

2
X

Oyuxipst f: D — R monoxurensaa u Bospacraer Ha MHOXKecTBe D. JIokaxuTe, 9T0 QYHKIHSL:

a) f’ Bospacraer Ha MHOXecTBe D; 6) +/f BO3pacTaer Ha MHOXKeCTBE D;
1
B) 7 yObIBaeT Ha MHOXkeCTBE D.

Haiinure nokanbHbIC 3KCTPEeMyMbl (DYHKIIHH:

a) R—=O,1), f(x)= 1 1; 6) R—>R,, f(x)=|x"—x]|.

X+
BrisicHute, kakue u3 cienyromux ¢ynkuuit f: R—R, iZUl, fx)=[x], f,(x)={x},
fi(x)= {% x}, f.(x)={5x}, mepnogmueckue.

Haiizure OCHOBHBIC MEPHOABI IEPUOTUUCCKUX (DYHKIIHIA.

Vccenenyiite Ha YeTHOCTh MJIM HEYETHOCTh (GyHKImio f:D — E:
x+1  x-1
a) f(x)=x"+2x; 0) f(X)=—F+—; B) f(x)=x"+x+1.
x—1 x+1
JHoxkaxute, uto ecmt f: R - R — nepuoguueckas ¢pynkuus, a g: R - R — npoussonbuas
¢bynknus, To komnosuims g o f: R — R sBistercst nepuopndeckoii GpyHkiuei. BepHo i ato
u g Gyskiun f o g ? IlpuBenure npuMepsl.
IlpencraBeTe B BUIE CYMMBI IBYX (DYHKITMH, OMHA M3 KOTOPBIX — YETHAsI, a APyTas — HedeTHasl,

dyskmmo 2D —R: a) f(x)=2x"—x+3; 0) f(x)=x-2.

Hokaxwure, uto QyHKIMs [ obparuMa, ¥ HaiiuTe OOpATHYIO K HEil (YHKIHIO:

a) fiRSR, f()=Vx-1; 6 fR. >R, f(x)=4x;
B) TR-R, f(x)=2x+1; ™) £ RV} RV}, f(x)=—2

x-2"
Iycre dpynxmus 2 R—->R,, f(x)=]|x-1].
a) Brisicuure, OuekTruBHa i QyHKIUS f.
6) Onpenenure, onekruBHa i Gyt f: M - R, fi(x)=|x—1|, M =[l, +oo) (cyxeHne

(yHKIMU [ Ha TOAMHOXKECTBO M).

mMoaynb ~
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Moayinb

@ YHpa)KHeva n 3agayvyun Ha noBTopeHune

LA

. Haiinure D(f), E(f) it dyHkuuu f, 3alaHHON aHAIMTUYECKU:

a) £(x)=0,5x—3: 6) f(x) =%+3; B) f(x)=x>—3x.

. s yskumid f w3 3aganus 1, IpUMEHHB IPU HEOOXOMMOCTH TpadUKH, HAWIUTE TPOMEKYTKH

(MaKCI/IMaJ'II:HO BOSMO)I(HI)IC) HX BO3pacTaHus, y6I)IBaHI/I$I.

. HycTI) y—= o0BeM HOTpe6J’IeHHOI71 NPEANPUATHEM DJICKTPOOHEPTUU € Ha4alla roja, x — Ipoieamee

C Hayana roja Bpemsl.
Ha xakoM K3 PUCYHKOB MOXKET OBbITh M300pakeHa 3aBUCHUMOCTb ) OT X7

a) Y 6) VY B) JV
ol X 0l X 0l X
. Haiinmure npomesxyTku 3HakornocrosHetBa GyHkuun f: D — R:
4 2—x, _5_ 2+x, s x=2
D) f(0)=3-375 6) f()=2-7"% B f()=6-3—.
. Haiigure nokaneusie skctpemymbl pynknun f: R — R:
a) f(x)=—x"+2x; 6) f(x)=3x+x"; B) f(x)=x"+6x.

5/

. Jansl pynkumn f(x) =x+2, g(x)=3—x. Haiinure cymMmMy, pa3HOCTB, IIPOU3BE/ICHHE U KOMIIO-

3uimu fog, go f 3TuUX QyHKIHMIL.

. Hccnenyiire Ha yeTHOCTh WM HeweTHOCTh QyHKimio f: D —R:

1

. 6) f(x)=x"+x; B) f(x)=x"+2x.

a) f(x)=

. IlpencraBpTe B BHAEC KOMIO3MLUH ABYX (GYHKIMH (OTIMYHBIX OT TOKAECTBEHHBIX) (YHKIIHIO
3

D: R: D(x)=(x"+2)7%; 0) P(x)=—F—7—5—.
ROR: ) ()=(x +2)% ) O =5

Hpodofzofcume/lbﬂocmb
Pabomu: 45 MUHyT

@ MpoBepoyHas paboTa

B 3a0anusx 1, 5 ykasicume eepHulii eapuanm.

1. O6mactsio onpenernennst pyakmn 2 D — R, f(x) = % +4/x—1, SBISETCS MHOXECTBO
X—

A (0, U, 2). B [0, 1]. C [1,2)U(2, +o). D [1,2].

2. ©yuxkuus f: R—>R, f(x)=|1-x|, crporo MOHOTOHHa Ha HEKOTODPBIX M3 MPOMEKYTKOB

(1, 400), (0, 400), (=00, +00), (-1, 1). Haiinure MakcuMaabHO BO3MOYHBIH MPOMEKYTOK
MOHOTOHHOCTH.



Yucnosble ¢pyHKkUnU. OCHOBHbIE CBOWCTBaA ’

1
— SIBISIFOTCSI TOYKAMH JIOKATFHOTO KCTpeMyMa JUisl pyHK-

1

3. a) Kakwue u3 touek 0, —1, 1, ——, Q
272 S
wi f: RSR, f(x)=x"+2x? g
6) HaiijiuTe COOTBETCTBYIONINE UM JIOKATBHBIE YKCTPEMYMBIL. =
-4
4. Haiigure nyma pynxkuman 2 D — R, f(x)= i_ o) +4—x
5. Dckusom rpaduxa dpyukimu 2 D —>R, f(x)=-2x+ %, SIBJISIETCS
1 =l
1 2 3
A 3 _2
8 - L 15 >
ol x O] 5 X "o x
6. Haiigure mpoMexyTku 3HakomocTosHcTBa Gynkmmn f: D >R, f(x)= )SC:Z

5/

B 3a0anusax 1, 5 u 6 yxaxcume eepHulii sapuanm.

it

1. Ob6nacteio onpenenenus Gpyukiuu f: D — R, f(x)= P

A (0,HU(, 2). B [0, 1]. C [1,2)U (2, +o). D [1, 2].

ABJIACTCA MHOXKECTBO

2. 3Banumure pyukuuo h: R >R, h(x)=2x+4, B Buje KOMIIO3UIUK JBYX M3 CIICIYIOLIAX
byacmaii £ R>R, i=1,4, f(x)=2x, fL(X)=x+4, f,(x)=x+5, f,(x)=+/x.

3. Oyuxmua f: R—>R, f(x)=

1

~——, CTPOTO MOHOTOHHA HA HEKOTOPBIX M3 MPOMEXKYTKOB
x"+1

(1, +00), (0, 400), (—oo, +o0), (—1,1). Halizure MakcnManbHO BO3MOKHBIH MPOMEKYTOK

MOHOTOHHOCTH.
4. a) Kakue u3 Touek 0, —1,1, —%, +% SIBJISIFOTCS. TOUKAMH JIOKAIBHOTO SKCTpEMyMa ISt
1
¢ysxkmn f: R=>R, f(x)=— 1?
X"+

6) Haiiure cOOTBETCTBYIOIINE MM JIOKAIBHBIE 3KCTPEMYMBI.

5. Dckusom rpadmka pynkmun f: D —R, f(x)=x"—2x, seasercs

T NN

/
e RELE S

3
6. Oynxmus [ R—>R, f(x)=x" —x, sBugercs
A 4YeTHO. B HeuerHOM. C HM YETHOM, HY HEYETHOM.

7. Haiigure npomexyTkn 3uakonocrosuersa pynkimn /2 R, =R, f(x)=x"+x.
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YpaBHeHusl. HepaBeHCTBa.

Mony"b’ Cucrtembl. COBOKYNHOCTH

Hﬂoxmam ylie]illlf Komapbzuue ftpe@aamdumw
ceoeao yqume.fl}z _—

77+77,,, 1

-HQQHapI(Ol[a BHHHI/L |

(O pacrno3HaBaHME U NPUMEHEHHUE YPaBHEHHH, HEpaBEHCTB, CHCTEM, COBOKYIHOCTEN B pa3iny-

HBIX CUTYyaIHsX;

(O TpUMEHEHHE TEPMUHOJOTHH, COOTBETCTBYIOIIEH ypaBHEHUSIM, HEPABEHCTBAM, CHCTEMaM,
COBOKYITHOCTSIM B Pa3HOOOpPa3HBIX KOHTEKCTAX;

() uCcTmoNB30BaHHWE OTHONIIEHWI PAaBHOCUIBHOCTH IPH PEIICHWH YpPaBHEHUU, HEPABEHCTB,
CHCTEM, COBOKYITHOCTEH;

(O mpHMEHEHUEe NOHITUU ypagHeHue, HepaseHcmeo, cucmemd, COGOKYNHOCMb B PEAbHBIX
WA CMOJICTIUPOBAHHBIX CUTYAIHSX.

YpaBHeHwus1. loBTOpeHne n AONONHEHUA

1.1. ITonsiTHe ypaBHeHUs!

HamoMHIM 0CHOBHBIE TOHSATHSI, HEOOXOTUMBIC TS PEIICHHUs ypaBHEeHNH Ha MEHOKecTBe R.

Onpejenenusi. © YpaBHeHHEM C OJJHUM HEM3BECTHBIM X HA3bIBACTCS PABEHCTBO
Buna A(x) = B(x), rme A(x), B(x) — BeIpakeHHUs C ICPESMEHHOM X.

e PemieHneM ypaBHEHHsI C OJHUM HEM3BECTHBIM Ha3bIBACTCs 3HAYCHHE HEHM3BECT-
HOT0, TIPH MOJICTAHOBKE KOTOPOTO B YPABHEHUE MOJTYyYaETCs BEPHOE YUCIIOBOE PABESHCTBO.
* MHO)XECTBO 3HAYCHUH HEN3BECTHOTO (HEU3BECTHBIX ), IIPH KOTOPBIX OMPEICIICHBI BCE

BBIPAXKCHUSI YPABHEHUS, HA3bIBACTCS 00/1aCThIO 10NMycTUMBIX 3HaueHuii (O/13) storo
ypaBHEHHSI.

Kax npaBuiio, 4ucioBoe MHOKECTBO, KOTOPOMY JIOJDKHBI TIPHHA/JIEKATh PEIICHUS ypaB-
HEHHUSI, YTOUHSIETCSI MCXOAHBIMU YCIOBUAMU (B OOJBIIMHCTBE CIIy4aeB 3TUM MHOXKECTBOM
sestercst O/13).

Pewiump ypagnenue — 3Ha4UT HAUTU BCE €TI0 pelleHUs (HA YKa3aHHOM MHOMKECTBE).

0O603Ha49uM Yepe3 S MHOKECTBO PEIICHUI yPaBHEHHUS.

3ameuanue. PemieHUsIMU ypaBHEHHUsS MOTYT OBITh TOJBKO T€ 3HAYEHUs HEU3BECTHOIO
(Hen3BecTHBIX), KoTOpble ipuHaIexkar O3 sToro ypaBHeHus. [losTomy, Kak mpaBuiio,
pelleHre ypaBHeHHUs HaurHaeTcs ¢ HaxoxaeHus ero O13.



Moayinb

YpaBHeHuA. HepaBeHcTBa. Cuctembl. COBOKYNMHOCTU

‘YpaBHeHHe He UMeeT pelieHui, ecnu ero O[3 — mycToe MHOXKECTBO.

Onpejenenne. /IBa ypaBHEHUs Ha3bIBAIOTCS PABHOCHJILHBIMM, €CJIM MHOXKECTBA MX
peUIeHUI paBHBL.

PaBnocuneHOCTh ypaBHenuit A (x)=B,(x) u A,(x)=B,(x) o0o3Ha4aeTcsi CHMBOJIOM

»&, To ecTh: A (x) =B, (x) & A,(x)=B,(x).

3ameuanue. PaBHOCUIIbHBIC YpaBHCHUS, p€lIa€MbI€ Ha MHOXCCTBC M, Ha3bIBAIOTCA
PABHOCUTIBHBIMU YPAGHEHUAMU HA MHOJIcecmee M.

Kaxk nmpaBuiio, paBHOCHIBHOCTB ypaBHEHHUI paccMarpuBaetcst Ha OJ]3 ncxonHoro ypaBHe-
HUs1. B 4acTHOCTH, ypaBHEHHMs, HE UMEIOIUE PEIEHUH, SBIISIOTCS PABHOCUIIbHBIMH.

Omnpenenenne. Ilycts nanel ypaBaenus A (x) =B, (x) u A,(x) =B, (x).

Bropoe ypaBuenue A,(x)=B,(x) Ha3bIBaeTCs CJaeICTBHEM IEPBOT0 ypaBHCHHUS
A, (x) = B,(x), ecrmu Kaxx10€ perieHne epBoro ypaBHEHNUSI SIBISIETCS PEIICHUEM U BTO-
POro ypaBHEHHSI.

Oto obo3Havaetcs: A (x) = B,(x) = A, (x) = B, (x).
1.2. PanmonanbHble ypaBHeHHs

—, tne P, O — muorouwnensl, gradQ =1, Ha3biBaeTcs pauuonaiv-

Q

BBIpa)KeHI/IC BHa
HbIM 6blpasicenuem.

Omnpepenennsi. © Ypasuenue E (x)=E,(x), rne E,(X), E,(X) — MHOro4JeHS,
HA3bIBACTCS AAreGpanuecKuM ypaBHeHHEM C OJHHUM HEH3BECTHBIM.

e VpasHenue E,(x)=E,(x), tne E,(x), E,(Xx) —palroHaIbHbIE BEIPAXKEHHS, XOTS ObI
OZHO M3 KOTOPBIX COACPKUT NMEPEMEHHYIO B 3HAMCHATele, Ha3bIBaeTCsl APOOHO-
PalHOHAILHBIM YPaBHEHHEM (WM YpaBHEHHEM ¢ HEH3BECTHBIM B 3HAMeHAaTelIe).

PanyionanbHble ypaBHEHUsI PELIAIOT B COOTBETCTBUU CO CEAYIOIUM QI20PUHIMOM:
@® naxoaum OJI3 ypaBHeHus;

® MEPEHOCHUM BCC CJIara€MbI€ B JICBYIO YaCTb YPAaBHCHUS,
©) MNpUBOAUM JICBYIO HaCThb YPaBHCHHUA K BUAY E;

B B #0;

petiaem noayueHtoe ypasuenue (A =0);

A {A =0,
HpI/IMeHSICM HpaBI/IJ'IOZ —_— = 0 =

IIpOBEPsieM, KaKHe U3 MOJIYUEeHHBIX peleHuii npunayiexar O3;

Qe e ®

3aIlIMCBIBAEM MHOXKXCCTBO pCIlIeHI/II\/'I.



YpaBHeHus. HepaBeHcTBa. Cuctembl. COBOKYNHOCTU

Z
%32}12Hl/l6 ¢ peleHueM

Pemnm Ha MHOXKECTBE R YpaBHEHUE

x 5 _ 18
x=3 x+3 x*-9°

Pewenue:
X 5 18
O3: xe R\{=3, 3}. ITonyuyaem -3 %13 -9 =0.
X =2x-3
IIpuBoIMM JIEBYIO HaCTh K OOIEMY 3HAMEHATEIIO: 7.9 =0.
x f—

2
[Momyunnu ypaBHeHue x~ —2x —3 =0, umeromiee permenus x, =3, x, =—1.
3nauenue 3 He npuHaIeKuT O3, 3HAUUT, HE ABJISAETCS PELIEHUEM HCXOJHOTO YpaBHEHMSI.
Omeem: S = {-1}.

@ YHpax(Heva n3agayiu

(A

1. U3BecrtHO, uto anuHa peku [IpyT Ha 363 kM Oosblie JUHHBL peku J{HecTp.

a) KakoBa /yimHa Kakaoil U3 3THX pek, eciii cyMMa X JUIHH paBHa 2 341 km?
6) Kaxas gacts pexu IIpyT u pexu JIHecTp HaxoauTcs Ha Teppuropuu Pecmy0-
muku Monnosa? (Bocnonbsyiitech reorpauieckoil KapToii.)

2. Haiinute neiictBuTenbHbIe KOpHH MHOTOWwIieHa P(X):

a) P(X)=3X-2; 6) P(X)=X"+1; B) P(X)=(X-1*(X*-1).

3. Haiigure nymu dpyakmmu f: R - R:
a) f(x)=x"—1; 0) f(x)=2x+1; B) f(x)=(x+3)".
4. B momenT Bpemenn ¢ =0 kommdectBo Gakrepuii pasHO 2400.
Uepes 5 u 30 MuH UX ymciI0 Bo3pociio 10 22 200 Gakrepuit.
a) 3azmaiiTe 3aBUCUMOCTb KOJIMYECTBA OakTepUil OT BpeMEHM (M3MEPEHHOIO B 4acax) B BHUJE

GyHKIUH.
6) Omnpenenute, yepe3 CKOJILKO YacOB KOJIMYECTBO OakTepuit Oyner paBHO 56400.

5. Pewmre Ha MHOkecTBe R ypaBHeHue:

5(-2) 2(x=3) _

a) 8(x+4)=3-2ux; 6) 5x+2=2(x—38); B) = =3
2 2

r) * —4:3+2x; mx-2=x-2; e)x7—1=x2_l;
X 2 X X

x) 3x° —8x=0; 3) x* —12x+120=0; n) 2x° —8=0.

6. Ilepumerp mpsIMOYTOJIFHOTO TPEYTrONbHUKA paBeH 84 cM, a ero rumoTteHy3a paBHa 37 cm. Haii-
JIATE TUIOMIAIb TPEYTOJIBHUKA.

7. Y4acTOK 3eMIIH MPSAMOYTOMbHOH (popmsl, mwiomansio 2080 M°, 6T OrpakaeH 3a60poM UTHHOI
184 m. KakoBa jumHa u mmpuHa ydactka?

8. Mortopnas noaka npomnia 46 kM mo TedeHuto peku u 10 kM 1o o3zepy 3a 1 1 30 mun. Haiinure

CKOpPOCTB JIOAKH, €CJIM CKOPOCTb TCYCHU paBHA 5 Km/u4.

mMoaynb ~
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9. CocraBpre ypaBHenue Il cremenu, umeromiee penieHns:

a) x, =—1, x,=2; 6) x, =3, x,=1; B) X, =—4, x2=—%.

10. B pactBop, conepxamuii 40 T comu, nommau 200 T BOIBI, MOCIE YeTo KOHIIGHTPAIHs pacTBOpa
ymenbimiack Ha 10%. Kakoe xonudecTBo BOzbl B IpaMMax coJepiKall pacTBOP NEPBOHAYAIBHO
1 KakoBa OblTa KOHIEHTPAIHS 3TOrO pacTBopa’?

11. Ilo HoBOMY rpacdmKy ABIDKEHHUS aBTOOYC mpoexan 335 kM Ha
45 MuHYT OBICTpEe, YeM 1o mpensiaynieMy rpaduky. Haiinure
CPEITHIOI0 CKOPOCTH JIBIDKEHHUS aBToOyca 1o HOBOMY rpaduky,
€CJIM U3BECTHO, YTO €ro CKopocth Ha 10 kM/4 OoJblle, YeM ero
CPEAHssT CKOPOCTB MO MPEABIIYLIEMY IpaduKy.

12. CocraBbre anredpandeckoe ypaBHEHHE, KOTOPOe:

a) UMeeT OIHO IEHCTBUTENBHOE pELICHUE;
0) UMeeT TpU pa3lInYHbIC JACUCTBUTEIBHBIC PEIICHUS;
B) HE UMEET JICUCTBUTEIBHBIX PEIICHHUI.

13”. Pemmmte Ha MHOXKecTBe R ypaBHenue:
a) 2x’ —7x* = Tx+2=0; 6) x*+x' —4x’ +x+1=0.

14*. Pemmre na MHOkectBe R ypasmenne x(13—x)(13+x°)=42(x+1)".

15*. Pemmte Ha MHOkecTBe R ypasHenue 5x—1+5x—2+m+5x—n =5ﬂ, neN', meR".
m—-1 m-2 m—n m

B3 Cvictembl n coBokynHocTH anre6panyecknx ypaBHeHUIn

2.1. llonsiTHe cucTeMbl YPABHEHHUIT

3anaua. Ha oomnoit 6a3e 6su10 1200 T kapTodens
u MopkoBu. [Tocne Toro, kak npoxanu 150 T kapTode-
a5t 1 40 T MOpKOBH, Ha 6a3e ocTaioch KapTodels B Tpu
pasa 6ounbie, 4eM MOpKOBHU. CKOJIBKO TOHH KapTodest
M CKOJIbKO MOPKOBH OBUIO M3Ha4ajbHO Ha OBOIIHON
6aze?

Pewenue:

[Tycth n3HauaBbHO Ha 6a3e OBUIO X TOHH KapToQels U ) TOHH MOPKOBH. Tora coriacHo
YCIIOBHSM 33124 MOJYYUM CHCTEMY YPABHEHHI C IByMsl HEU3BECTHBIMHU:

x+y=1200,
x—150=3(y —40),

umeroyto pemenue (292,5; 907,5). (Ilposepsre!)

Omeem: 292,5 T xaptodens u 907,5 T MOPKOBH.

[Tycte nanbl ypaBHEeHUs ¢ AByMs HemsBecTHbIMU E, (x, ¥) =0, E,(x, y)=0. CraBurcs
3a1a4a 00 OTHICKAHWHM MX OOIINX PEIICHHH, TO €CTh BCEX TAaKUX YIOPSAOUCHHBIX map (a, b),
KOTOPBIE YIOBICTBOPSIOT KAXKIOMY U3 33aHHBIX YPABHECHHIA.
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B Takux ciydasx roBOpST, YTO 3a/IaHa CHCHIEMA U3 08YX YPAGHEHUIL ¢ 08YMs Heu38echl-
E 1 (x’ y ) = O’
E, (x, y)=0.

AHAaJIOTMYHO TPaKTYOTCS CUCTEMBI U3 TPEX, YETHIPEX U T. . yPaBHEHUM € TPEMS, UETBIPbMs

HbIMU, KOTOPYIO 0003HAYAIOT CIICAYIOIIAM 00pa3oM:

U T. Jl. HSM3BECTHBIMU. B nmanmbHeiimem Oynem M3y4arh W pelaTb pa3IHdHbIe THITBI CHCTEM
YpaBHEHUH.

Omnpejgenenne. PemeHueM cucTeMbl U3 ABYX (TpeX) ypaBHEHHH ¢ AByMs (Tpemsi)
HEHM3BECTHBIMU Ha3bIBACTCs yropsiaoueHHas mapa (a, b) (tpoiika (a, b, ¢)) 3HaueHui
HEU3BECTHBIX, KOTOPas YAOBJIETBOPSET KAXKIOMY W3 3aJlaHHBIX YPaBHEHWH, PYrHMH
CIIOBaMU, KOTOpasi 00palaeT Kaxka0e ypaBHEeHHE CHCTEMBI B BEPHOE YHCIIOBOE PABEHCTBO.

Pewums cucmemy ypagnenuit — 3HA9IUT HAUTH BCE €€ PEIICHU.

Mmnosrcecmeo pewenuii cucmemsl ypasnenuii (0003Hauaercs S) eCTh nepeceyenue MHO-
YKECTB PEIICHNH YPaBHEHHUI 3TON CHCTEMBI.

CucreMa ypaBHEHHUI Ha3bIBAETCS COBMECHIHOM, €CTA OHA UMEET XOTA Obl OJJHO pEIICHUE.
CoBMecTHas CHCTEMa Ha3bIBACTCSl ONpedeeH Oll, eCITA OHA NMEET KOHETHOE YHCIIO PEIICHUH,
U HeonpeoeleHHOll, €Cli OHa NMeeT OECKOHEUHOE MHOYKECTBO PELICHHUI.

CucreMa ypaBHEHUH HAa3bIBACTCSI HECOBMECMHOIL, €CITU OHA HE NMEET PEIICHHH.

Pemienne cucteMbl ypaBHEHU HaYWHAETCS, KK ITPABUJIO, C ONIPEAeTIeHNs 00IaCTH 10Ty C-
TUMBIX 3HaueHui (OJ]3) cucremsl.

Oonacms oonycmumoix 3nauenuit (0/]3) cucreMbl ypaBHEHUH €CTh nepeceueHue 00-
JIAaCTE TOITyCTUMBIX 3HAYEHUW YPABHEHHUI CUCTEMBI.

Onpegenenue. J[Be cucTeMbl ypaBHEHUM Ha3bIBAIOTCS PABHOCHMJIBHBIMH, €CIM MX

MHOX€ECTBa PEIICHUH COBNAAIOT (PaBHBI).

HecoBMmecTHBIE CHCTEMBI SIBIISIFOTCS PaBHOCUJIIbHBIMU.
[TpuBeneM ocnogHble 6udbI NPEOOPA30BAHUIL, COXPAHAIOUWUX PAGHOCUTBHOCHIb CUC-
mem. Ilycte M — mHO)ecTBO (B yactHocTH O/]3), Ha KOTOpOM cucTeMa orpe/eneHa.

1> Ecnu u3MeHUTh NOPSIIOK YPaBHEHHUI B CUCTEME, TO TIOIYYUM CHCTEMY, PABHOCHIIBHYIO
HUCXOIHOM Ha MHOKecTBe M.

II» Ecau 3aMeHUTh OJJHO YpaBHEHHE CHUCTEMbl PABHOCHIIBHBIM YPaBHEHHEM, TO IOJIyYUM
CHCTEMY, PABHOCHJIBHYIO HCXOIHOW Ha MHOXecTBe M.

> Eciv 0JiHO ypaBHEHHE CHUCTEMBI MPeoOpa3oBaTh TakK, 4YTOOBI OJTHO HEM3BECTHOE SBHO
BBIpAXKaJ0Ch 4Yepe3 Apyrue HEU3BECTHHIC, a MOJYYCHHOC BbIPa)KCHHUE MOJICTABUTH B
OCTaJIbHBIC YPAaBHCHHUSI CUCTEMBI, TO 3TO YPaBHCHHE BMECTC C HOBBIMH ITOJIY4YCHHBIMU
YPaBHEHHUSAMHU COCTaBAT CUCTEMY, PAaBHOCUIIbHYIO HCXOJHOM Ha MHOXecTBe M.

IV»> Ecnu 3aMEHHTh OJIHO YpaBHEHHME CHCTEMbl YPAaBHEHHEM, ITOJYYEHHBIM B pE3yJIbTaTe
aredpanyecKoro CIOKCHNUS (TIOWICHHOTO CIIOKCHUS! MITH BBIYUTAHMS YacTel ypaBHEHHIA)
9TOrO ypaBHEHMsI C JIIOOBIM APYI'MM YPaBHEHUEM CHCTEMBI, TO MOJIY4YUM CUCTEMY,
PaBHOCHIIBHYIO HCXOTHOM Ha MHOXecTBe M.

mMoaynb
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HammoMHNM ocrosnble memoost pewienus cucmem ypagHenuii:
a) Memoo noocmanosku (CM. paBHOCHIbHOE mpeodpasoanue 111);
0) Memoo cnoxcenun (cM. paBHOCHIIBHOE npeoOpazoBanue [V);
B) MemMOO 66e0eHUA 6CHOMO2AMEIbHO20 HEU3BECMNO020 (6CNOMOZAMENbHBIX HEU3GECH-
HbIX) (AT Memoo 3aMeHbl HeU38eCHHO20);
T) epagpuueckuii memoo.

2.2. CoBOKYNHOCTH ypaBHeHHUii (cucTeM)

3agaua. Pemnv Ha MHOKecTBe R ypahenne x*(x—1)(x+2)=0 (1).
Pewenue:

OZ13: xe R. INpoussenenue qByX WK HECKOJIBKUX MHOKUTEJICH PABHO HYIIIO, €CIIH XOTS
b1 OIMH 13 HUX paBeH Hymo. CrenoBarensHo, momydnM x° =0 mwm x —1=0, wm x+2 = 0.
HWrak, cTaBUTCS 33/1a4a HATH BCE 3HAYCHHSA HEM3BECTHOTO, KOTOPBIE SBIISFOTCS PEIICHUEM
XOTsI OBI OZTHOTO M3 3THX ypaBHEHHMI. B 3TOM cirydae roBOpST, 9TO HY)KHO PEIINTh COBOKYII-
HOCTB TPEX YpaBHEHHUH C OTHIM HEM3BECTHBIM. DTa COBOKYITHOCTb ypaBHEHHIT 0003HAYAETCS:

x* =0,
x—1=0, 2
x+2=0.

ITycts nansl ypasHenus E (x)=0 n E,(x)=0. Ecnu craBurcs 3a1a4a 00 OTBICKaHHH
BCEX 3HAYCHUI HEM3BECTHOIO X, YIOBJICTBOPSIONIMX XOTsI ObI OMHOMY M3 9THUX YpaBHEHHI, TO
. E (x)=0
TOBOPSIT, UTO 3a/IaHa COBOKYHHOCHIb 08YX YPAGHEHUIL, KOTOpasi 0003HAYACTCS: E,(x)=0

L(x) =

WM 3aIMCBIBACTCA 3HAK ,, ;  MexIy ypaBHeHusaMu: E, (x)=0; E,(x)=0.
AHanornyHo 0003HAYAIOTCS W COBOKYITHOCTH M3 TPEX, YETHIpeX M Ooiee ypaBHEHHH, a
TaKKe COBOKYITHOCTH U3 CHCTEM yPAaBHEHHH.
Mnuoscecmeo pewrenuii cogokynnocmu ypasnenuii (cucmem) (o6o3Haqaercs S) ecTb
00beduHeHe MHOXKECTB PEIICHH YpaBHEHH (CHCTEM) 3TOW COBOKYITHOCTH.
Permm coBokymHOCTh (2) Ha O3 MCXOAHOTO YpaBHEHHUS:
2
x =0 x=0e O/13,
x—1=0 &|x=1€ O/I3,
x+2=0 x=-2¢e O/13.
Torma S ={-2, 0,1} — mHOX)ecTBO pemieHuii ypaBHenus (1).

PaccmotpuM elie Ba pasnocunvhvix npeodpazosanusn (peoOpa3oBaHUs, COXPAHSIIO-
II1€ PABHOCHIIBHOCTD):

V> VYpaBHeHHE Vi> VYpasnenue (E, (x))’ = (E, (x))* Ha
E (x)-E,(x)-...-.E (x)=0 na 013 O/13 paBHOCHIBHO COBOKYITHOCTH
PaBHOCHIIBHO COBOKYITHOCTH ypaBHE- ypaBHeHuiA E (x)=E,(x),

E,(x)=0, E\(x) =—E,(x).
wnit | E,(x) =0,
E (x)=0.

@
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3ameuanue. Ecnn ypaBHEHHE B pe3yJIbTaTe COOTBETCTBYIONINX MPE0OPa30BaHNI CBOIHUTCS
K COBOKYITHOCTH YPaBHEHUH, TO MHOXKECTBO PEILEHHIH MCXOJHOI0 YPaBHEHHUS COCTOMUT
TOJIBKO U3 T€X PELICHUH COBOKYITHOCTH, KOTOpbIe puHajyieskar O/13 MCXOAHOTO ypaBHEHUSL.

[Ipu perieHny cucTeM ypaBHEHUM HHOTA IPUMEHSIOT MEMOO PA3IOHCEHUA HA MHOMCU-
menu, KOTOPBIN MIPUBOIUT PEIICHUE UCXOTHON CUCTEMBI K PELICHUIO COBOKYITHOCTH CHUCTEM.
Hampumep, eciivt HEKOTOpOe ypaBHEHUE CUCTEMbI paBHOCHIIBHO (Ha OJ]3) COBOKYITHOCTH M3
IBYyX (Tpex u 0ojee) ypaBHEHUH, TO UCXOAHAs cucTeMa paBHOcuibHA (Ha O/13) coBokymHO-
CTH U3 JIBYX (TpeX U OoJiee) CUCTEM, KOTOpPBIC TIOJTYYatoT IyTeM 3aMEHBI COOTBETCTBYIOIIECTO
YpaBHEHUSI CHCTEMBI YPaBHEHUSIMH U3 TIOTyUYCHHOW COBOKYITHOCTH.

Z
%hﬂauue ¢ peleHueM

Pemum Ha muoxectse R X R cucremy ypaBHenwmii ?;);Ly y:)22’= 9.
Pewienue: r
x=1,
o 3x—y=2 {y =1;
3x—y=2 x-y=2 {2x+y=3 .
5 4 2x+y=3 & S| lyx=—2
2x+y) =9 _ 3x—y=2 5’
2x+y=-3
2x+y=-3 __13
L 5
Omeem: S=:(1, 1), —%, ?

2.3. OnHopoaHbIe CHCTEMBbI YPABHEHU I

Onpenenennsi. » Muaorownen P(X, Y, ..., U, V) crenienn n ¢ nepemennbivu X, 7, ...,
U, V Ha3bIBaeTCs OJHOPOJHBIM MHOTOYJIEHOM, CCJIU JJIs1 JTIFOOOH CHCTEMBI YHCITOBBIX
3HAYCHUH (X, V), ..., U, V) IEPEMEHHBIX U JIF000T0 (PUKCHPOBAHHOTO YHCIOBOTO 3HAUCHHS
Ae R nmeer mecto paBenctBo P(Ax, Ay, ..., Au, Av)=A'P(x, y, ..., u, v).

o Anrebpandeckoe ypasHenue P(X, y, ..., u, v) =0 Ha3bIBacTCS OMHOPOIHBIM ypaB-
HeHHeM #-ii cTeneHu, eciiu MHorowieH P(X, Y, ..., U, V) saBisieTcs 0JHOPOIHBIM MHOTO-
YJICHOM /1-U CTCTICHH.

e Cucrema JByX aireOpandyecKux ypaBHEHHH C ABYMsI HEM3BECTHBIMU BH/IA
n n-1 n=2_72 n-1 n o__
ax"+ax""y+a,x""y +..+a,xy" +a,y" =c,
-1 -2_2 -1
byx"+bx""y+b,x""y +..+b, xy" +b,y" =d,
e a,, a,,...,da,,b,, b, ... b, €R, a,#0, b, # 0, Ha3zpIBAETCA OHOPOAHON CHC-
TeMOIi /1-i1 cTereHu (JIeBbIE YaCTH 0OOMX YPaBHEHUH CHCTEMBI SIBJISTFOTCS OJJHOPOIHBIMHU

MHOTOYJICHAMHM /-1 CTETICHH ).

Z
%hﬂauue ¢ peleHueM

Pemim Ha MHOXecTBe R X R cucremy ypaBHeHuit

x*+dxy -y’ =-2,

2
x~ =3xy=4.
Pewenue:

DTa cucTema SIBIISIETCSl OJJHOPOIHOM CHCTEMOM BTOPOH CTEIICHH.

mMoaynb
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O3: (x, y)e RxR. YMmHOXkHM 00€e 4acTH IEPBOr0 ypaBHEHHS Ha 2, 3aT€M CIOKUM
3x” +5xy -2y =0

5 ’ PaBHOCHJILHYIO HCXOHOM,
x° —=3xy=4,

ypaBHeHUs cucteMsl. [Tomyunnu cucremy

CoJIep KAyl OJHO OJHOPOAHOE ypaBHEHHE. Paznenum o0e 4acTu MEpBOTO ypaBHCHHUS

MOJTy4eHHOM cucTeMbl Ha X7 (x # 0, Tak Kak x = 0 He sIBJISIeTCS PEILIEHHEM ) 1 TI0JIyYMM YpaBHEHHUE

2
Il crertenn 3+ 5 % -2 Y =0, umeroree pemieHust %23 u l:—l,
X

Hrax, perenne HCXOTHOM CHCTEMBI CBEIOCH K PEIICHUIO CIIETYIOMIEH COBOKYITHOCTH CUCTEM

- __1
yPaBHEHHi: Y S 3,; T " yETb
rTNES A _3xy =4,

[MepBas cucrema He mmeer penreHuid. ([Iposepsre!) BTopas cucteMa mMeer ciiemyromnme

PCIICHHS: (_2\/0’_4’ \/0’_4); (2\/0,_4, —\/0,_4)- (ITposepsbre!)
Omsem: S ={(-2,J0.4, J0.4); (20,4, —0.4)}.

2.4. CuMMeTpHYeCKHEe CHCTeMbl YPaBHEHHIT

Omnpenesenne. YpaBHEHHE C IBYMsI HCU3BECTHBIMH HA3bIBACTCS CHMMETPHYECKHM,
€CITM TP 3aMEHE X Ha Y, @ y Ha X YPaBHEHHE HE MCHSCTCSI.

Hanpumep, ypasuenns 3x° +2xy+3y° =5 u x+y—3=0 — cuMMmeTpuuecKe.

Onpenenenne. Cucrema, Bce ypaBHEHUS KOTOPOH SIBISFOTCSI CHMMETPHIECKUMHU, Ha-
3bIBACTCA CHMMETPUYECKOH CHCTEMOIA.

3ameuanue. Tak KaK ypaBHEHHUsS C IByMsI HEU3BECTHBIMU CUMMETPUYECKON CUCTEMEBI HE
MEHSIIOTCS ITPU 3aMEHE Y Ha X U X Ha Y, CICJ0BaTeNIbHO, eciu (d, b) sSBISCTCS PEIICHUEM
CHMMETPUYCCKON CUCTeMBI, TO (b, @) TakxKe SIBISIETCS PEIICHUEM 3TOH CHCTEMBbI.

CI/IMMeTpI/IquKaH CucTteéMa C IABYyMsSA HCU3BCCTHBIMH PEINACTCA, KaK IMpaBUIIO, METOJ0OM
BBCIACHH BCIIOMOI'aTCIIBHBIX HCU3BCCTHBIX.

2
%33}131{1& ¢ peleHHeM

2 2
. X T —=xy+y = —2,
Pemmm Ha maOkectBe R X R CUCTEMY YPaBHCHUHN

x+y+2xy=1.
Pewenue:

— 2_ —_ —
xX+y=u, Tomyumm crctemy % v=-2,

Hcxomnast cucteMa — cummeTprdeckast. [Tyctb
1P Y {xy=v. u+2v=I.

Toncrasmss u =1—2v B mepBoe ypasHeHwue, moxydaem ypasuenne (1—2v)> —3v+2=0,

3 1

uMmeronlee pemenus v, =1, v, =7 Torma u, =-1, u, = —5

Penrenune cucteMbl CBENOCH K PCIICHNIO COBOKYITHOCTHU M3 IBYX CUCTEM ypaBHeHPIfI:

+y=-1

{x+y=—1, Xry=-5-

xy=1; 3
Y Xy =-=.

4
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O6e cucrembl HecoBMecTHBI Ha MHOKecTBE R X R. (IIposeprre!) 3Haunt, McxoqHas crc-

TEMa HC UMCCT peHIeHI/Iﬁ.

Omeem: S =O.

3ameuanue. Pemenne OJHOPOIAHBIX CUCTEM alNreOpandecKUX YPaBHEHUH U CHMMETpPH-
YECKHX CUCTEM ypaBHEHHH, KaK MPaBHIIO, CBOAUTCS K PELIEHHIO COBOKYITHOCTH CHCTEM.

@ YnpaxHeHus u 3agaium

BLI}ICHI/ITe, PaBHOCHJIBHBI JIX CUCTCMBI:

2 X —xy+y’ =0, " X =xy+y° =0, 6) X =xy=0, " x —x’y=0,
(x—y)(x+y)=16 x’ -y’ =16; 2x—y=1 2x—-y=1.

Pemmre Ha mHOKecTBe R X R cucremy ypaBHeHuii:

2x-3y-8=0, x+y=-4,
2) {4x+y—2=0; 6) {xy=3;

x—y=1, x—y=2,
B){x2+y2=4l; r){x3—y3=8.
PerTe METOIOM pa3ioOXKEHUSI HA MHOKHTEIH CHCTEMY YpaBHEHHUI:

X' =y =35, x—xy=-2, [3x—1|-y=0,
2 {(X—)’)2=9; ©) (x+y)* =16; B) {x+xy:1.

Pemmte Ha MuOKecTBe R ypaBHeHne x(x + %) (x¥* =6x+5)(x*-4)=0.

Pemmure 3amaudy, COCTaBUB CUCTEMY ypaBHEHHIA.

W3 opHOro mopra OJHOBPEMEHHO OTIPABMIIMCH B TEILIOXOJA, OAMUH Ha IOT, a APYroil — Ha
3anaj, ABUrasch MPSMOJIMHENHO U paBHOMEpHO. Uepe3 ABa uaca pacCTOSHUE MEXJY HUMU
cocraBmio 60 k. Haifire CKOPOCTh KKIOTO TEIUIOXOMA, SCITH CKOPOCTh OIHOTO M3 HHX HA 6 KM/4
6osbllle CKOPOCTH JPYTrOro.

3a 4 yueOHuka u 15 terpaneit yrmatunu 530 nees, a 3a 3 yueOHuka u 10 terpaneit — 360 nees.
CKOJIBKO CTOUT OAIMH YYEOHUK U CKOJIBKO — OJHA TeTpajb?

Ecnu B kade 3a Kax/Iblil CTOM CSATYT 10 3 YENIOBEKa, TO OCTAHYTCSI CBOOOTHBIME 5 CTOJIOB, & €CITH CS/TYT
10 2 YesioBeKa, TO 5 YesloBeK ocTanyTcs 0e3 Mecta. CKOIIBKO CTOJIOB M CKONBKO MoceTHTeNel B Kade?

JlBe Opuraasl ydammxcs, paboTas BMeCTE, MOTYT
co0paTh ypokail ¢ IKCIIEPUMEHTAIBHOIO ydacTKa 3a
4 nHs. 3a CKOJIBKO JTHEH BBIMIOJIHUT 3Ty paboTy Kaxas
u3 Opuraj OTACIBHO, €CIM OJIHA M3 HUX COOEpeT Bech
yposkait Ha 6 JHeil ObicTpee, 4eM BTOpas Opurana?

Pemute Ha MHOKecTBe R ypaBHeHue:

1 2 X 1 _
(x—1+x+1_1)(2—x_;_2)_0'

moaynb
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10. Pemmte Ha MHOKecTBe R X R omHOpomHyro cuctemy ypaBHEHHiIA:

X =3xy+y*=-1, X +xy=0, X +2y* =17,
a) 2 2 _1n. 0) 2 2 1. B 2 _
3x"—xy+3y° =13; 2x +xy—y =1 X~ —2xy=-3.

11. Peumre Ha MHoxkectBe R X R cummMerpuyeckyro cuctemy ypaBHEHHMIL:

x+y+xy=23, X +yr=1, xy=2,
§
?) {x2+y2=34; ){x+y=2; B) X4y =12,

PemuTe cuctemy B) HECKONBKHIME METOIAMU.

12. Pemmre Ha MuHOXKecTBe R X R cucremy ypaBHeHuit:

X Yy 5 2 2
- = =, +xy+4y =6,
a) (x )’)x)’ 30, 6) y X 6 B) X ) Xy , y
(x+ y)xy =120; B 2 e 3x"+8y =14;
X —y =5
|x|+2|y|=3, |x|=3[y—4|=8, 2|x=3]-y=1,
2 {5y+7x:2; o X -y =3 ¢) x*=|y-1]=0.

13. Pemwute 3agady, COCTaBUB CUCTEMY YPaBHEHUIL.

a) /[lBa 3aBoja JOJDKHBI MO IUIAHY COBMECTHO M3TOTOBHUTH 3a Mecsi 360 meraneii. [lepsbrit
3aBOJ MEPEBBINONIHIWII M1aH Ha 12%, a Bropoit — Ha 10%. Bcero oba 3aBoja M3roToBMIN
400 neraneii. CKOJBbKO JeTaliell H3rOTOBHII KX IbIi 3aBOJI CBepX Iu1aHa?

6) s M3roTOBIICHUS 3JIEKTPUYECKOrO MOTOpa THIa A HEOOXOAMMBI 2 KT MeIu U | Kr 0JIoBa,
a JUIsl M3TOTOBJICHUS AJIEKTPHUECKoro Motopa Tuma B — 3 xr meau u 2 kr onoBa. CKOIBKO
MOTOPOB K@KIOTO THIIA U3TOTOBHIIH, €CIIM BCEro ObUIO UCIob3oBaHo 130 kr memu u 80 kr
oJsioBa?

14. CocraBbre cucteMy (COBOKYITHOCTb) YPaBHEHHI, KOTOpas:
a) WMEET OJIHO pEIICHHC; 0) uMeeT OECKOHEUHOE MHOXKECTBO PEIICHUN;
B) UMeeT peuieHueM napy (2, 3); I') HE MMEeT PEUICHU.

15. Ilpu cxuranuu B u3bdbiTke kucioposa 1,10 r cmecu
MeTaHa ¥ 3TaHoja obpaszoBanochk 0,896 1 okcuma
yraepona (IV), uaMepeHHOro mpu HOpPMaJlbHBIX
ycinoBusax. Onpeaenure KOIMUECTBEHHBIH COCTaB
CMECH B MacCOBBIX JOJISX.

a) PemmTe 3amady ¢ MOMOILBIO CHCTEMBI ypaBHE-
HUH.

0) Pemure 3a1ady ¢ MOMOIIBIO ypaBHEHHUS.

16*. Pemure na muokectBe RXR cucremy ypaBHenuid, rie a, b, ¢ — qeficTBUTENIBLHBIC TAPAMETPHI:
2y =
o @ Drty=a o= =y =3a, 0 12yemb.
2x—(a+Dy=1; (x+ )2 +y2) =154°, a #0; y2=0,

4zx=c, a, b, c>0.
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HepaBeHcTBa C 0O4HMM HEN3BECTHbIM.
MoBTOpEHMe n AononHeHus

3.1. [lonsiTue HepaBeHCTBA

3agaua. Breicota HaJ 3emiield ToAOPOIIIEHHOTO BBEPX
Mst9a Beraucsiercs o gopmyie h(t) =—5¢> +12t +2, rae
h — BbICOTa B METpax, ¢ — BPEMs B CEKYH/IaxX, MPOIIIEIIIee
¢ MoMeHTa Opocka. CKOITbKO CEKYH]T M9 Oy/IeT HaXOUTHCS
Ha BBICOTE HE MeHee 6 M?

Pewenue:

Jis mostydeHusl OTBeTa Ha BOMPOC CJISIYeT HAWTH MHTEPBAJI BPEMEHH, Ui KOTOPOTO
h(f)>6. CremoBarelbHO, pemuM HepaBeHCTBO — St +12f+2>6, win HepaBeHCTBO
5t> =12t +4<0. IMomyuum € [0,4; 2]. (ITposepsre!) Torma BeIMUMHA COOTBETCTBYIOIIETO
uHTepBana BpemeHu paBHa 2 —0,4 =1,6 (cexyHIbl).

Omeem: 1,6 ceKyHIIbI.

Onpeueﬂelme. HepaBeHCTBO, coAepiKalnee HEN3BECTHOC, HA3BIBACTCSA HEPABEHCTBOM

C OJHMM HEHU3BECCTHBIM.

O6mias ¢popma HepaBeHCTBa (3JeCh M jJajiee: ¢ OJHUM HEHU3BECTHBIM) MMEET BUJ:

Jix) > g(x) mmm fix) < g(x), mmm fx) = g(x), mwm flx) < g(x), tae f(x), g(x) — MmaremMaTu4eckue
BBIPAXKCHUSL.

Omnpegesnenusi. ° MHOXECTBO 3HAU€HUH HEU3BECTHOI'O, IIPU KOTOPBIX OIPEIEICHBI
(CyIIecTBYIOT) BCE BBIPOKECHUSI, COJICPIKAIIMECS] B HEPABCHCTBE, HA3bIBACTCS 00J1aCThIO
nomyctuMbix 3HadeHuii (O/[3) sroro HepaBeHCTRA.

e Uycno a Ha3bIBaeTCsl pelieHHeM HepaBeHCTBA, €CJIM OHO O0palllaeT ero B BEpHOE
YHUCIIOBOE HEPABEHCTBO (B UCTUHHOE BHICKA3bIBAHHE).

Pewiump nepagencmeo ¢ 00HUM HeU38eCHIHbIM — 3HAUUT HAMTH BCE €TO PELICHUS.
MHOXKeCTBO peliIeHH HepaBeHCTBA 0003HAYNM depes3 S.

Onpeueﬂelme. IHBEI HCPaBCHCTBA C OAHUM HEU3BECTHBIM HA3bIBAIOTCA PaBHOCHJIb-
HBIMMU, €CIIM UX MHOXCCTBA pCH.ICHI/Iﬁ PaBHBI.

HepaBCHCTBa, HC UMCIOIIUE PEIICHUA, ABJIAIOTCA PAaBHOCUJIbHBIMU.
I[J'Ii[ PEeHICHU HCPABCHCTB BAXKHO 3HATH CJICAYIOIINE OCHOBHBIC HpeOGpaSOBaHI/IH, KOTOPBLIC
HAa30BEM pAGHOCUIbHbIMU npeoﬁpasoeanmmu:

> f(x)>gx) e fx)-gx)>0;
> f(x)>g(x) < gx) < f(x);

> f(x)>g(x) < af (x)>ag(x) nmpu aeR, a>0;

mMoaynb
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v f(x)>gx)eaf(x)<ag(x) mpu ae R, a<0;
v f(o)>gn e ff()>g"(x) G f(x)>4/gx), n=2, neN) npu f(x)=0,

g(x) 20 u n— HaTypalbHOE YHCIIO;

vir f()>gx)e f"(x)>g"(x) & f(x)>4/gx), n=22,neN) npu n — HeyeTHOE

HaTypaJbHOC YHCJIO.

moaynb ’ ]

AHaJOTHYHBIE YTBEPKACHWA CIIPaBEIJINBBI U IS HEPABCHCTB BUAA

J)zg(x), f(x)<gx), f(x)<gx).

BH“Mu Tak Kak IpH pelIeHUH HePABEHCTB (0COOEHHO B ciTydae OCCKOHEUHOTO MHO-
JKECTBa PEeLICHHUIT) MPOBEPKa MPAKTUYECKH HEBO3MOXKHA, TO BaYKHO HE IIPH-
MEHSTh B IIPOIIECCE PEIICHUS IPeoOpa30BaHUi, MPUBOIAIIUX K IIOCTOPOH-
HHUM DPCIICHHSM WIM K moTepe pemeHuil. [IpeoOpa3oBaHus TOKHBI OBITH
H PaBHOCUJIbHBIMH.

‘ 3aoanue. ChopmynupyiiTe CIIOBECHO paBHOCHIIbHBIC peoOpa3oBanus [-VI.

3.2. PannoHabHbIe HEPABEHCTBA € OJIHUM HEU3BECTHBIM.
MeToa HHTEPBAJIOB

Onpenenenne. HepaBeHcTBa BHIA P(x) >0 P(x) >0 P(x) <0 P

0x)" 7 0x) 70X T 0O

P(X), O(X) — maorowrensl, gradQ(X)=1, Ha3pBafOTCS pallMOHATBLHBIMH Hepa-

<0, rme

BCHCTBAMH C OJHHUM HEHU3BECTHBIM.

PanmonansHbIe HEpaBEHCTBA PEIIAIOTCS PA3HBIMU METOIAMHU.
P(x)
0(x)
P(x)
0(x)
CHUCTEM HEPABCHCTB (HOH?ITI/IFI cucmema Hepaesencme, COBOKYnHoCntb HepageHcme 6y[[yT JaHbI
P(x)>0, [P(x)<0,
mosxe): {Q(x) >0; {Q(x) <0.

2! Ipumensisi pABHOCHJILHOCTH BH/IA:

P(x) . . Px) P(x)-0(x)=0,
0x) >0 P(x)-Q(x)>0; Q(x)20<:>{Q(x)¢0-

3| IIpuMeHsisi METOl HHTEPBAJIOB (METOJ IPOMEKYTKOB) — OIHH 13 Goee 3 dhexTus-

1! YuurbiBasg 3HAK OTHOLIECHUS

Hanpumep, penieHre HepaBeHCTBA

>0 CBOAUTCA K PEIICHUIO COBOKYITHOCTHU IBYX

HbBIX METOJI0B pe]J_IeHI/IH paHI/IOHaJ'H)HI)IX HepaBeHCTB.
(x—a)(x—b)
(x—c)(x—d)’

na,b,c,de R. Ecim x > d, To KaxIplii U3 MHOXKHTENEH X — a, X — b, x — ¢, x — d

&

Iycrs Gynkuust f 3amana Gopmynoit f(x)= e, HanpuMep, a<b<c<d
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MOJIOKHUTENICH. 3HAYMT, Ha HHTEpBaie (d, +o0) mmeeM f(x) > 0. Eciu ¢ <x <d, To x —d <0,
a BCE OCTAJIbHBIC MHOXKUTEIH MOJOKUTENbHBL CrieoBatensHo, f(x) <0 na unrepsaie (¢, d).
Amnanornuno Ha untepsaie (b, c) umeem f(x) > 0

(puc. 6.1). B aTOM ciy4ae TOBOPST, YTO B TOUYKE C — * — * ™
. a b ¢ d
dyuKyus mensem ceou 3HAK.
AHaJIOrHIHO MMeeM I ToYeK a, b, d (puc. 6.1). Puc. 6.1
Yepenosanue 3HakoB (pyHKIHH f rpadudec- +~ TN y
KM U300pa)kaeTcsl MpU MOMOIIY ,,KPUBOW 3HAKOB M c~—"4 X
(puc. 6.2), KoTOpas 4epTUTCs CIpaBa HAJEBO H Puc. 6.2

CBEPXY BHU3.

N3obpakeHre Ha pUCyHKeE 6.2 HHTEPIPETUPYETCS CISAYIOINAM 00pa3oM: Ha HHTEpBalaX,
7 ,,KpUBas 3HAKOB™ pACITOJIOKEHA BBIIIIC YUCIIOBOM OCH, CIIPaBEIIIMBO HEpaBeHCTBO f{x) > 0,
a Ha MHTEepBaJax, I7e ,,KpUBasi 3HAKOB* PacHONIOKEeHa HIKE YHCIOBOM ocH, umeeM f(x) < 0.

[IpuBeneHHbIE pacCyKACHUS HE 3aBUCAT OT KOJIMYECTBA TMHEHHBIX MHOXKHTENIEH, colep-
JKaIUXCS B YUCTIUTENIE U 3HAMEHATENE, a TAKXKe OT PACTIONOKEHUS HAlICHHBIX HYJIEH YUCITUTENs
Y 3HAMEHATEJIS Ha YUCIoBOH ocH. [109TOMyY Takue paccykIIeHHs CIIPaBeUIUBhI U sl PyHK-

uuu f, 3aaHHON GopmyIIoit
(x=a)(x—a,)..(x—a,)

f)= (M
(x=b)(x=b,)...(x=b,)’
e uucna d,, d,, ..., d,, b, b,, ..., b, — neiictBurensusle ¥ paznuunsle. s 310l GyHKIHN
AHAJIOTUYHO CTPOUTCS ,,KpUBasi 3HAKOB .

3ameuanue. IIpy MpUMEHEHUN METO/IA UHTEPBAJIOB CIIETyET YUUTHIBATh CICAYIOIIEE: TOIBKO
B ciIy4asix, korja QyHkims umeet Buj (1), To ecTh Bce ko3 duitnenTs! npu x paBHsl 1 n
BCE uMCla d, 4,, ..., a4, b, b,, ..., b paznmuuHbl, ,KpUBas 3HAKOB* CTPOUTCS CIpaBa
HAaJICBO M CBEPXY BHU3. B OCTANBHBIX CiTydasx 3HaK (DYHKINH Ha Ka3KIOM HHTEpPBAJIC OIperie-
JSIeTCs ,,lIPOOHBIMH 3HAYCHISIME ', TOACTABIISISI 3TH 3HAYCHIS B ICXOAHYTO (PYHKIIUIO.

HpI/IBe}ICM areopumm pelICHUA palluOHAJIbHBIX HCPABECHCTB MECTOOM UHTCPBAJIOB!:

@ paBHOCWIFHBIMHU IPEOOPa30BAHUIMH HCXOIHOE HEPABEHCTBO CBO/ST K HEPABEHCTRY, JICBAsI
YacTh KOTOPOTO €CTh BhIpaxkeHne Buja (1), a mpasasi 4acTh — HyJIb;

@ omnpezaensoT QyHKIUIO f U HAXOAAT HYJIM YUCITUTEIIS,

®

HAXO[AIT 3HAYCHHS X, IIPU KOTOPBIX (DYHKIIWS HE OnpeiesieHa (HyIi 3HaMeHATeIs);

@ HyAM YUCITUTEIIS M HYJIM 3HAMEHATeIIs IEJIAT YUCIIOBYIO OCh (B o01ieM ciaydae, O/13 ucxonHo-
IO HEPABEHCTBA) Ha MHTEPBAJIbI;

® CTpOST ,,KPUBYIO 3HAKOB;
® O0TOHpPAIOT UHTEPBAJIBI, COOTBETCTBYIOIINE 3HAKY (PYHKIIHUH f;
@ 3anMChIBAIOT OTBET.

AHaHOFI/I‘IHO MNPUMCHAOT MCETOJ MHTCPBAJIOB U MNPU PCIICHHUU HCPABCHCTB BUJA
(x=x)(x=x,)..(x—x,)>0 (wm ,,<°, uam ,,2°, umu ,,<%), II€ X, X,, ..., X, — Pa3IUUHbIE
JIEHCTBUTENBHBIC YNCIIA. AJITOPUTM PEIICHUS TOT JKE.

B cnyuasx, xorna B BelpaxkeHuH BuAa (1) HexoTopele W3 Wucen d,, ..., d,, b, .., b

PaBHBI MEXIy co00H, To ecTb (yHKuus umeer Bun f(x) =(x—c, ) (x— cz)k2 (x= ct)k’ ,

n?’ m

mMoaynb
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k.k,,..ke zZ, IIPU TIOCTPOCHUH ,,KPUBOK 3HAKOB“ HCIOJIB3YIOT CICIYIONIEE PABUIIO:
- ecmm k,, iefl,2,.., t| te N'}, — ueTHOE YKCIIO, TO ,,JIpH MEPEXOJIe Yepe3 Hyllb ¢, 3HAK
(YHKIUM HE MEHSIETCS
-ecm k,, ief{l,2,.., t| te N'}, — HeueTHOE UMCIIO, TO ,,TIPH HEPEXOJIE Yepe3 HyIb C,
3HAK QYHKIUHU [ MEHSETCS HA MPOTHBOMOIOKHBIH.

Z
%Saﬂa}me ¢ pelieHueM

Pemm Ha MHOkecTBe R HepaBeHCTBO

x(3=x)(x+4)* >0

x*=5x+6

Pewenue:

x(x=3)(x+4)*
(x=2)(x=3)

. 3HauuT, HY’KHO HaliTU BCe 3HAUEHUS X,

[Tpeobpa3yem JeByIO 4acTh HEPABEHCTBA M OIYyIUM <0. IlycTp pyHK-

x(x=3)(x+4)*

st f 3amana popmysoi f (x) = (x=2)(x=3)

npu KoTopeix f(x) < 0.
Haxomum nynu uncnurens: 0, 3, —4, 1 Hynu 3HaMeHaTens: 2, 3.
Jlenaem BBIBOJI, 4TO (PYHKIIMSI MEHSIET 3HaK B Toukax 0 2, a B—4 1 3 OHa HE MCHSET 3HAK.

ITosty4uM CIeyOLTy0 " N SN+
,»KDHBYIO 3HAKOB*: A 0——"> 3 e

Urak, f(x) <0 na xe [0, 2)U{-4}.
Omeem: S ={-4}U]0, 2).

@ YnpaxHeHus u 3agaim

LA

1. Pemure Ha MHOKecTBe R HepaBeHCTBO:

a) 3x—15;2(x7+4‘)l>61—x; 0) §+§<Z_E;
B) x—3— x2+ z%; 1) (x—6)(x+1) < (x—1)(x+6).
2. Pemmte Ha MHOXecTBe R HepaBeHCTBO:
Q) L>1: 6)"("—_2)<0~ B) —— <0 r)l—Lzo- m x>t
x 3x—-1 ~ 7 1-x 7 x x+1" 7 X

(5

3. ®epmep XOUeT OrpafuTh Y4acTOK Ul KUBOTHBIX,
uMeromyi GopMy paBHOOEAPEHHON TpaNCIHH.
BokoBbIe CTOPOHBI TpaneLy UMEIOT JUIMHY 10 M,
a Gomblliee ocHOBaHME B 1,5 pasa JIMHHEE MEHb-
mero ocHoBaHusA. KakoBa momxkHa OBITH ATHHA
MEHBIIETO0 OCHOBAHHSA, YTOOBI ATHHA U3TOPOAH

ObL1a Ooible, yem 50 m?
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4. Kakue u3 ITaHHBIX BBICKa3bIBaHUM JIOKHBI? Haiinure ommoKky.
a) Ecmu x? > 16, T0 x > 4. 6) Eciim x2 <25, 0 x <5.

B) Ec x> 1, 10 X < 1. r)Ecmu 5 —x=4,Tox=>1.

5. Pemmre Ha MHOxecTBe R HEpaBeHCTBO:
2) x(x—l)3(x+2)S0' 5) 3x2—5x+7>0; 5) 2x° —x-3 >
x* -1 ’ X +1 —x"=7x+8
6. CocTaBbTe PALMOHATLHOE HEPABEHCTBO C HEM3BECTHEIM B 3HAMEHATEIIEC, MHOXKCCTBOM PELICHHIT
KOTOPOTO SIBISIETCS MHOKECTBO:

a) S=[-1,1]; 0) S =(—eo, 0]; B) S =0; r S=R

CHCTeMbI ¥ COBOKYNHOCTU HEPABEHCTE C OAHNM
Heu3BeCTHLIM. [loBTOpeHMe U AONONHEeHNs

4.1. CucteMbl HEPABEHCTB € OJITHUM HEM3BECTHBIM

BcrioMHIM, YTO TaKOE CHCTEMa HEPABEHCTB C OTHUM HEU3BECTHBIM.
ITycts, HanpuMep, AaHbI IBa HEPABEHCTBA C OAHWUM HeusBecTHBIM A(x) > 0 u B(x) > 0.

Ecnu craBurcs 3a1aua 00 OTBICKAaHUU BCEX 3HAYCHUI HEU3BCCTHOI'O, KOTOPLIC YIOBJICTBOPAIOT
OJHOBPEMCHHO KanCOOMy uz smux Hepaeercmaes, TO rOBOPAT, YTO HY?KHO PCIINTb CUCTEMY U3

JBYX HEPABCHCTB C OJTHUM HCU3BCCTHBIM.

A(x) >0,
CoOTBETCTBYIOIIAs CUCTEMa HEPABEHCTB 0003HAYAETCS: (1
B(x)>0.
3ameuanusn. 1. Kaxxnoe HepaBeHCTBO B cucteme (1) MOKeT OBITH pa3HOro THIA: ,, >,

L% ¢ <<

W= 5 9

2. CucremMa HEPaBEHCTB MOXKET COJIEPIKATh /1Ba WK 00Jice HEPABEHCTB.

Onpeﬂeneﬂne. 3HaueHue HEU3BECTHOI'O, IIPpHU KOTOPOM BEPHO Kaocooe u3 HEPaBCHCTB
CHUCTCMBI, HAa3bIBACTCs PEIICHUEM CUCTEMbl HCPABCHCTB C OAHUM HEHU3BCCTHBIM.

Pewiums cucmemy nepasencme — 3HaUUT HAWTH MHOXKECTBO €€ PEIICHHUI.
MHoscecmeo peuienuii CUCTEMbI HEPaBEHCTB (0003HauaeTcs S) eCTh nepeceuerue MHO-
JKECTB PEIICHUN HEPaBEHCTB, 00Pa3yOIUX CUCTEMY.

Onpeueﬂeﬂne. ,HBG CHUCTEMbI HEPABCHCTB C OAHUM HEU3BCCTHBIM HA3bIBAOTCA paB-
HOCHWJ/IBHBIMM, €CJIM X MHOKECTBaA peH.ICHI/Ifl PpaBHEI.

CucTteMbl HEpaBEHCTB, KOTOPBIE HE UMEIOT PELIEHUH, SIBISIOTCS PABHOCUILHBIMH.

I 3ameuanue. PaBHOCHIIbBHBIE CUCTEMBI HCPABCHCTB, pCUIACMbIC HA HEKOTOPOM MHOKECT-
BC, HA3bIBAIOTCA PABHOCUIBHBIMU CUCMEMAMU HEPABECHCHIE8 HA IMOM MHOJIICecmee.

Z
%&lnauuﬂ ¢ pelieHUEM 1
<0

1. Pemnm Ha MuoxectBe R cucremy nepasencts § (x—=3)(x+1)
2
x“+1=20.

mMoaynb
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Pewenue:

Haxomum OJ13 cucremsr: x€ R\{-1, 3}.

Ucronb3yst METOJ| HHTEPBAJIOB, HAXOIUM PELICHHUS] LB, 3
IEPBOTO HEPABEHCTBA: -1 1 3 X
2

3Hauut, x€ (—oo, — 1)U %, 3

Bropoe HepaBeHCTBO HMEET PEIeHUsT X € (—oo, +o0). (JlokaxuTe!)

Omeem: S = (o0, —1)U % 3)

2x+9>x+7,
2. Pemm Ha MHOKecTBe R crctemy HepaBeHcTB e _i <0.

X+
Pewenue: 3
O3: xe R\ {%}
[lepBoe HepaBEHCTBO MMEET PEIICHUS X € (=2, +o0). + e

1 i\—/'l X
Bropoe HepaBeHCTBO UMEET penieHus x € | — 3 1]. 3
1 1

Torma ucxonHas cuctemMa UMeeT perenust X € (—2, +0) (| ==, 1|= —3 1].
Omeem: S = —%,1 .

4.2. COBOKYIIHOCTH HEPABEHCTB C OJIHUM HEU3BECTHBHIM

Ilycth, HanpuMep, JaHbl ABA HEPABEHCTBA ¢ OAHMM HemsBecTHBEIM A(x) < 0 u B(x) < 0.
Ecnu craButcs 3a1a4a 06 OTBICKAHWM BCEX 3HAYEHWH HEM3BECTHOTO, KaXKI0€ M3 KOTOPBIX
YIAOBJIETBOPAET 1O KpatiHell Mepe 0OHOMY U3 3MUX HePAGEeHCME, TO TOBOPAT, YTO HYKHO
PELIUTH COBOKYITHOCTD U3 IBYX HEPABEHCTB C OJHMM HEU3BECTHBIM.

A(x)<0
(<0,

COBOKYIIHOCTH HEPAaBEHCTB 0003HAYACTCS:
B(x)<O.

3ameuanusa. 1. Kaxoe HEpaBEHCTBO B COBOKYITHOCTH (2) MOKET OBITh pa3HOT'O THIIA:
>€G >“ <64'

99— 5 9 5 99—

2. COBOKYITHOCTh HEPaBEHCTB MOXKET COJIEpPIKaTh JIBa WM OOJiee HEPaBEHCTB.

Onpeenenne. 3HaYeHUEe HEU3BECTHOTO, TIPU KOTOPOM BEPHO XOTs ObI OTHO U3 Hepa-
BEHCTB COBOKYITHOCTH, Ha3bIBACTCS PellIeHHeM COBOKYITHOCTH HEPABEHCTB C OJHUM
HEHM3BECTHBIM.

Pewtump co6oKynnocmy HepaseHcme — 3HAYUT HAMTH MHOXKECTBO €r0 PELIeHUH.
Mmnoscecmeo peuwienuit COBOKYITHOCTH HEPABEHCTB C OJHUM HEHM3BECTHBIM (0003HAYa-
eTcst S) ecTh 00beduHeHue MHOKECTB PEIICHIH HEPABEHCTB, 00Pa3yIONIMX COBOKYITHOCTb.

@
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Onpeneﬂeﬂue. I[Be COBOKYITHOCTH HEPABCHCTB C OJHUM HEHU3BCCTHBIM HA3BIBAIOTCSA
PaBHOCHJIBHBIMHU, CCJIIN UX MHOXCCTBa peIHCHI/II;'I COBIIaJAar0T.

mMoaynb ‘ ]

COBOKyHHOCTI/I HCPAaBCHCTB, KOTOPBIC HE UMCIOT peHJCHIflﬁ, ABJIAIOTCSA PaBHOCUJIBHBIMH.

Z
%33[{31“/16 ¢ pelreHueM 2%4+9>x+7
Pemim Ha MHOKeCTBE R COBOKYIMHOCTH HEpaBEHCTB X _i <0.
X+
3

Pewenue:
[lepBOE HEpaBEHCTBO UMEET pellieHus X € (—2, +o0). BTOpoe HepaBEeHCTBO HMEET PEIICHHS

X€ (—%, 1]. OObeMHAEM MHOMKECTBA PellieHuii 060X HepaBeHCTB (—2, +o0) U [—%, l] u

MOJTyYaeM PEIICHHST UCXOIHOM COBOKYITHOCTH: X € (—2, +00).

Omeem: S = (=2, +o0).

@ YnpaxHeHus u 3agaium

LA

1. Brisicaute, paBHOCHIBHBI T CHUCTEMBI:

3 2
Y {—)2{x+150, {2);—120, ){x2+1<0, ) x(lx 1)>0,
— —>0; -N<
x—1>1 x—1>0’ Hx-D=0 x*+4
2. Pemmre nHa MuoxectBe R HepaBeHcTBO:
a) —1<3x-1<8; 6) O<x(x—=3)<4; B) —3S2f <0.
3. Pewmre Ha MHOkecTBe R cucremMy HepaBeHCTB:
1
2x+1 <=
———20 - %
G ye—n 2% 5 {x ;2x+1620209, RO ,
3x—1<2(x+1); (x=5)(x+6)<0; 3e-1>5-2,

4. Pemure Ha MHOJKECTBE IR COBOKYIIHOCTb HCPABCHCTB:
3(x—=1)(x+2)>0,
241 2, (r=1)(x+2)
a)| (x=3)2-x) 0) ’

x B) | x* +x <0,
3x—1<2(x+1); —4x+4<0; -x+5<0.

5. Haiigure 3HaueHus X, Xe [R, IIpHU KOTOPBIX CYHIECTBYET TPCYIrOJbHUK CO CTOPOHAMH, JIMHBI

5/

KOTOPBIX paBHBI 3x+ 1, x+ 3, 4x—2.

6. PeHH/ITe Ha MHOX>XXCCTBEC IR CI/ICTeMy HepaBeHCTB: 1
3(x=5)—-62>—=x,
(x=3)’ <0, x-1'2-» _, 5 2
A +x 0) { (x—2)(x=3) "~ B) \— <1,
w1 b Xx—1)(x—2)<0; *

x(x—=1)=2.



Moayib

YpaBHeHuA. HepaBeHcTBa. Cuctembl. COBOKYNMHOCTU

7. Pemmre na MuoxectBe R HepaBeHcTBO:
) LT gy X 3% oy 6 —3<i__L .
5—x x=5 25-x x x+1
8. Moropnas moaka nponura 10 KM MO TEYEHHUIO PeKH U 6 KM — MPOTUB TeueHuss. CKOPOCTh JOAKH
paBHa 1 kM/4. B kakux mpezaenax JOJDKHA OBITH CKOPOCTH JIOAKH, YTOOBI MPOJOIKHTEILHOCTh
Bcell mporynku Obula He MeHee 3 uacoB U He Ooisiee 4 yacos?
9. CocraBpTe CHCTEMY HEPABEHCTB C OJIHUM HEM3BECTHBIM, MHOXKECTBOM PEIICHUH KOTOPOW sB-
asercsi: a) S =(—oo, 2)U{3}; 6) S ={-3,0}; B) S=0.
10*. Pemmnte Ha MHOKecTBe R cucremy HepaBeHCTB:
[3x—1|<x, | x> —1] 28, 3
x| 6 5 =<|x-1],
a) X >0: ) 1 Vx —10x+25 B) 1 X s
(x=2)(x-3) x=3)d—x) 2x°—|x|-1=0.
/ 2
11*. Peuure Ha MHOXecTBe R HepaBeHCTBO 6+1x <0.
Xt —

1.

@ ana)KHeva n 3agayun Ha noBTopeHune

LA

- . 1 .= 1) 1,4 x
a) 3,5(x—4)=4x+8; 6)54 x—O,l(lO zx), B) 3¥=7"%

Pemmmre Ha MHOKkecTtBe R ypaBHenue:

TlepeBenute Ha MaTeMaTHYCCKHIl SI3bIK, 3aTEM PELINTE 3a]ady:

a) C IIOMOUIBIO YPAaBHEHUS; 6) c MOMOIIBIO CUCTEMbI YPABHEHHI.

1) CymmMa IBYX NEHCTBHUTENBHBIX Yncel paBHa 44. Haliaure 5T 4nciia, eClid U3BECTHO, YTO OJTHO
u3 HuX Ha 10 Gosbliie apyroro.

2) Pa3HOCTB ABYX NEHCTBHUTEIBHBIX ducen paBHa 45. Haliaure T ymcia, €clii W3BECTHO, YTO
onHO U3 HUX B 10 pa3 MeHblIe Ipyroro.

3) Ha aByx oBomubIx 0a3ax xpansrcs 520 T s1610k. Eciu nepesectu 60 T 10110k U3 0HOM 6a3bl Ha
JIPYTy10, TO KOJIMUECTBO sIOJIOK Ha o0eux 0azax ObuIO Obl paBHBIM. Kakoe konnuecTBo 51010k
OBUIO M3HAYAIFHO Ha KaKHTOH Oaze?

Ha crosiHke mpumapKoOBaHbI JABYXKOJIECHBIE
MOTOIMKIIBI ¥ aBTOMamuHbl. Beero 48 enu-
Hul U 168 konec. CKOJIBKO MOTOIMKIIOB U
CKOJITbKO MAIIIMH Ha JTOW CTOSHKe?

Pemute 3amauy:

a) MeTo/IoM (palIbIINBOI THIIOTE3bI,

0) C MOMOIIBIO yPaBHCHHUS;

B) C IIOMOII[BIO CUCTEMbI YpaBHEHUH.

@



10.

11.

12.

13.

14.

15.

16.

YpaBHeHus. HepaBeHcTBa. Cuctembl. COBOKYNHOCTU

W3zBectHo, uto Touku A(3,—1) u B(l,; npunauiexar rpapuxy ¢pyukuun 2 R —>R,

f(x)=ax+b. Haiianre xoopauuarsl apyroit toukn C(X, y), KOTOpas TakKe MPHUHAIIEKUT
rpaduky GyHKIH f.
Heany 7 1ner, a ero otiy — 39 jet. Onpeenure, CKOIbKO €Ile JIET Bo3pacT MBaHa OyleT MEHbIIIE,

2
geM — BO3pacTa OTIa.

3
VY akumonepHoro obmectBa 3 yupenurensd. X noneBoe ydacTHe (B IPOIEHTAX) B CO3MAHHH
ob1ecTBa cooTHocuTes Kak 2 :3: 5. Uuctelil noxon obmectsa B 2011 rogy cocrasun 450000
jeeB. DTOT JOXOJ pas3JeliiIi CPEeAN aKIIMOHEPOB MPOMOPLIHOHAIBHO UX JOJCBOMY YYaCTHIO.
KakoB noxon (B nesx) kaxoro akimonepa B 2011 romy?

Haiiqure neficTBUTENBHBIC YUCTA X U ), €CITH U3BECTHO, uT0 2Xx—3y =1 u x+2y=-3.

Halinute nelicTBUTENBHBIE KOPHU MHOTIOYJIEHA:

a) P(X)=(X>-1)(3X> - X -2); 6) 0(X)=X’-X>+X-1.

Ecnu ymMHOX)uTh MHOrOwIeH aX’ —2X +b na mHorowien X’ +aX —1, To TMoJyduM MHOTO-
4leH YeTBEPTOll CTereHHu, y KoToporo kodddumuent mpu X pasen 8, a koddduiment npu X
paBen —2. Haiinure uncna a u b.

HaﬁZ[HTe HUCTUHHOCTHOC 3HA4YCHUEC BbICKA3bIBAHUA:

a) 22 >0 (x=5)(x+1)20. 6)

5
x+1
Pemmure Ha MHOkecTBe R ypaBHeHue:

X +1 x 5. xX*+2 3x-2 8
9) X +x2+1_5’ o

x’—4
x+3

<0 (X —4)(x+3)<0.

3x-2 x242 3

Pemmre Ha mMuoxkectBe IRXR cucremy ypasuennii:

1,11 x+y=14, x_ »_5

a)sx y 67 6)yx ,y 25, B)yy x 6’
4L == ;

2x-=5=y; y x 12 x—y=2.
Pemmmre Ha MHOXectBe RXR cucremy ypaBHeHwmit:

X'y +xy-72=0, (x+y) =2(x+y)=15,
a) 0)

x+y—-6=0; x+xy+y=I11.

2 2
. . Jx +y =5

IIpu kakux AeHCTBUTENbHBIX 3HAUECHUAX 71 CUCTEMA YpaBHEHUI {x Cy=m
a) UMeeT eTUHCTBEHHOE PEelICHHUE; 0) UMeeT J[Ba PEIICHHUS,; B) HECOBMECTHA?
Jokaxure, 4to npu Jo0bix x € R:
a) x* —10x+1>—x>-Tx—1; 6) 5x* —=5x+1>-2x" +5x—6.

OpiHa U3 CTOPOH NPSMOYTOJIbHUKA Ha 7 CM JuiMHHee Jpyrod. KakoBa MoXeT ObITh JUTMHA ATOM

o

2
CTOPOHBI, ECITH IUIOIIAAb MPAMOYTONbHIKA MeHbIne, deM 60 cm™ ?

mMoaynb



Moayib

1.

YpaBHeHuA. HepaBeHcTBa. Cuctembl. COBOKYNMHOCTU
@ MpoBepo4Hasn paboTa

LA

JlomnonHuTe, YTOOBI MOJYYCHHOE BBICKA3bIBAHUC CTAJIO0 MCTUHHBIM:
3x-2y=-3
) (=
x —xy=1
Jan muorounen P(X)=-3X"—-X+2.

a) Haiinure neiictBurenpHbie KOpHE MHOTOWIeHa P(X).

Hpodozzafcumeﬂbnocmb
Pabomu: 45 MHUHYT

6) CocraBbTe MHOTOWICH BTOPOH CTENEHH, KOPHSIMH KOTOPOT'O SIBIISIFOTCS IPOTUBOIIOIOKHBIC

3HaueHUsI KopHeH MHorowieHa P(X).
2
Hana dynxuus 2 D —>R, f(x)= xz_-l-)lc
x —
a) Hatinure D,.

0) Ompernenure, TP KAKKUX JCHCTBUTEIBHBIX 3HAYCHUSX X (QYHKIWMS [
MPUHUMAET HEOTPHIIATSIbHbIC 3HAUCHHS.

Byker u3 3 TronbnaHoB U 4 HapipccoB cTouT 44 nes, a Oyker u3
6 TIONBIIAHOB M 3 HApUUCCOB CTOUT 63 sest. CKOJBKO CTOUT OIWH

5/

THOJIbIIAH U CKOJIBKO OJWH Hapuncc?

Pemmre Ha MHOXecTBe RXR cucremy ypasuenuit {x—zy +ZXy =3,
Xy —x"y=-2.
2 p—
Tlana pymas f: DR, f(n)=3"100F2 L

a) Haiipure D, .
6) Iocrpoiite rpaduk GpyHKIMH f.

C Bok3asioB A u B, pacnionoxeHHbIX Ha paccTossHUE 600 kM,
HaBCTpedy ApYr APYTY OZHOBPEMEHHO OTIPABISAIOTCS /BA
moe3na. Yepes 6 1 paccTossHEE
MEXTy HUMH COCTaBIsuIo 60 kM.

Ecnu Obl oe3n u3 A oTIpaBuics
Ha 1 4 30 MuH panblie noesna u3 B, To oHM ObI BCTPETHINCH HA
cepenune nytu mMexnay A u B. Haiigute cxopocTh kaxaoro
noesfa.

X

>0,

Jana cucrema x> —1
-3x’ 4+ <O0.

a) Brinmmmre Takoe neiicTBUTENBHOE YUCIIO, YTOOBI MHOXKECTBO PEILICHUM CUCTEMBI COBIAJIO
C MHO>KECTBOM pEIIEHHI MEePBOr0 HEPaBEHCTBA.

0) Pemnre na muoxkectBe R monydennyro cucremy.

©



YpaBHeHusi. HepaBeHcTBa. CucTeMbl. COBOKYNHOCTHU
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AnemMeHTapHble (pyHKUMMN.

Mony"b’ YpaBHeHus. HepaBeHCcTBa

—

. LTo qmo MblBHdefl/t auenb Mazzo

- LTo %20 .sz He SHaezu - OZPOMHOA I

HBCpCHMOH-H&IUIaC

(O pacro3HaBaHHE U3yYCHHBIX (DyHKIMI, ypaBHEHHH, HEPaBEHCTB, CHCTEM, COBOKYITHOCTEH B
Pa3INUHbIX KOHTEKCTaX;

(O TpHMEHEHHE U3YUCHHBIX (DYHKINH U MX CBOMCTB B PEIICHNH 3a/1a4 U3 Pa3HBIX 00IacTel;

O xiaccuuKanys ypaBHEHHUH, HEPABEHCTB, CUCTEM, COBOKYITHOCTEH IO pa3JIndHbIM KpHUTe-
pusim;

(O pelleHUe ypaBHEHHH, HEPABEHCTB, CUCTEM, COBOKYITHOCTEH aleKBaTHBIMU METOIaMH;

O MOJIEIMPOBaHHNE TOBCEIHEBHBIX CUTYAIINH W/WIIN CUTYalMi M3 Pa3HbIX 001acTel C TOMOIIBIO
M3y4YeHHBIX (PYHKINH, ypaBHEHU, HEPABEHCTB, CUCTEM, COBOKYITHOCTEH.

®yHKumA | cTteneHn. YpaBHeHusA | cTeneHwn.
HepaBeHcTBa | cTeneHum

1.1. ®ynkuus I crenenn

3agaua. Ciyx0a TakcH B MyHUIMITANA KHIMMHAY TpeaiaraeT YCIyTrH MO CICAYONM
Tapudam:

- mocaaka — 12 jees,

- TIO€3]IKa B YepTe ropojaa — 2,2 Jesi/KMm,

- TIOe3/IKa 3a Tpeelibl ropona — 4,2 Jes/KM.

a) 3anummre (HopMylly 3aBHCUMOCTH CTOHMMOC-
TH ) IIOS3JIKH Ha TaKCH B YepTe FOpojia OT PO IeH-
HOTO X PacCTOSHUSL.

0) SIBnsieTcs U JaHHAas 3aBUCUMOCTh (DYHKIIHO-
HanpHOU? Kakoro Tumna ata GpyHKIus?

B) PaccumraiiTe CTOMMOCTh MOE3JIKK Ha 3TOM
Takcu ceMbH IleTpecky oT JoMa 70 LeHTpa ropojia, eciid paccTosiHue pasHo 10,3 kM.

r) Joctarouno iu 510 neeB amst moe3aku Ha Takcy 3 Kumunay B banis, ecinu paccTosHue
MEXIy 3TUMHU ropojaamu paBHo 120 km?

©



AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

Pewienue:

a) y=2,2x+12. (O6ocuyiite!)

6) f: N >R, f(x)=22x+12 — dpyskuus I crenenn. (OGocnyiite!)

B) Tak kak x=10,3, moinyuaem y=2,2-10,34+12=34,66 (1ex).

r) Umeem g: N >R, g(x)=4,2x+12. Tockoasky x =120, memaeM BBIBOI, YTO
510 neeB HETOCTATOYHO AJIS OTLIATHI ATON TIoe3aku. (ObocHyiiTe!)

Onpenenenve. ®ynkuuei I cremenn naspiBaercs Gpynknus suga f: R —> R,
f(x)=ax+b, tne a,be R, a#0.

CsoiictBa QyHkiuu I crenenu:

1° D(f)=R.
2° I'paduk ¢pynkuuu f nepecekaer ock Oy B Touke (0, b), a ocb Ox — B TOuKe (—%, 0).

3° Hyno ¢pynkyuu: X, =—2.
b
a
b b
Eciu a<0: f(x)>0 mpu xe —eo, = |1 f(x)<0 mpu xe ;

—f(x). B ocraibHbIX

4° Ecmu a >0: f(x)>0 npu xe(—§,+oo) u f(x)<0 mpu xe

5° dyHKIWs SBAsETCs HeueTHO! b ipu b =0: f(—x)=a - (—x)
cirydasx (yHKIUS HU YeTHAsI, HA HeUeTHAsL.
6° Monomonnocme: Tlpu a >0 ¢yukims ctporo Bospactaer Ha R (u3 X, <x, crmenyer
HOCIEN0BATEeNbHO axX, < ax,, ax, +b<ax,+b, f(x,)< f(x,)). IIpu a<0 ¢ynkus
CTpOTO yOBIBaCT.
7° dyHKUA f He SBIAETCS MEPUOJMYCCKOM, MOCKOJIBKY OHA CTPOrO0 MOHOTOHHA Ha
HEOTPAHUUCHHOM IIPOMEXKYTKE.
8° Vicxoms u3 cBoiicTBa 6°, QYHKIHS f HE MMEET JIOKATbHBIX YKCTPEMYMOB.
9° ®dyukuus [ GHEKTHBHA.
10° I'padukom GyHKIMU sBIsieTcs npsivasi. Ee pacrosioskeHre 3aBUCHT OT 3HaKa yIIIOBOTO
Kox(duienTa a = tgo: ecimm a > (0, To mpsiMast 00pa3yeT OCTPHII YTOJI C MOIOKUTEIb-
HO# nosyockio Ox (ot ocu Ox MpOTHB YacoBoii cTpenku) (puc. 7.1 a)), a ecnu a <0,
TO 3TOT yroJu Tynou (puc. 7.1 0)).

a) VA 0) VA a<0

N\
/

Puc. 7.1

mMoaynb ~
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AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

1.2. YpaBHenus I crenenn. HepaBencrsa I crenenn

Ounpenenenns. * Ypapuenue suna ax+b =0, rne a, b€ R, nasniBaercs JuHeiiHbIM
ypaBHeHHeM (TouHee, apUHHBIM YPABHEHHEM).

e Ecmn a # 0, nuHeliHOe ypaBHCHHE Ha3bIBacTCsl ypaBHenueM I cremenn.

Cucmema 0eyx ypasnenuii I cmenenu ¢ 06ymsa HeuzeeCMHbIMU MIMEET BH]
{a1x+b1y =c,
a,x+b,y=c,.
PerieHreM CHCTEMBI SIBISIETCSI YIOPSIOUCHHAS TTapa 3HAYCHH (¢, D) HEM3BECTHBIX, KOTOpast
HpeBpaIaeT KaXa0e yPaBHEHUE CHCTEMBI B BEPHOE YHCIIOBOE PABCHCTBO.
HarnoMHnM MeTO/IbI peIeHys] CUCTEM ABYX ypaBHEHHII | crerieHy ¢ ByMs HEM3BECTHBIMH:
v/ METOJ TIOICTaHOBKH; v/ METOJI IPUBE/ICHHNS; v rpaduueckuii MeToI.

Omnpenenenne. HepasenctBaBuma ax +b <0, ax+b<0, ax+b>0, ax+b =0, e
a#0, a, be R, naspiBarorcs HepaBencrBamu I cTenenu ¢ OXHUM HEM3BECTHLIM.

Kak mpaBuiio, HepaBeHcTBa | CTeNeHN pelialoTcsi Npu MOMOIIM PABHOCHIIBHBIX MTPE0d-
pa3oBaHUM.

Z
%hnanue ¢ peleHueM

Penmm Ha MHOXecTBe R Hepasenctso 3x—6>0.

Pewenue:
3x-6203x>26= x2>2.

I'paduueckn MHOXKECTBO pellICHUIT HEpaBECHCTBA

oL
n300pakaeTcst CIEAYONMM 00pa3oMm: 0 2
Omeem: S =[2, +o0).

MHOECTBOM pEIICHUI CHCTeMbl (COBOKYITHOCTH) HEPABEHCTB | cTeNeHU ¢ OJHUM
HEHM3BECTHEIM SIBIISICTCS IepeceucHre (00beANHEHNE ) MHOKECTB PEIICHU HEPaBEeHCTB ATOH
CUCTEMBI (COBOKYITHOCTH).

2
%32[{31“/16 C peuicHueM

Pemmre Ha MHOKecTBe R: @) cuctemy HepaBeHcTB 3(x—1)2x-6,
’ Y Hep x>5x+4;
0) COBOKYITHOCTh HEPABCHCTB 3(x—1)2x-6,
COBOKYIHOCTb HEPABEHCTB | ' ¢ " 4
Pewenue:
2) 3(x—1)2x—6<:> 3x-32x-6 2x2—3<: x=>-1,5,
x>5x+4 4x <-4 x<—1 x<-1.
Omeem: S =[-1,5; —1).
3(x-1)=2x-6 x=-1,5, ) » .
©) [x>5x+4 <:>|:x<—1. Moyun: s ) x

Omegem: S =R.

@



AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

1.3. J/InneliHble ypaBHEHHSA € APAMETPOM

ITycts F(x, a) =0 —ypaBHeHue, cofepxkaliiee Hen3BeCTHbIC X U a. Eciu cTaBuTcs 3a1aua
JUTSL K&XKJIOTO 3HAYCHUSI @ PEIIUTh YPaBHEHUE OTHOCHUTEIIBHO X, TO ypaBHeHue F(x, a)=0
Ha3bIBAETCS YPAGHEHUEM C HEU36ECIMHbIM X U NAPAMEMPOM a.

Z
%Sauanue ¢ peleHueM

Pemmte Ha MHokecTBe R ypaBHenue, riue a — NeiicTBUTENBLHBII TapaMeTp:
2

a) ax=2; 0) (a° —9)x=a-3.

Pewenue:

a) 1) Ecim @ =0, to momyuaem ypaBaenue (- x =2, KOTOPOE HE UMEET PEIICHHIHA.

Bnaunt, S =J. )
2) Ecnu a # 0, To monyvaeMm ypaBHeHue | crenieHn ax =2, UMeloIiee pelieHue —.

a

3Hauur, S = {2}
a

Omeem: S = mpn a=0; S:{%} npu ae R".

6) (a’-9x=a-3 < (a-3)a+3)x=a-3.

1) Ecnu @ =3, to monyuaem ypaBaenue 0-x =0. 3naunt, S =R.

2) Eciiu a =-3, To mony4aem ypasaenue 0 - x = —6. 3uaunrt, S =J.

3) Ecin a e R\ {£3}, o nonyuaem ypasuenue I crenenu (a —3)(a + 3)x = a —3, umero-

1I€€ PELICHUE sz 3Haunt, S = L
P a+3’ ’ a+3]
Omeem: S =R npu a=3; S=O npu a=-3; S:{_a-1i-3} npu ae€ R\ {£3}.

@ YHpax(Heva n3agayviu

LA

1. Pemmure na muOXkecTBe R ypaBHenwe:

a) 3,5(x—2)=8,(24); 6) V3x—+/2 =0; B) —%+ 6x=2,(2)(x—1).
2. Pemmre Ha MHOXkecTBe RXR, Tpems Meromamu, cuctemy ypaBHEHHIA:
2x—y =3, -0,5x+2y=2,
2) {—3x+2y=—4; % {3x—y=—l.

3. Pemmre Ha MHOXecTBe R HepaseHcTBo: a) 9(x —2) —3(2x+1) > 5x; 6) 4(2x—1)-3(3x+2)>0.

12—x

4. Jawwl pyuxmmu f, g: R—>R, f(x)= ¢

+1, g(x)=-2,5x+6.

a) Haiiaure nynmu dyskuuid [ u g.

6) Omnpenenute uHTEpBalbl, HA KOTOpeiX f(x)20; f(x)<0; g(x)<0; g(x)>0.
B) Haiijure xoopaunarel Touku nepecedenus rpadpukos pynkummit G, u G, .

r) Pemmre Ha MuokectBe R HepasenctBo f(x) < g(x).

S(x)=0,

1) Perre Ha MHO)kecTBe R cucremy HepaBeHcTB
) Y Hep {g(x)>0.

mMoaynb ~
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5.
6.

10.

11.

12.

13.

14.
15.

16.

17.

Pemmre Ha mHOKecTBe R ypaBuenue: a) (1-3x)(2,5x+6)=0; 6) (3;)6 + 10)(2 - IO;x)= 0.

Pemure Tpems meronamu 3anady:

a) 3a paboumii ieHp 25 crpouteneid nmomyywan 6 S00 neeB. 3apruiaTa HEKOTOPBIX U3 HUX COCTaB-
mstet 200 sieeB 3a JIeHb, a OCTAIbHBIX — B 1,5 pasa Oospiie. CKONBKO CTPOUTEIEH MOTyUHIH MO
200 neeB 3a pabouuii qeHb?

0) bacceiin emkocThiO 35,7 TeKTaIUTpa MOKHO HAMOJIHHUThL BOAOHM M3 ABYX TpyO 3a 7 4. 3a uac
4yepe3 oxHy TpyOy mpoTtekaeT Boxsl Ha 90 i1 Oobire, yeM depe3 Apyryro. CKOIBKO BOIBI OCTYIIAET
B 4ac yepe3 Kaxayw Tpyoy?

VkaxkuTe B JEKapTOBOW CHCTEME KOOPAUHAT MHOKECTBO TOYEK:

1) aGcuucchl KOTOPBHIX YIOBIETBOPSIOT HEPABEHCTBY: a) —3<x<2; 0) —1<x<6;
2) opAMHATBI KOTOPBIX YJOBJIETBOPSIOT HEPABEHCTBY: a) —1<y<2; 0) 3<y<s.
Pemmre Ha muoxkectse N ypasuenne: a) P, - A =20P ,; 6) C.,+C ,+C!,=0.

5/

[Ipn KakKnX 3HAYCHHUSX NEHCTBHTEIBHOTO MapamMeTpa d MHOKECTBOM PCLICHHH ypaBHEHHUSI
(a+1)x—-8=0 sBusiercst:

2)S = {8} 6) S={-2}: B) S = ) s:{%}?
PeHII/ITe Ha MHOXXECTBC IR ypaBHeHI/Ie, e a — ﬂeﬁCTBHTeﬂLHLIﬁ HapaMeTp:
a) ax=x+2; 6) (@’ -Dx=2a"+a-3; B) ax =a, r) 2ax—1=x+3.

Hansl dyaxkimn f, g: R >R, f(x)=2x+5, g(x)=1-2x.

a) Jlokaxxure, urto f crporo Bospactaer Ha MHOXkecTBe R, a g ctporo yobiBaer Ha R.

0) Haiinure 3nayenus x, npu kotopbix rpaguk G, pacnonoxken sbime rpapuxa G, .
ax+3y=-a

IIpn xakux 3HAUEGHHSIX NEUCTBUTENHHOTO TMapaMeTpa a CHCTeMa ypaBHEHUH {3 + 3
x+ay=

HUMECT HCOTpHUUATCIbHbIC pemeHI/m?

Pemmte 3amady: a) ¢ MOMOIIBIO ypaBHEHUs;  0) C IMOMOIIBIO CUCTEMbI YPaBHCHHUH.
Paccrosiane mexay nBymst Bok3anaMu paBHO 650 kM. CKOPBIi TTO€3T POXOIUT 3TO PACCTOSTHUE
Ha 12 4 ObICTpee, YeM TOBapHBI 10€3]1, IOCKOJIbKY €r0 CKOPOCTh Ha 24 KM/u Ooiiblle, YeM
CKOpPOCTh TOBApHOro mnoesna. Haiinure ckopocTh KaxIo0ro moesza.

. 7 5. k-2 k
Pemmte Ha MHOXKecTBe N Hepasenctso: a) C,, >C; ; 0) C; >Cp.

CnnaB u3 Menu U ojioBa Maccou 12 kr comepxut 45% meau. CKOJIBKO KHIIOTPaMMOB 0JIOBA
clieyeT JoOaBUTh K 3TOMY CIUIaBy, YTOOBI MOMYYUTDH CIUIaB, cogepskanmid 40% memu?

MNwmeercs cranb AByX copToB ¢ cozepxanueM HUKeNs 5% 1 40%. CKkoIbKO HYKHO B3sITh KaKA0T0
U3 3TUX COPTOB CTAIIH, YTOOBI TIOCIIE UX IUIABKHU 1osryuuTh 140 T cramu ¢ coneprkanueM Hukesst 30%7?

Pemute Ha MHOKecTBe R ypaBHeHue, T1e @ — NEHCTBUTENBHBIN TTApaMeTp:
2 3 3x+1
a) =—; 0)a—-2= .
Sx—a ax-1 x+1

18”. Tlpu kakux 3HAYCHHSX JEHCTBUTEIBHOIO IapamMerpa d CHCTeMa ypaBHEHHIA:

x+QRa-1)y=2a
QRa+Dx+(a’ +2)y=2(a’+a+1)

a) COBMECTHA M OMpE/IeiICHa,; 0) COBMECTHA M HEOIPE/ICIICHa,; B) HECOBMeECTHA?
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B oyHkums Il crenenn. YpasHenus Il ctenenw.
HepaBeHcTtBa Il creneHun

mMoaynb

2.1. @ynknus I crenenn

Onpenenenne. ®ynximsa f: R—>R, f(x)=ax’ +bx+c, tne a, b, ce R, a#0,
HaspiBaeTcs Gynkuuei II crenmenn.

OcHoBHbIe cBOMcTBa PyHKIWH 1] crenenu:

1° D(f)=R.

2° Eciu D=b*—-4ac<0, T0 rpaduk He mepecekaeT ock Ox, a ecniu D=0, TO

_-bxJD
2a

. " rpaduk nepecekaet ocb OX B OJHOHN HITH B JIBYX TOUKaX.

3° Hycte a>0. Ecmu D<0, to f(x)>0 min xe R. Ecniu D >0, 1o f(x)>0 npu
x€ (=0, x)U(x,, +o0) u f(x)<0 npu x€ (x,, x,), x, <x,.

IMycte a<0. Eciu D<0, o f(x)<0 mis xe R. Eciu D=0, 10 f(x)>0 npu
xe(x,x,) u f(x)<0 npu xe (—oo, x,)U(x,, +0), x, < x,.

4° Tlpu b=0 ¢yukmus vernas: f(—x)=a(—x)> +c= f(x). B ocTanbHbIX CIydasx
(YHKIHS HE SBISICTCS HA YSTHOM, HU HEYETHOM.

5°Tlpu a>0 ¢yukumst f cTporo Bo3pacTaer Ha (—%, +°<>) U cTporo yObIBaeT Ha

(— oo, —% ) Ipu a <0 ¢yukums [ crporo yobIBaeT Ha (— %, +oo) W CTPOTO BO3pacTaeT
Ha (— oo, —%) (cm. Mmomyns 5, Teopema 2).

‘ 6° OyHkIws f He ABISIETCS MEPUOANYCCKOM, TOCKOJIBKY OHA MOHOTOHHA Ha OECKOHEUHOM

(HEOTpaHUYECHHOM ) TIPOMEXKYTKE.

b D b
7°Ecmu a>0, 10y = f| —=— |=——, aecimm a <0, T0 X, = ——=— — TOYKA JIOKAJTb-
Fmin f( Za) 4a b ° 2a
HOTO MakcuMyMa (cM. Moayns 5, §2)u y, = a4
a
| 8° dyHKIWs [ HE ABIACTCS OMEKTHBHOM.
9° I'paduk HyHKITHH:
YA D>0 y D<0 y D=0
a>0
\l+ /
N
x\No X, x
A g/ | - R
"4 ol » x ol b x
2a 2a
2<0 YA D>0 Y_£D<O }’_iD:O
A 0| 2a _ O| 2a _
" 4417 Al X X
9N, T
Xy 0_£ Xy X
2a
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2.2. YpaBHenus Il creneHu ¢ 01HUM HeH3BECTHBIM

2
Onpenenenne. YpasHenue Bupa ax +bx+c=0, rue a, b, ce R, a #0, nasbisa-
ercst ypaBHenueM Il cremenn (Wi KBaJpaTHBIM ypaBHeHHeM), a d, b, ¢ Ha3biBa-

I0TCSL €ro KO3(GuIMeHTaMM.

OtmeuaeM, 4To perreHnst ypaBHeHns 11 crenenu ABIsIoTCs abCIccaMyl TOUEK MepecedeHus
rpaduka ¢pyHkmu Il crenenn, COOTBETCTBYONIEH ATOMY ypaBHEHHIO, C 0Cbi0 Ox.

CymecTBOBaHME ICHCTBUTEIBHBIX PEIICHUH KBaJpaTHOTO YPaBHEHUS, a TakKe UX KOJIHIe-
CTBO 3aBHCHUT OT 3HAUCHUS AUCKpUMHMHAHTa D = b*> —4ac nmammorO ypaBHEHUS.

1) Eciu D < 0, To ypaBHEHHE HE UMEET JECHCTBUTENIBHBIX pemenuit. 3uauunt, S = .

2) Eciin D =0, To KBaipaTHOE ypaBHEHHE UMEET OJTHO JICHCTBUTEIILHOE PEIIeHHE: X = —

_l_b
To ecrb, S—{ 2a}'

3) Eciu D > 0, To kBazipaTHOE ypaBHEHHE UMEET JIBA PA3INYHBIX ICUCTBUTEIIBHBIX PEIICHHS:

wo=b=D _-b+JA —b—D —b+/D
N T Ty 2a ‘

! 2a 2a

E.

. 3naunur, S =

VYpasuenue Il crenenu ax’ +bx+c=0, tne a, b, ce R, a#0, neneunem Ha a CBO-
JIATCSI K PABHOCHJIBHOMY HPUGCOCHHOMY KEAOPAMHOMY YPAGHEHUIO:
x2+px+q:0, p, g€ R.

Teopema 1 (Teopema Buerta)

Ecou x,, x, — peleHus ypaBHEHUs Ecou x,, x, — pelieHust ypaBHEHUs

ax’ +bx+c=0, a#0, (1 x2+px+q:0, 3)
b
X tx,=—, X, +x,==p,
TO ! 2 a (2) TO {xi'xzz_q p (4)

X x—c
1 2 a‘

Teopema 2 (oOparHasi Teopema Buera)

Ecnu neficTBuTeNbHBIC UKCHA X,, X, YAOB-
JIETBOPSIIOT COOTHOIICHUSIM (2), TO 3TH YHC-
J7a SBTISFOTCS PEHICHUsIMH ypaBHeHus (1).

Ecnu neifcTBUTENbHBIC UHCTA X, X, YOB-
JETBOPSIIOT YCIOBUAM (4), TO 3TH 4YuCIa
SIBIISTFOTCSI PEIICHUAMH ypaBHEHHA (3).

2.3. YpaBHenus Il crenenu ¢ mapamerpom

Iycte F(x, a) =0 — ypaBuenue Il crenenu, cogeprkaiiiee Hen3BecTHbie X U a. Ecnu cra-
BUTCS 3a/1a4a JUTs KayKI0TO 3HAYCHHS @ PEIINTh YpaBHEHNE OTHOCHTEIBHO X, TO YpaBHEHHE
F(x, a)=0 naseBaercs ypasnenuem Il cmenenu c neuzgecmmuvim X u napamempom .

Z
%%ﬂauue ¢ peleHueM

Pemnm Ha MuokecTBe R YPaBHEHHUEC C NaApaMETpOM d, a e R:

(a=Dx’=2QRa-1)x+4a+3=0.



AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

Pewenue:

1) PaccMoTpuM cHauana ciyya, korja KodhGHUIHeHT py x° MPUHAMAET 3HAYEHHUE HyJTb,
TaK Kak B 3TOM CJIydae 3aJaHHOE ypaBHEHHUE Ipeodpasyercs B ypaBHeHue | crenenu. [lomyya-
eM a=1.

Ilpu a =1 ypaBuenue npuHUMaeT BUI —2x+7 =0 < x=3,5.

2) Ilpu a #1 HaxoouM 3HAYCHHs MapaMeTpa d, MPH KOTOPBIX JUCKPUMHHAHT HPUHUMAET

sHauenne Hymb: D =4(2a—1)° —4(a—1)(4a+3)=-12a+16=0=a= 1%.

1 . .
Ecmu a > 15’ 0o D < 0 ¥ ypaBHEHHUE HE HMEET ICHCTBUTEIBHBIX PEIICHHH.

(2a—-1)—+4-3a

Ecmu a < 1% u a#1, To D>0 uypaBHeHHEe UMEET PELICHUS X, =

a—1
Ra-1)++4-3a
¥ = a—1 '
Omegem: S ={35} npu a=1; S=O npu ae (1%’+oo);
S 2a—1;_\/14—3a’ 2a—1;_\/14—3a i ae(—w,l)u(l,%}

S ={5} npu a =1%.

2.4. Teomerpuyeckasi HHTEPHPETALUs HEKOTOPHIX YPABHEHUH
II crenenu ¢ AByMsl HEU3BECTHBIMU

I'eomeTpuuecKd MHOXKECTBO pe- y
LIEHUH ypaBHEHUS C ABYMs HEU3BECT-
HBIMH H300pa’kaeTcsi COOTBETCTBY-
IOLIMM MHOKECTBOM TOYEK B JeKap-
TOBOH cucTeMe koopauHar. @opma (x—a)’ +(y—b)* =1

(GUrypBI 3aBUCHT OT CTETICHH ypaBHE- y=ax’+bx+c
HHSL U €T0 BUJIA. \r —

HauGonee mpocTbie ypaBHCHHS Q T
II crenenu ¢ IByMsI HEU3BECTHBIMU U S s s
X TeOMETPHUYECKHUE M300paKeHUs oy

MIpe/ICTaBIeHbl Ha pUCYHKE 7.2. 2 xy=k (y = k)
Hcnone3yst ypaBHEHUS 3THX (hu- o X

Typ, MOXHO PCIIMTL Pa3HbIC 3a]a4U.

Z
%Sanalm ¢ pelIeHneM

1. Yacts noporu umeet GopMy npsmoii, 3agaHHoi ypaBHeHneM ) = —4x + 3. Hactsb skenes-

Puc. 7.2

o . 3 .
HOH goporu uMeeT (hopMy TUIIepOOIIbl, 3aJaHHON ypaBHeHHEM ) = —. Ecim npsmonnHeiHast
X

Jopora OyzieT J0CTpOeHa, ePeceueTcs JIM OHA C JKeJIe3HOU 10poroii?

Pewenue:
3aj1a4a CBOAUTCS K HAXOKICHHUIO TOYEK TEPECEUYCHUS COOTBETCTBYIONIMX MPSIMON U
runep0oiisl. B cBOO 0vepesnp, 3Ta 3a7a4a CBOAUTCS K ONPEICIICHUI0 COBMECTHOCTH CHCTEMBI

mMoaynb
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y=—4x+3,
YPaBHCHHM: 3 INoxcraBnsst y BO BTOPOE ypaBHEHHE, MOIYydaeM CHCTEMY
T x
y=-4x+3,
CAx43— 3 . Tak Kak BTopoe ypaBHEHHE He UMeeT JIelcTBHTeNbHbIX pemrennii (I[Iposepere!),
X

TO U CHCTEMa HE UMEET PEeLICHHN. 3HAUUT, JOCTPOCHHAS MPSMOIHHEHHAS TOpOra HE epecedeT
KEJIE3HYIO JIOpOTy.

2. Haiigute pagnyc v IEHTP OKPYKHOCTH, KacaTeIbHOU C
N 4
OCSIMHM KOOpPAMHAT U C THUIEpOoIIon y = (puc. 7.3).

Pewenue:

Hcxons 13 cuMMETpU4ecKnuX CoO0pakeHHH, SICHO, YTO LIEHTP
9TON OKPY)KHOCTH OyJIeT PacIOIOKEH Ha MPSIMOH, 3alaHHON
YpaBHEHUEM ) = X, CJIeIOBaTeNIbHO, €r0 KOOpAUHATAMU OyIyT

=Y

(a, a). Ota psiMasi iepecekaeT runepooiIy B Touke A, Koopau-
y Y= Puc. 7.3
HAaTbl KOTOPOI! SABJISIIOTCS PEIIEHHSIMH CHCTEMBI 4
X

IMomyuaem A, (-2, -2), A(2, 2). 3ameqaem, uto A, (=2, —2) HE YIOBIETBOPSET YCIOBUIO
3agaun. llentp C OoKpy»X)HOCTH OyneT ymOBIETBOPAITH ycioBuio: AC =a, 3HA4WUT,

\/(a -2)’+(a-2)" =a, |a|<2. Monyuaem a=4— 24/2. Takum 00pazoMm, IIEHTPOM OK-
pyxxHOCTH siBsiercst Touka C(4— 242 , 44— 242 ) uee paguyc r =4 — 242.

2.5. YpaBHeHus ¢ MOAyJIeM

ypaBHeHI/IFI C MOAYJIEM PECIIAKOTCA pa3sIMYHbIMU METOAaMU.

I Ipumenenue onpexeseHns MOIyJist
x—2=5 [x =7,
(=1

X—2:—5 x:—3. Omgem" S: {73’ 7}

IIpumep. |x-2|=5& [
& Mcnosnb3oBanne coornomenns | f(x)|=|g(x)| < fi(x)=g"(x)

2
g,
x=4.

Hpumep. |x+3|=|2x—1] (x+3)> =(2x—1)> 32’ —10x-8=0& | * 7~

Omeem: S = {—%, 4}.

& Npumenenne coornomenus | f(x)|=|g(x)| <:>[

f(x)=g(x),
S(x)=-g(x).
2 _ = 2 _ —4 = = —
Ipumep. |x* —x|=|4+2x| & xz X=4+2x = x2 x—4 0@ x=-1,
X' —x=—4-2x X 4+x+4=0 x=4.
Omeem: S = {-1, 4}.
& Wcnoab3oBaHMe BCIIOMOTATebHBIX HEH3BECTHBIX (3aMeHA HEM3BECTHBIX)

2
Ipumep. Pemnm na muoxectse R ypasnenne 2x°—|x|-1=0.

®
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Pewenue:

O/3: xe R.Mycts | x|=1, 1 20. Tak kak x° =| x|*, 1o nomyunm ypasuerne 2t>—1—1 =0,

mMoaynb ~

1
UMerolee KopHH 1, =1, 1, = —3 3HAYUT, PEIICHUE UCXOIHOTO YPABHEHHS CBEIIOCH K PELIICHHIO
|x|=1 -
1% X = 1’
COBOKYIIHOCTHU U3 JBYX YPaBHEHUIL: x| = 1 & l: - Omegem: S = {-1, 1}.

% IIpumenenne MeToxa MHTEPBAJIOB

Ilpumep

Penm Ha MuO)ectBe R ypasuenme |2x—1|—3|x+3|=2x.

Pewenue:

1) Ompenenum OJ13: xe R.

2) HaxoauM HYITH BBIPQKEHUM, CTOSIIUX T10]] 3HAKOM MOJTYJIS:
2x-1=0&x, =0,5; x+3=0&x,=-3.

3) IlomydeHHbIE HYNU IENAT YUCIOBYIO OChb (B 00-
meM cirydae OJ13 ucxoaHoro ypaBHEHHs) HA HHTEPBAJIBI W

(—o0; =3), [=3; 0,5), [0,5; +o0): -3 0.5 *
4) PackpbiBacM COOTBETCTBYIOLIHE MOIYIH Ha KaXK- —; — -t ++
JIOM HHTEpBAJIE: -3 0,5 X

5) Pemaem ypaBHEHHE Ha KakKJIOM MHTEpBAJie C YYeTOM PACKPBIBAEMOCTH MOJIYyJIeH Ha
COOTBETCTBYIOLIEM HHTEPBAJIE.
PaccmoTpuM cnenyromue ciaydau.
a) Jlns x € (—o0,—3) umeem 2x—1<0, x+3<0. Torma |2x—1|=—(2x—1),
| x+3| =—(x+3) unonyuaewm:
(2x-1D+3x+3)=2x=—x+10=0 x=10¢ (—oo, -3).

Wrax, x = 10 He siBisieTcs pelleHneM UCXOQHOTO yPaBHEHHUSI.

0) s xe [— 3, %) umeeM 2x — 1 <0, x + 3 = 0 u nony4aem:

—(2x — 1)—3(x+3)=2x<:>—7x—8:0<:>x:—%€|:—3, 5)

8
CrenoBarenbHO, x = — - pelIeHre UCXOMHOTO YPAaBHEHHUSI.

B) [lns xe [%, +°<>) umeeM 2x—12>0, x+3>0 u nomyyaem:

3

10
3HauuT, X = -3 HE SIBJISICTCS PEIICHUEM UCXOAHOTO YPaBHEHHUS.

2r—1-3(x+3)=2xe x=—0¢ B,m).

6) OTBeT npecTaBiIsieT cO00H 00beIMHEHNE MHOYKECTB PEIICHUH, TIOYYEHHBIX B KAYKIOM
U3 PACCMOTPEHHBIX CITyYacB.

Lg-)_8
Omeem.S—{ 7}.
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&l I'papuuecknii Meron

Ilpumep

OnpeznenuM, NpH KakUX 3HAUYEHHUSX JEHCTBUTEIBLHOIO MapaMer- \ 4
pa a ypaBHeHue | x*—2x—3|=a umeeT TpH JIeHCTBUTEIBHBIX PEILCHHSL.

Pewenue:

CrponmM rpaduk GyHKINH, 3a1aHHOH OopMyITon
f(x)=|x*=2x—-3]|. 3ameuaem, 4TO TOIBKO HpPSAMAs MAPAJLIEITh- _10
Hast ocu Oy, 3aJlaHHas ypaBHEeHHEM y = 4, uMeeT 3 001I1e TOYKU
C TIOCTPOCHHBIM TpahUKOM.

Puc. 7.4

I/ITaK, npu a = 4 HUCXOJHOC YPaBHCHHUE UMCCT POBHO TPU JIENCTBUTEIIBHBIX PECIICHUA.

2.6. HepaBencrBa Il creneHu ¢ 0lHUM HeH3BECTHBIM

Onpenenenne. HepaBenctsa Buna ax” +bx+c>0, ax’ +bx+c >0, ax’ +bx+c <0,
ax’ +bx+c¢<0, rue a, b, c € R, a # 0, HaspiBatorcs HepaBencramu 11 crenenn ¢
OJJHHM HEH3BECTHBIM.

Paccmotpum nBa merona pemienust HepaBeHeTB Il crenenu.

1! Tlpumenenune pe3yabTATOB MCCIEIOBAHHS (PYHKIUH

Iycts pynkius f: R > R, f(x)= ax’ +bx+c, a, b, c € R, a#0. B rabuuue yKa3aHbl
MHO)KECTBA PEIICHUH HEPABEHCTBA ax’ +bx+c¢>0, a#0, B3aBUCHMOCTH OT 3HAYEHH KO-

—b-D _—b+D
2a, a

s¢duunenta a u auckpumunanra D = b? — 4ac, rae x, = 5 >
a
k

(D =0) — pemenns ypasrerus ax” +bx+c=0, a#0.

3uaueHust | MHOXKECTBO pelIeH!H HepaBeHCTBa | 3HAK (YHKIMH, 3a1aHHON (HOpMyIoi
a D ax’ +bx+c>0, az0 f(x)=ax’ +bx+c, a#0
D>0 S=(_°°, x])U(-x29 +°°)
YA
a>0 D=0 S:(—oo, —i)u(—i, +oo) A\ |+
2a 2a
_bJjOo X
2a
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D>0 S=(x,x,) X

D<0 S=0

3ameuanue. MHOX)ecTBO pelieHuil HepasenctBa ax” +bx+c >0, a#0, nonyyaercs
nyTem 100aBIeHus pemennii ypapuenus ax’ +bx+c=0, a#0, k MHOXeCTBy pellie-
Huil HepaBeHcTBa ax° +bx +c > 0. HanpuMep, MHOXKECTBOM pElICHHMII HEPABEHCTBA
ax’ +bx+c20 npua >0, D> 0 sBisercs MHOKeCTBO S = (—oo, x,]U[x,, +0).

AHAaNOrMYHO MOMyYa0T MHOKECTBA PELIEHHHT pyrux BUI0B HepaBeHCTB 11 crenenw.
2! Meroa HHTEPBAJIOB

M3105KMM CyTh IPUMEHEHHS METO/IA MHTEPBAJIOB HA IPUMEPE pellieHns Ha MHOKeCcTBe R
2
HepaBeHcTBa X —7x+12<0.
Pewenue:

O/13: xe R. PemenusiMu kBajpatHoro ypasHenns x° —7x+12=0 spusores x, =3,
x, =4. Pasnoxnm Beipakenne x° —7x+12 Ha MuokHTemm: x° —7x+12=(x—3)(x—4).
Torpa moxyunm HepaBeHCTBO (X — 3)(x —4) < 0, paBHOCHIIBHOE UCXOTHOMY.

+
[TpuMeHNB METOIl HHTEPBAIOB, CTPOUM ,,KPHUBYIO 3HAKOB +A3UL§

Urak, xe[3, 4].
Omeem: S =[3, 4].

2.7. HepaBeHcTBa ¢ MOAYyJIeM

HepaBeHCTBa C MOYJIEM TAKKE PEIIAOTCA pa3HbIMU METOAaMM.

I HepasenctBo Buaa | f(x)|< g(x) B OJI3 paBHOCHILHO IBOHHOMY HEPABEHCTBY

f(x)=2—g(x),
—g(x) < f(x) < g(x), 10 ecTh cucTeMe { f(x)<g(x).
Ilpumep
|3x—5|S4c>—4£3x—5£4c>1£3x$9’;>xe[%’3:|'

AHaNOru4HO /s cirydas ,, <.

mMoaynb



‘ AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

MoAayib

& HepasencrBo Buaa | f(x)|=g(x) na O[I3 paBHOCHIBHO COBOKYITHOCTH

[f(X)Zg(x),

f(x)<—=g(x).

Ilpumep

[2—x]| 23@[§:§§i3@[§§;1@ x€ (—oo, —1JUI5, +e0).

AHaJIOTUYHO JUIs cily4ast ,,> .

& Mertox 3aMeHbI HEM3BECTHBIX
Ilpumep
Pemmm Ha MuoskectBe R Hepasenctso (x—1)" —4|x—1]+3<0.
Pewenue:
Umeem (x—1)* =|x—1|*. Tlycts | x—1|=¢, ¢ >0. Torya nomyyaem HepaBeHCTBO
t* —4t+3<0, umeromee pemenus f€ [1, 3], wm 1 <7< 3. Bo3spaIasch kK HEH3BECTHO-

My X, I10JIy4aeMm: lx—1|21,

< -1 <
I<|x 1|—3‘i’{|x—1|s3.

Pemraem nepBoe HEPaBEHCTBO CHCTEMBI:

|x—1]21 @[ijil_l [ﬁé@xe (—o, 01U[2, +2).
J1st BTOPOTO HEPABEHCTBA HMEEM:
|x—-1|<3& B<x-1<3 2<x<4oxe[-2,4]. 0 5 >
Urak, cHcTeMa, a 3HaYUT U HCXOIXHOE HEPABEHCTBO HMe-
ot peenust: xe [—2, 0]U[2, 4]. -2 4 x

Omeem: S =[-2, 0]U[2, 4].

& Mertox unTEPBAIOB. ATTOPHTM IPHUMEHEHHUS TOr0 METOJA JUTS PEIICHHS HEPABEHCTR
€ MOZYJIEM aHAJOI'MYEH aITOPUTMY PELUEHUs YPaBHEHUH C MOIYJIEM.

@ YnpaxHeHus n 3agaym

1. Pemure na muoxectBe R HepaBeHcTBO:
a) x’=5x+6>0; 6) 3xP —x+1<0;  B) —2x°—x+4<0; 1) 2x+7>2x>+8x+11.
2. Haiinure npomexyTku, Ha Kotopeix (yrkius f: R — R npurnmaer nonoxkurensubie (orpuiia-
TeJbHbIC) 3HAUYCHUS:

a) f(x)=3x"—4x+1; 6) f(x)=—2x2—4x+%; B) f(x)=x"+3x.

3. Haiigure o6nacts onpenenenus ¢yukuuu f: D — R:
2 f(0)=3-2x—x"; 6) f(x)=———
\/\/gxz -2
B) £(x) =2 +(1=-3)x—+3.

@




10.

11.

12.

13.

14.

15.

16.

AnemMeHTapHble (pyHKUUU. YpaBHeHusi. HepaBeHcTBa

Kocmuuecknit kopalip 3amyIiieH ¢ HadaibHOH ckopocThio 100 m/c.
3aBHCHMOCTh MEXXIy MPOWICHHBIM PACCTOSHUEM /I M BPEMEHEM [
samana Qynkuuei A(r) =1007 —4,91>. Kakoe paccTosHHE mporere-
1 kopabub 3a nepBbie 10 cexynna?

Haiigurte THHBI CTOPOH MPSIMOYTOJNBHAKA ¢ MAKCUMAJIBHOM MToma-
IIbI0, ecnu ero nepumMetp paseH 20 cm.

3anuimTe ypaBHEHHE OKPYKHOCTH C IeHTpoM A(4, 5), Kacaromeii-
cs mpsiMort y =2x + 3.

Pemmre Ha mMHOXectBe R ypaBHenwue:

a) |x—8|=2; 0) |3x+1]|=-5;

B) [x+2]|=|x-3]; r2|x—1|=|x-3|-|4—x]|;

| x> =5x+4|=2; e) [x(x—-3)| =4.

Pemre Ha MHO)ecTBe R HepaBeHCTBO:

a) |[x—2|<3; 0) 5|2x+1|2-1; B) | —6(x+3)|>4;

r) x° —3|x|-4<0; m | x| |x=1]=20; e) |x—1|-|x-2]|<6.
Haiizure Touku jokanbHOro skcrpemyma s Gpynkuuu [ R — R:

a) f(x)=]2x" =3x+1]; 6) f(x)=2]x|"=3|x|+1.

M4, TOAOPOIICHHBII BBEPX ¢ Ha4aJIbHOU CKOPOCTBIO 72 M/c, OyIeT HaXOmUThCS Yepes3 ¢ CeKyHI
Ha BBIcoTe A(t) =72t—4,9t" (oT moBepxHOCTH 3eMinm).

a) Haiinure BbIcOTY, Ha KOTOPOH OyJeT HaXOMUThCA MY 4epes 5 c.

0) Uepes CKOJIBKO CEKyHII Msd ymaJieT Ha 3emiro?

Haiigure o6nacte onpeneienus Gpynukmuu f: D —R:

2) f()=—""2 6) f(x)=yx'—|x:

X2 =5x+6"

B) f(x)=vx"+x—-v9—-x7; r) f(x)=ﬁ—\/x2—3x—4.

Pemmte rpaduyecku cUCTeMy, a 3aTeM aHAIUTHYCCKU TPOBEPHTE €€ PELICHHS:

2 x* —4x—6y =20, 5 X' —8x—4y=6, | X +y* =36,
xy =-8; Y +5y-5x=0; x* +6y=36.

a) 3amuImTe ypaBHEHHE OKPYKHOCTH, mpoxosieit gyepe3 touku A(2, 0), B(5, 0) u xacaro-

mreiicst ocu Oy.
6) Haiiute KOOpIMHATHI TOUEK mepecedeHus mapabon y=-2x"—x—6 u y=x"—2.

B) Haiiite KOOPIMHATHI TOUEK MEPECEUSHHs THIEPOOIBI VX =2 U OKpYXHOCTH X~ +)° =4,

Pemnte Ha MHOXecTBe R ypaBHeHwme:

a) |x—1|-3|x+4|=x; 6) ||2x+1]-2x|=3|x+2|; B)ﬁ=l3x_ll'

Pemte Ha MHOXecTBe R HepaBenctso:

a) | x* —9x+18|+ x>5; 0) [2x=3|>|x=5|-3|2—x|;  B)|x—4|=2]|x+2];

r)w>0; n|2x* —x—1]<0; e) |[1-3x]|-|x* —x|>0.
(x=1

Pemnre Ha MHOkecTBe R ypaBHeHue, rie @ — JeiiCTBUTENbHBIA Mapamerp:

a) |[x—a|-2|x-4]=2; 0) |x+2]+|3x-1|=a.

monaynb
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17.

18.

19.

20.

21°%.

22.

237,

24,

Haiigure neifictBuTenbHbIE 3HaUYEHMs MapameTpa d, MPU KOTOPHIX HEPaBEHCTBO
2 o
ax”+(a—1)x—(a—2)>0 ne numeer pemennii Ha MHOXKeECTBE R.
Haiinute neiictBuTenbHble 3HAUEHMs MapamMeTpa d, IPU KOTOPBIX HEPABEHCTBO
2
(a=Dx" +(a+1)x—(a+1)>0 umeer pemenus ans Beex x € R.
Haiinure neiicTBuTebHBIC 3HAUCHHS MApaMeTpa d, P KOTOPHIX HEPaBEHCTBO
2
x —(4a+1x+(a+2)Ba—-1)>0 umeer pemrenust s aodoro x < 0.

Haiinute neficTBUTENbHBIC 3HAYEHUS MAapaMeTpa @, MPH KOTOPBHIX HEPABEHCTBO

7a* +a-2
x+a+l

Hust pysxuun f: (—oo, —1] — (—o0, =2], f(x)= —x* —2x—3, Haiinure f’].

<7a—-1 He UMEET IOJOKUTEILHBIX pemeHI/Iﬁ.

2 2 o
Ilycte maHa OKpyKHOCTH X~ + )~ =9. 3anummre ypaBHEHHE OKPYKHOCTH, IPOXOISIICH 4e-
pe3 Hayayio MpsMOYTONbHOM cructemMbl KoopauHat, Touky A(l, 0) u koTopas kacaercs 3aaaH-
HOH OKPY>KHOCTH.

HaﬁZ[PITC 3HAYCHUA Z[eﬁCTBI/ITCJ'II)HOFO napamMeTpa d, Ipu KOTOPbIX MHOXECTBOM pCIHeHI/Iﬁ
ax
<15
CHUCTEMBI HEPABECHCTB x +4 SIBJIACTCA MHOXKECTBO IR

6x* —48x* +96=0

Ipy KakUX 3HAYCHMSIX JACHCTBHTENBHOIO MapamMeTpa @ Jroboe pelleHne HepaBeHCTBa
x> —=3x+2<0 sBusercs u pemenuem Hepasenctsa ax- —(3a+1)x+3<0?

PyHKumMA paaukan. CreneHHasa dyHKums. UppaumoHarnbHble

YpaBHEHUA. I/Ippau.MOHan bHbleé HepaBeHCTBa

3.1. ®yHKuMsA paguKan

Omnpenenenne. MYHKIUAMH PaguKaJl Ha3bIBAIOTCS (YHKINU

f: R>R, f(x)=>Vx, u g R, —>R,, g(x)=%x, neN".

10
20

30

40
f

Ilpumep
fii R>R, fi(x)= Vx u Lt R, >R, f,(x)= ix, - (GyHKIHH pajuKa.

OcHoenvle ceoiicmea ynxkyuu paouxan

fiR>R, f(x)="¥x &R, >R, g(x)=%/x

D(f)=R. 1° D(g)=R,.

V dynximm f enuncTBeHHbIA Hynb: x, =0. | 2° YV byHKIMN g eTMHCTBEHHBIH Hyb: X, =0.

Touko#t mepecedyeHus rpaduka G, c Toukoii mepecedenus rpadpuka G, ¢

oceto Oy sBnsiercs Touka O(0, 0). oceio Oy sBisiercst Touka O(0, 0).

f(x)>0 mpu xe (0, +o0); 3° g(x)>0 mpu xe (0, +o0);

F(x)<0 mpu xe (—os, 0). (yHKIHS g He IPUHAMAET OTPUIIATEIIbHBIC
3HAYCHUSL.

OyHKIWMs [ — HeYeTHAs: 4° ®OyHKIUS g HE SBISETCS HU YETHOW, HA

(—x) = g =22y o = — f(x). HUYETHOM, TOCKOJIBKY MHOXECTBO D(g)
He cuMMeTpuaHO oTHOcUTeNnsHO O(0, 0).

&
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5° ®yuKws f cTpOro Bo3pacracT Ha MHO- | 5° DyHKIHWS g CTPOro BO3pacTaeT Ha MHO-
xectBe R (BITekaer u3 cBoiicta 7° xectee R, .
paauKaoB).

6° OyHKIMSA f HE SBISIETCS EPHOANIECKOMH, | 6° OyHKIWS g HE SIBISIETCS IEPUONIECKOM.
MOCKOJIBKY OHa CTPOTO MOHOTOHHA Ha
0ECKOHEYHOM IIPOMEKYTKE.

7° OyHKIMSA f HE IMEeT JIOKANBHBIX OKcTpe- | 7° DyHKIUS g He MEeT JIOKATBHBIX IKCTpe-
MYMOB, TaK KaK OHa CTPOTO0 MOHOTOHHA MYyMOB.
Ha OCCKOHEYHOM MPOMEXKYTKE.

8° Oyukus f OMEKTHBHA. 8° dyHkuMa g OUEKTUBHA.

9° ®yukius f oopartuma. Ob6parHoit GpyHk- || 9° DyHkuus g odparuma. O6parHoOl PyHK-

uueii k f spogerca f 't R —R, umeii k g seuseres g 2 R, >R,
f ) =x"" gl (x)=x".
10° I'paduk GysKIMYI 10° I'paduk GyHKIHHK
fi Ro>R, £f(x)="%x, neN": g:R, >R, g(x)=4/x, neN:
y y

=Y

MO O ’

3.2. CteneHHasi (pyHKIHUS ¢ el CTBUTEJbHBIM MOKa3aTeleM

Onpejgenenne. CreneHHoll pyHKUMell ¢ 1elicTBUTeIbHBIM MOKA3aTe1eM Ha3bIBa-
erca pynxims Buna f: RT =R, f(x)=x% aeR \{1}.

Ocnosnvle ceolicmea cmenennoil Qynkyuu
o *
1° O6nacThio onpenenenus crenenHol Gynkuun f sensercs R,, mockombky crenens ¢
JEHCTBUTEITHHBIM ITOKA3aTENIeM PACCMATPHBACTCSI TOJIBKO [UTS TIOJIOKUTEIIHHOTO OCHOBAHUSL.

° o *
2° U3 cBOMCTB cTenenu cienyet, uto Ha R, ¢ynkims f crporo Bospacraer npu o >0 u
ctporo yobiBaet ipu o < 0.

3° Oyukuys f HE SBISETCS HU YE€THOU, HM HEYETHOM.

4° ®OyHKIMsA [ HE SBIACTCS MEPHOTUYECKON U HE MMEET TOUCK JIOKAJIBHOTO 3KCTPEMyMa,
MOCKOJIbKY OHa MOHOTOHHA Ha D( f).

5° I'paduk creneHHOM (GYHKIMHA CTPOUTCS B 3aBUCHMOCTH OT 3HAYCHHI ITOKA3aTeIIs CTCTICHH.
Bo03MOXHBI ClIeAyIOIIHe BUIBI TPapUKOB CTeeHHOW QyHKIMH (puc. 7.5):

0t 0t 9 e

Puc. 7.5

mMoaynb
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1
3ameuanue. dynxuuny, 3aganubie popmynamu f (x) =x" u g(x) =4 X, rae n—HeYeTHOE
HATYPaJbHOE YHCIIO, PA3JINYHBI, TOTOMY YTO PA3JIMYHBI X OOJACTH ONPEICICHUS:

D(f)=R., a D(g)=R.

@ YHpax(Heva n3agayviu

LA

1. Haiigure o6nacts onpenenenus ¢yukuuu f: D — R:
8) f(0)=vx=3; 6) f(x)=3x+3.

2. Tocrtpoiite rpaduk GyHKIUU:

a) L R>R, f(x)=x"; 6) : R>R, f(x)=¥x.
3. Hccnenyiite Ha 4eTHOCTH WM HedetHOCTh QyHKuMO f: R —>R:
a) f(x)=x" 6) f(x)=x".

(5

4. Haiimure cymmy u nipoussenenre dyukmmit f, g: D > R:

a) f(0)=x", g(x)=x"; 6) f(x)=x, g(x)=¥x.

5. HaiiguTe o0nacTh omnpeaeiaeHus ¥ MHOXKECTBO 3HaueHuil Gpyukuuu f: D — R:
a) f(x)=v2x—x; 6) f(x)=+1—x; B) f(x)=,| 2’;4.
X

6. HOJ'H)?)YSICL OIIpeACJICHUEM MOHOTOHHOCTH, HaluTe MMPOMEIKYTKH MOHOTOHHOCTH (l)yHKHI/II/I
1

fiD>R:a) f(x)=x>+2; 6) f(x)=(x+2)*; B) f(x)zx%+4; T) f(x):(x+4)§‘

7. Joxaxwure, uto GpyHkuus f: D — E obpatuMa, U HaiJuTe COOTBETCTBYIOIIYIO €l 0OpaTHYIO
(yHKIMIO:

a) fR.SR,, f0=x" 6 f:R, 5R, f()=+4x; ) LRSR, f(x)=3 %.

8". Haiinure cymmy, npoussenenue u komnosuimio f o g ¢dyukiuit f, g: R—>R:

W f(0=x, gn=" 6) f(0=2, g0 =Ax.

3.3. UppauuoHa/ibHbIe YPABHECHUS

3agaua. Y ¢epmepa 1Ba yyacTka 3eMJIM KBajapaTtHOW (Gopmbl. [lmomans ogHOTO U3 HUX
Ha 32 coTku MeHbllle Apyroro. Haiinure miomanb KaxJI0ro y4acTka, €Ciid U3BECTHO, UTO
oOmrast IirHA orpajiel paHa 320 M.

Pewenue:

ITycts x M? — mUIoIIaIb MepBOro yuactka, roraa (x — 3200) m? — miomiaap BTOPOro ydact-
ka. ComIacHO YCIIOBHIO 3allaud, IMOJTy4aeM ypaBHCHHE 4«/;+4\/x—3200 =320. Oro
YPaBHEHHUE HA3bIBACTCSI UPPAIUOHATIBHBIM.

HazoBem UppayuoOHalIbHbIM ypaéHeHuem TaKOC YPaBHCHHUE, B KOTOPOM HEHU3BECTHOE CO-
JCPKUTCA 1104 3HAKOM KOPHS WJIM B OCHOBAHHUU CTCIICHU C pAllMOHAJIbHBIM ITOKa3aTCJICM.

®
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3 1

Hanpumep Yx—x+1= 2, X2 +4x* +3=0 SBIEOTCS HPPALHOHATBHBIMH YPABHCHISIMI.

OTMeTHM, 9TO IPU PELICHHH MPPAUOHANBHBIX YPaBHEHUH B pe3yibTaTe HEKOTOPBIX
peoOpa30BaHMUiA BO3MOKHO MOSIBIICHHE TOCTOPOHHUX PEIICHUH. DTO MOXKET OBITh 00YCIIOBICHO
fx)=g(x),
f(x)=—-g).
UCXOOHOTO ypaBHEHHs [ (X)= g(X) MOXEM IOJYIUTh M MOCTOPOHHHUE PEIICHHsI, @ IMECHHO
perenns ypaBaenus f(x)=—g(x).

Wtak, B pe3yinprare Bo3BeIcHUsS 00enX yacTeil ypaBHeHUs f(x) = g(X) B YETHYIO HATYy-
PaTBbHYIO CTEIICHb MOYKEM MOJIYYUTh TOCTOPOHHUE PEIICHHS.

Z
%3&13}{“6 ¢ pelIeHueM

Pemnm Ha Muoxectse R ypasuenne V4 —x =—x—2.

mMoaynb

TeM, uTo, Hanpumep, i modoro ke N°, f*(x)=g* (x) & [ IosTomy st

Pewenue:

BosBenst 06e YacTH ypaBHEHHs B KBajIparT, ojydaeM 4 —x=x" +4x+4 < x> +5x=0.
HaxomnM, x, = =5, x, = 0. [IpoBepKkoii B ICXOMHOM ypaBHECHUH yOeK1aeMcsl, IT0 — 5 SABIIeT-
cst pemieHreM, a () He SBISICTCS PEIICHHEM JIaHHOTO YPaBHEHUsI (3TO PEILCHUE YPaBHEHUS
Jai-x=x+2).

HarromunM, eciti 06e yactu ypaBaenus f(x) = g(x) omHoro 3Haxa rpu odbom x€ O3,
10 s Beex ne N ypaBuenns f(x)=g(x) u (f(x))" =(g(x))" paBocubusl Ha OJ3.

PerieHre uppannoHaibHbIX YpaBHEHHH OCHOBAHO Ha CIIEYIOIIEH TeopeMe:

Teopema 3. Jlna mo6oro ne N’

F)=(g(x)™,

ABHCHUC 2y X) = X ABHOCHJIBHO CUCTEMC
yp X f(x)=g(x) p 2(x) 0.

2n+l1

a ypasaenue "4/ f(x) = g(x) paBHOCHIBbHO ypaBHeHHIO f(X)=(g(x))™"" .

| 3aoanue. Jlokaxute TeopeMy 3.

2
%Saz{aﬂne C peuicHueM

PermM Ha MuokecTBe R ypasuenne v1— x> = x+1.
yp

Pewienue: >_1
3 x+1=20 t = x=-1,
NI-x" =x+l&e ) , o4 x=-1
I1—x"=(x+1) =0 x=0.

Omeem: S ={-1, 0}.

OtmetnM, uto ypaBHeHus f(x)=g(x) u f(x)=-—g(x) umeror ogny u Ty xe OJI3.
TToaToMYy, pelrB 3a1aHHOE YPaBHEHHE METOIOM BO3BEICHHUsI 00EHX YACTEM B UCTHYIO HATYPallb-
HYIO CTETICHb M YOCIMBIINCH 3aTeM, YTO HalICHHOE pelieHre X, mprHaIeskut ero OJ13, Mbl
elle He MOYKeM YTBEPIKIaTh, 4TO X, SBISETCS PELICHUEM 3a[aHHOT0 ypaBHeHuUst. OHAKO, €CIIn
X, ¢ O/13 3amaHHOrO ypaBHEHHSI, TO X,, SIBISIETCS IOCTOPOHHUM PELICHHEM 9TOT0 YPABHEHHMSI.

ITocTOpOHHHE PEIIeH s TAK)KE MOT'YT MOSBIIATHCS B PE3YJIBTATE BBIIOIHEHUS HEKOTOPBIX

noACTaHOBOK.
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Z
%32}13"“0 ¢ pelieHueM

Pemnm Ha MHOXKecTBe R ypaBHeHue Vx+1+38x+1=3x-1 (1).

Pewenue:

Bossenem B ky6 06e yactu ypaBHeHH (1) ¥ OTy4ynM ypaBHEHHE

i/(x +1D(Bx+1) (3\/x +1+3/3x+ 1)=—=(x+1) (2), paBHOCHIIBEHOE 33 JAHHOMY.

3
Vuutsias ypaHerue (1), 3amenuM B (2) BeIpaskeHHe U3 CKOOOK BbIpakeHMeM VX —1 u

MOJTYYHUM {/ (x+D(x-DBx+1) =—(x+1) (3). Bo3enem 06e yactu ypaBHeHus (3) B Ky6 u

nosyuum ypasrenue (x+1)(3x+1)(x—1)+(x+1)’ =0, umeroutee pemenns x, =—1, x, =0.
IMpu NOICTAaHOBKE HAMJICHHBIX 3HAYCHUH X B 33[aHHOM YPaBHCHUH yOEKIAEMCS, UTO €ro
PCIICHUEM SIBJIACTCS TOJIBKO —1.

Omeem: S ={-1}.

[Tpu Bo3BeneHHM 0Oeux Yacteit ypaBHeHus (1) B KyO mosydmiu ypaBHeHUe (2), paBHO-
cunbHOE 3afaHHOMY. OflHAaKO Moclenylomas 3aMeHa BeipaxkeHus 3 x+1+3/3x+1 nHa

BBIPAXKCHUEC \3/ x—1 IpHUBEJIa K MOSABJICHUIO ITOCTOPOHHETO PCUICHUS.

3ameuanue. Ilposepka siBnsieTcss He0OXOMUMOW YaCThIO PEIICHUS UPPAIMOHATBLHOTO
ypaBHEHHUS, KpOME CIy4yaeB, KOTJa BCE YPaBHEHUS, MOJYUYCHHbIC B MPOIECCE PEIICHUs,
SIBJIIIOTCS. pAaBHOCHJIBHBIMHU 33/jlaHHOMY Ha OJ13 ucxoaHoro ypaBHEHHUsL.

Ooun u3 oouwux mMemo0oe PelieHns HPPallMOHAIbHBIX YPAaBHEHUN COCTOUT B CBEACHUHU
UX K ypaBHEHUAM (CHCTeMaM, COJepKalliM KaK ypaBHEHHUs, TaK U HepaBeHCTBa) Oe3 paau-
KaJIOB, pAaBHOCWJIBHBIM 33JJaHHOMY MPPAIllIOHAILHOMY ypaBHEeHHUI0. [Ipu npuMeHeHHH 3TOTo
METo/1a IPOBEPKA HE 00s13aTeIbHA.

Z
%Bauanue ¢ peleHueM

Pemum Ha MuOkecTBe R ypaBHenue +/2x+3 = x.

Pewenue: 0
x>
x>0 x>0
N2x+3 = =-1 =3.
TN o320 T —2x-3=07 [;3 =
Omeem: S ={3}.

I/IHOF)Z[a TMPUMCHCHHUEC 3TOr0 METOAA YCIIOKHACT IMPOLCCC PCIICHUS, [TI0OOTOMY B TAKUX CIIydasax
UCIIONB3YIOT APYTUe METO/IbI (TeopeMy 3 WITH HUXKE PACCMOTPEHHBIC METO/IbI).

Ecmn Haxoxxnenne OJ13 wmu pemenne HepaBeHeTBa g(x) =0 croxkHee, 4eM caMmo pelieHne
MPpanMoHAIEHOTO YPaBHEHN, TO He Hy»HO HaxoanTb OJ13 n pemats HepaBeHCTBO g(x) =0,
a TOJIBKO MMPOBCPUTD, YAOBJICTBOPAIOT JIM NOJIYYCHHBIC PEIICHUS 3TUM YCJIOBUSAM.

WNnorpa naxoxaenuem OJ13 3aBepluaeTcst peleHne 3aJaHHOTO ypaBHEHUsL.

®
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Z
%32}12]”& ¢ pelieHueM

Pemum Ha MHOKecTBe R ypaBHEeHHE Vx+/2—x =/x-3.

Pewenue:
x=0
x=>3, .
O/3::2-x20& ) Dra crcTeMa HEpaBEHCTB He UMEET PEIIEHHUH, CIIEI0BATENBHO,
x—-320 -
1 UCXOJJHOE HEPABEHCTBO HE UMEET PENIEHHUIA.
Omeem: S =Q.
PaccMOTpUM HEKOTOpBIE METOJIBI, YaCTO TIPUMEHSIEMBIE TIPH PEICHUH UPPAITHOHATBHEIX
YpaBHEHUI.
Y MeTton Bo3BeneHHs1 00€HX YACTell yPABHEHHsI B OHY M Ty jK€ HATYPAJIbHYIO
cTeneHb

Kak npaBuiio, 3T0T METOJ UCIIOJIB3YETCSI IIPU PELLICHUH YPaBHEHUH BUA:

V() = g0 4§ £ () £4/g(x) = h(x); §f(x) £4/g(x) =4/h(x), ke N, k>2.

M5l yke IPUMEHIIH 3TOT METO/[ [IPH PEIIeHUH ypaBHeHHs: /2x+3 = x (cm. cTp. 124).

Ilpumep
Pemmm Ha MHOXecTBe R ypaBHenne v x+1++/3x+1=8.

Pewenue:
jx+120 1
Haxomum O/13: {3x+120c>xe[ §,+ )

VenuHsist OMH pajiiKai v BO3BEIS 00€ YacTh B KBAIPAT, TOIYyIUM:

Wx+1)=8—-+/3x+1)’ @ x+32=83x+1.

ITocre Bo3BeneHNS B KBaApaT 00CHUX YaCTEil MOCIEAHEr0 YPaBHEHHUS MOIYyYUM KBaJpaTHOE
ypasHenue x” —128x+960 = 0, umeromee pemenus x, =8, x, =120.

BeimomHUM MpOBEPKY, Tak Kak IMpeoOpa3oBaHMs HE ObUTH PaBHOCHIBHBIMH. 3HAUCHHUS
X,, X, € OA3. 3Haunt, 00a 3HAUYEHUS MOTYT OBITH PEIICHUSIMH HCXOJHOTO ypaBHEHHS.
[loacTaHOBKOM B 33/1aHHOM YpaBHEHUH YOeXKIaeMcsl, YTO 8 ABJSETCS PELIeHHEM UCXOIHOTO
ypaBHeHHUs, a 120 TaKOBBIM HE SIBIISIETCSI.

Omeem: S ={8}.
& Pemrenne ypasuennii Buga f(x)%/g(x) =0, ke N’
g(x)=20;
Ha O/I3 sTo ypaBHEHUE paBHOCHIIEHO CHCTEME [ f(x)=0,
g(x)=0.
Ilpumep
PermmM Ha MHOKecTBe R ypasrenne (x” —4x+3)y/4— x> =0.
Pewenue:
4 - xz 2 0 X = —2’
(X —4x+3)V4-x" =0 |:x2 —4x+3=0&|x=1, Omeem: S ={-2,1, 2}.
4—x*=0 x=2.

&

mMoaynb ~



Moayib

AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

‘ﬁ MeToa BBeleHHsI BCIIOMOTaTeJIbHbIX HEHM3BECTHbBIX

a) Hcnonv3zoeanue 00H020 6CnOMO2AMENbHO20 HEU3BECHHO20

OTUM MCTOJOM HEKOTOPBIC MPPALIMOHAJIBHBIC YPABHCHUA CBOAATCA K YPABHCHHAM 0e3
paauKaioB.

Ilpumep

Pemmm Ha MHOXkecTBe R ypaBrenune 3x” +15x+2vx” +5x+1=2.

Pewenue:

O3: x> +5x+1>0.

Ha OJ13: 3x° +15x+24x> +5x+1 =2 & 3(x* +5x+ 1)+ 2V x> +5x+1-5=0.

[Iyctp v X’ +5x+1=1t20. [onyunm ypapHenue 3t° + 2t —5=0, uMeloLIee pelIeHus

5 5
=11t = -3 Tak xak f, = ~3 <0, To pemaem Tonbko ypasHeHue \x° +5x+1=1,

KOTOpO€ uMeeT pemtenus x, =0, x, =—5.

HpOBepKa HC O6ﬂ33.TCJILHa, ITOCKOJIBKY BBITIOJTHCHHBIC HpeO6pa3OBaHI/I$[ SABJIAIOTCS paBHO-
CUJIbHBIMH.

Omeem: S ={-5, 0}.
0) Hcnonvzosanue 08yx 6CHOMOZAMEIbHBIX HEU3BECIHBIX

[Tpn pemieHNHM HEKOTOPHIX MPPAIMOHATBHBIX yPAaBHCHHH yJOOHEE HCIOIH30BaTh /B
BCIIOMOTaTeNbHBIX HEU3BECTHBIX. DTOT METO/ O3BOJISIET CBECTH MPPALIMOHATIBHOE YPABHEHHUE
K CHCTEME YPaBHCHHM, HE CONEPKAILUX PaJHKaIbL.

Ilpumep

Pemum Ha MHOXecTBe R ypaBHenue Y77+ x +420-x =5.

Pewenue:

T71+x20
Oﬂ3.{20_1x20 & xe[-77,20].

Y77 +x=u,
V20— x =v.
YT006bI OJTYYHTh EIIE OJHO YPABHEHUE C HEM3BECTHBIMH U U V, BO3BEIEM B YETBEPTYIO
77 +x=u",
20—x=v",

[TycTs (4). Torna ucxoqHOe ypaBHEHUE 3alIMChIBAETCS B BUAE U+ v =>5.

creneHb o0e yacTu ypaBHeHMi cuctembl (4). [lomyuum cuctemy
4 4
u' +v'=97.

OTKyZa

u+v=>,,

H HUMCHAA I1 eo6 a30BaHUuiA
ut+vi =97, P peobp

Wrax, mony4uiau cucTeMy ypaBHEHUM {

u' +v =’ +v?) =2’V =[(u+v)’ —2uv]’ —2u’Vv*, TONYYMM PENICHUS CHCTEMBI {v 3

u=3
’ !
in7t {v _y (ITposepsete!)

Jl1 HaxOXKeHUs peLIeHUH UCXOHOIO YPaBHEHMsI PELIMM CUCTEMBI:

Y77+ x =2, Y77+ x =3,
Y20-x=3; Y20-x =2.

®
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[lepBast cucrema umeet perrenue —61, a Bropas — perrenue 4.
[IpoBepkoil ycTaHaBiauBaeMm, YTo 00a 3HAUYECHHS SBISIOTCS PELIEHUSIMH MCXOJIHOTO
YpaBHEHHUSI.

Omeem: S ={-61, 4}.

3ameuanue. ITOT METOI MOKET OBITH IPHUMEHEH ITPH PEIIEHUH YPaBHEHUH, COJEPKAIINX
JIBa pajKaa.

H Pemenne ypaBHeHMiT BHIa A f(x)=g(x), ke N*

£
T mo6bx k€N 510 ypaBHEHHE (COITIACHO TeopeMe 3) paBHOCHIIBHO ypPaBHEHHIO

F0)=(g(x)**.

IIpumep

3 3 2
Penmim na Muoxectse R ypasnenne VX +x° +x—12 =x.
Pewenue:

VX +xX+x-12=xe X +x +x-12=x & x" +x-12=0, orkyna x, =—4, x, =3.
Omeem: S ={—4, 3}.
% CrnenmaibHble METOIbI PelIeHHs] MPPALMOHAIBHBIX YPABHEHHI

a) Memoo ymHodceHUA 0Deux uacmeil ypagHeHUA HA CONPANCCHHOE GbIPadCeHUe
IIpumep

Pemm Ha Muokectse R ypaBnenue x/x2 -3x+3+ \/x2 -3x+6=3 (5).

Pewenue:

YMHOKHB 00e yacTu ypaBHeHUs (5) Ha BbIpaxkenue Q(x)= \/ X’ =3x+3- \/ x*—=3x+6,

MIOJTYYUM:

X =3x 43— +3x—6=3(x =3x+3-/x* —3x+6) =
@x/x2—3x+3—\/x2—3x+6=—1. (6)

Cnoxus ypasrenus (5) u (6), npuaeM K ypapaenmio v x° —3x+3 =1.

Buaunt, x° —3x+3=1 x> =3x+2=0, oTkyma x, =1, x, =2.

IToncrasus 3HaueHus | ¥ 2 B HCXOIHOE ypaBHEHUE, YOSKIACMCSI B TOM, YTO 002 3HAYCHUS
SIBIISIFOTCS €0 PEIICHHUSMU.

Omsem: S ={1, 2}.

3ameuanue. Kak npaBuio, 3TOT METOJ MPUMEHSICTCS MPU PEIICHUN HUPPAIIHOHATBHBIX
I ypaBHEHHIA BHIa m i\/@ =h(x).

0) Memoo evloenenus nonnozo keaopama (Kyoa u m. 0.) 8 HOOKOPEHHBIX GbIPANCCHUSX

Ilpumep

Pernm Ha mHO)ecTBe R ypaBHenune \/ x+24x—1+ \/ x—2Jx—1=x-1.

Pewenue:

Umeem OJI3: x—1>0 < xe[l, +oo), Tak Kak 3amedaeM, 4to X+2¢x—1=(H/x—1+1),

x=2Jx=-1=Rx-1-1%

mMoaynb
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Brimonmaus paBHocuibHbie Ha O/3 mpeobpa3oBanus, MOTyduM:

Vrtr2dx—l 42V -1 =x—1e JWa—1+1)? +(a-1-1) =x-1
[Nx=1+1|+|vx—1-1|=x-1Jx-1+1+|Jx-1-1|=x-1.

Mycts +/x—1=t, t>0. Torna noxyuum ypasuenue ¢+ 1+t —1| =1’

Pemus 310 ypaBHEeHHE U3BECTHBIME MeTOAaMH (yuuThiBast, uto v X —1 =¢, t 20, a taxke
0O/13), nostyunm pelieHre HCXOAHOIO ypaBHEHUs: x = 5.

Omeem: S ={5}.

3ameuanue. Kax mpaBuiio, perieHue NpparioHaIbHOTO YPAaBHEHUSI MOKET ObITh HAalIeHO
HECKOJIBKIMH MeTomaMi. OTIBIT OICKaKET, KaKoH U3 HUX Ooree 2 (heKTHBEH IS 3TaHHOTO
YpaBHEHHSI.

@ YnpaxHeHuUs n 3agaum

1. Pemmre Ha MuoxkectBe R ypaBuenwue:

a) Vx+1=x-5; 6) Jx—1-x=-7, B) Vx+1=2x+1;
N Vx'=3x+4-x=2; o) VI7+2x=3x" =x+1; e) VXT+2x+10=2x—1.
2. Pemmure Ha MHoxkecTBe R ypaBHeHue:
a) (1-x*)J2x-5=0; 6) (3x> —x—2)3/1—4x =0;
B) (1-3x)Vx* =2x+1=0; r) (x* =5x+6)Y2x" —x=3=0.
3. Bnummure JefCTBUTENBHOE YHCIIO, 3aTEM PELINTE HA MHOXeCTBE R MoiyueHHOE ypaBHEHHE:

a) J1-2x = -x+1; 0) -x+2=1-3x; B) 4/0,5x — =x+2.
2

s 2
4. Omnpeznenure UCTUHHOCTHOE 3HAYCHHE BBICKA3bIBAHUS V' =le xi =1,

5. Pemmre Ha MHOXecTBe R ypaBHeHwue:
a)\/;=x+1; 6)\/m=x—1; B) Vi—x+x—-6=x; r) V2x+5—-+/3x-5=2;

JI) COOTBETCTBYIOLIEE 3a1aue, chopMyIMpoBaHHON B Hadasie 1. 3.3, a 3aTeM OTBEThTE Ha BOIPOC

3a/1a4U.

6. Pemmre Ha MHOXecTBe R ypaBHeHue:
a) V5x—1-+3x—2=+/x—1; 6) Vx+6 =vx+7 +4/2x—5;
B)m:x+1; r){/ﬂzl—m.

7. Pemmre Ha MHOXecTBe R ypaBHeHwue:
a) (2’ =DVx* =Tx+12=0; 6) (2x* —x—1DVJx*—64 =0.

8. I/ICHOJIBSYH BCIIOMOTaTCJIbHOC HCU3BCCTHOC, PCHINTC HA MHOXKCECTBC IR YpaBHCHHUC!
a) X+ +2x+8=12-2x;  6) x—5Jx +6=0; B) x%—Zx%—i—l:O;
N Vx-5-+J9-x=1; n Vx +3x-16 =3/x-38.

®
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9.

10.

MeTOI[OM YMHOXCHUS 00eux vacTeu YpaBHCHHS Ha COOTBETCTBYIOICEC COMNPSKCHHOC BBIPAXKE-
HHC PCHIUTE HAa MHOXECTBC R YpaBHCHUE!:

a) \/x2—2x—4+\/x2+3x—1:4; 6) VX' +9 —x* =7 =2.
Hcrmonb3yst Ba BCIIOMOTATEIBHBIX HEM3BECTHBIX, PEIINTe Ha MHOXKecTBe R ypaBHeHmHe:

a) 2Vx—1++x+3=2; 6) V12— x +314+x =2; B) ¥ x+24 ++/12—x =6.

117, TIpumenss nanbosee 3(h(HEKTUBHBIN METOJ, peInTe Ha MHOXKecTBe R ypaBHenue:

127,

13.

14.
157

X

B) Vxt2dx—1 —yx—2Jx—1=2 1) Vx+3—dvx—1 4+ x+8—63x—1=1:
DA+ 1 +47+x+1 =4; o) (x+4)(x+1)—3x* +5x+2=6.

Pemure Ha muOkectBe R YpaBHCHUC!

a) d(x+1)2 +*§/(x_1)2 44 1

a) Vx+3+Jx+4=x+2 +J/x+7; 6),/20;x+ 20-x _ Je.

3

4 1
6) - _3
X+ +x x—Ax*+x X

CocraBbTe HppanuoHaJIbHOC YPaBHEHUEC, KOTOPOC:

a) HE UMEET pPellIeHH; 0) UMeeT OJTHO pelIeHHE; B) MMEET JIBa PEIICHMS;
r) UMEeT MHOYKECTBOM PEIICHHI MPOMEKYTOK Buna [a, b];
JI) IMEET MHOXKECTBOM PEILICHUH MPOMEKYTOK BUIA (d, +o0) (uam (—oo, a)).

CocTaBbTe MPpPAOHAIILHOE YPAaBHEHUE, PEIICHUSIMA KOTOPOTO SBJISIOTCS uucia 4 u —1.

. Perure Ha mHOXectBe R ypaBHeHue, rne @ — AeHCTBUTENBHBIH HTapaMeTp:

a) Y(a+x) +4-3(a—x)? =5’ - x*; 6) Vx+a=a-vx.

3.4. UppaumnoHaJibHbIe HEPABEHCTBA

3agaua. Pemmre Ha muoxkecTBe R HepaBenctBo x—3+/x —4<0.
DT0 HEPABEHCTBO ABJISETCS HPPALHOHAIBHBIM.

BYZIGM Ha3bIBaTh UPPAUUOHATIBHBIM HEPABEHCHE0M TAKOC HCPABCHCTBO, B KOTOPOM HE-

N3BCCTHOC COACPIKUTCA IT10J 3HAKOM KOPHSA WJIM B OCHOBAHWU CTCICHU C PAlMOHAJIbHBIM
IIOKAa3aTCJIEM.

21
Hanpumep, x° —x* —22>0, \/; ++/x+1 <1 — uppanronaabHbIe HEPABEHCTBA.

HppannoHaibHble HEPABEHCTBA PEILAIOTCA C MCIOJIb30BAaHUEM NPUEMOB U METOJOB,

AQHAJIOTMYHBIX TPUMEHSIEMbIM IIPU PELLICHUH UPPALIMOHAIBHBIX YPABHEHHH.

3ameuanue. TIpu pemieHUN HPpPAIUOHANTBEHBIX HEPABCHCTB OyIEM BBITOJIHITH PaBHO-

CHJIBHBIC ITPE0OPa30BaAHHS, YIUTHIBASI CICAYIOIINE YTBEPIKICHHS:

1» Ecnun—HedeTHOE HATYpalIbHOE YUCIIO, TO HepaBeHCTBO f(x) < g(X) paBHOCHIIBHO
nepasenctBy (f(x))" <(g(x))".

II» Ecnmu ¢ynkuuu f W g HEOTpHUUATEIBHBI HA MHOXKECTBe M W 11 — HEHYJIEBOE

HaTypaJbHOE YHCIIO, TO HEPaBeHCTBO f(X)< g(X) paBHOCHIBHO HEPABEHCTBY
(f(x)" <(g(x))" na muoxectse M.

> Eciu QyHkuuu f u g oTpunartensbHsl Ha MHOkectBe M u n, ne N, —ueTHoe uncio,
TO HepaBeHCTBO | (X) < g(x) paBHOCcWIBHO HepaBeHCTBY (f(X))" > (g(X))" Ha MHO-

s)kectBe M.
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AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa
PaCCMOTpI/IM OCHOBHBIC METObI PCIICHM I HEKOTOPBIX BUA0B HPPAIITMOHAJIbHBIX HEPABCHCTB.

il Mppaunonanbubie HepaBeHcTBa BUAA 4 f (x) < g(x)

YuuteiBasi CBOWCTBA KOpHEH (parKaioB) U HEPABEHCTB, UMEEM:

g(x)>0,
V(X)) <gx) &4 f(x)=0,
fo<g’(x).

& Mppaumonanbublie HepaBeHcTBa BHAA 4/ f(X) > g(x)

Hcnons3ys cBOMCTBAa KOPHEN U HEPABEHCTB, MOJTYYaeM:

g(x)<0
{ F()20 {ff(f);%.
Jf@>gwe|[sgm=0 & > ’
()20 {g(x) -0,
f> gl L7

3ameuanue. V3 BTOPOI CUCTEMBI HCKITFOYEHO HEPaBeHCTBO f (X) = 0, Tak Kak OHO CIIeTy-
eT U3 TPETHETro HePaBEHCTBA ITON CHCTEMEI.

Ilpumep
Pemum Ha MHOKecTBe R HepaBenctBo v3x+1>2x.
Pewienue:

{2x <0 X

3x+120 =

V3 x+1>2x & 2);>0 & xel: 3’0)@xe[—%,1}

{3x;1 >4y L¥ElOD

1

Omeem: S =|:—§, 1)

| HppauuonajibHble HepaBeHCTBA BHAA +/ f(x) < g(x)

Ha ocHoBaHumM CBOMCTB paliKaioB W HEPABEHCTB JIETIAEM BBIBOJI, UTO

g(x) =0,
N (x) <g(x) &4 f(x0)20,
f(0)<g%(x).
Ilpumep
Permmm Ha MHOXecTBe R HepaBencTBo v1—x° < «/gx.
Pewienue:

P«/EXZO
NI S«/§x<:> 1-x*>0 @xe[%,l].
1—x*<3x7

Co-| L
Omgem.S_[z,l.

. d
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3ameuanue. B HEKOTOPHIX CITydasx yooOHEe pemaTh CMEIIAHHYI0 COBOKYITHOCTh

V() =g(x),

PaBHOCHIIBHYIO UCXOAHOMY HEPABEHCTBY.
Vf(x) <g(),

g HppauuonajibHble HepaBeHCTBA BHAA +/ f (x) 2 g(x)

YuuTsiBas CBOMCTBA KOpHeﬁ 1 HCPABCHCTB, NOJIyYacM:

F(x)=0
hivzo  [fro=
JIzgme|[fmz0 ooy
>0 =
PG {f(x) 2 ¢’ (x).

3ameuanue. B HEKOTOPBIX cllydasdx yqoOHee pellaTh CMEHIAHHYI0 COBOKYIHOCTb

V() =g (),

[f(x) > g(x) PaBHOCUJIbHYIO UCXOAHOMY HEPABCHCTBY.

I1pu pereHny NppanoHaIbHBIX HEPABEHCTB Oy/IeM HCHOIB30BATh TE e METObI, YTO H
IpU pEIIeHUH UPPALMOHANBHBIX YPAaBHEHMH: BO3BeJeHHE 00CHX 4acTeil HepaBeHCTBA B
HaTypaJbHYyIO CTENEHb, IPUMEHEHUE BCIIOMOTaTEIbHBIX HEHM3BECTHBIX, BBICICHUE TTOIHOTO
KBaspara (Ky0a) B IOAKOPEHHBIX BBIPKEHUAX U JP.

IIpumepot
% Pemmum Ha MHOkecTBe R Hepasenctso V2x+1—+x—221.
Pewenue:

OJ13: x€ [2, +o0). 3amanHOE HEPABEHCTBO PABHOCHITLHO HEPABEHCTBY  2X+1>14++/x—2.
O0e JacTH 3TOro HepaBeHCTBa HeoTpuiaTeabHbl Ha OJ]3. 3Ha4UMT, BO3BEAEM B KBAJApaT U

MOJTYYMM PaBHOCHIIBHOE HEPABEHCTBO 2V X —2 < x+ 2.

x=>2

— >
Umeem 2V x—2 <x+2 & 4x+220 241230

4(x=2)<(x+2)°
Vuureisas O/13, Moay4nM perieHusi HCXOIHOI0 HEpaBeHCTBA.
Omeem: S =[2, +o0).
%7 PemmM Ha MHOXecTBe R HepaBeHCTBO \/x +2—-44x-2 — \/x +7-6Jx—-2 >-1.

Pewenue:

x—220
{ & xe[2, +0).

OJ13: x€ [2, +o0). TIycts Vx—2 =1,1>0, torma x =1 +2. ITomy4aeM HepaBEHCTBO
N —dt+4 -\ —6t+9>-1 6 [1=2|-|t=3]|>—-1.

Hepasenctso |t —2|—|t—3|>—1 paBHOCHIBHO COBOKYITHOCTH CHCTEM

<2, 2<1<3, >3,
—(t-2)+@-3)>-1;, |t-2)+@-3)>-1; |(t-2)—(—-3)>-1.

mMoaynb ~
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IlepBas cuctema He uMeeT peuieHuid. Bropas cucrema mmeer perienus fe€ (2, 3),

aTpeThsi — t € [3, +o0).

Vx—=2>2,
x=2.
PerieHusIMU 3TON CUCTEMBI, & TAKIKE HCXOJHOTO HEPABEHCTBA SBIAIOTCS X € (6, 4+00).
Omeem: S = (6, +o0).

Bo3sBparasick k Hem3BecTHOMY X U yuuTbiBas OJ13, momydaem cucremy {

@ YnpaxHeHus n 3agaim

5/

6) V1-x <2;

3x+2$1;
1-2x

0) VxP—dx <x-3;
o) Ax’=2x>x;
6) (r=Dvx-8 vx—8>0

x’-16

Pemnre Ha MuoxectBe R HepaBenctBO:

1. a) V2x+3>1;
r) Vx’=3x+22>-5;

2. a) V2x+10>3x-5;
r) A/ (x—=4)(x+1) <3(x+1);

3xz—5x-i-82
Nxt -9

4. a) Vx+3<2++x—4;
B) (x=4dVx*=3< x> -16;

B) Vx’ —3x <-3;
e) Vx+2>-2.

B) NxT=5x+6=>x+4;
e) V1+x’ <2+x

)

3. a) 0; B) (x* =3x)1—x <0.

6) Y1435 +1-+3x >2;

r) Vx+3+Jx—2<V2x+4.

2
5. a) 7V5_22x_x21; 6) ”22’”;1<2; B) \/217<ﬁ
- — <1

6. a) VI—2x+x" —ydx’ —dx+1<2;

B) [t —1|+~9t* + 61 +1<2s
7. a) X+ 411531 )

I-x 2x+1>l_
2x+1 V1-x 127

. Perimte Ha MuHOXecTBe R HepaBeHCTBO, re a — MEHCTBUTENBHBIA MapaMerp:

0) 24+ x=3Jx"—6x+9 > x%;
D) |[1-Vx-2|-|Ax+1-3|<2.

B) VX’ —=3x+5>3x+7—x".

a) x+4a>5\/a;

0) \/a+\/; +\/a—\/;<\/§;

B) Vl-x* 22x+a.

9. BroummTe ACHCTBUTEIBHOE YHCIIO, 3aTEM pelInTe Ha MHOXXecTBe R momydeHHOE HepaBEeHCTBO:

a) 4/ x+4=>x;

10.

11.
a) UMEET OJHO peIleHHE;
B) HE MMEET pEelLICHUl;

®

0) 4 X’ —3x—4<

Pemnre HepaBeHCTBO, MPEATOXKEHHOE B Hadalsle II. 3.4.

B) V3P —x=2>3-x+

“x+1;

CocraBbre HppaIMOHAIBHOE HEPABCHCTBO, KOTOpoe Ha MHOXkecTBe R:
0) UMeeT JBa peIICHHS;
I') UMEET MHOKECTBOM PEIIEHHI MPOMEKYTOK Buma (a, b).
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3.5. CucremMbl M COBOKYITHOCTH HPPALMOHAJIBLHBIX YPABHEHHIT

ITpu pemennn cucteM (COBOKYITHOCTEH) UPPAOHATIBHBIX YPABHEHHUI CIIEAyET IpruMe-
HSTB KaK OOIIME METO/IbI PEIIIEHHsI CHCTEM allreOpandecKuX ypaBHEHHH (METO MOACTaHOBKH,
METOJT aITe0payecKoro CII0KEHNS, METO BBE/ICHHUSI BCIOMOTaTeIbHBIX HEN3BECTHBIX | JIP.),
TaK U COOTBETCTBYIOLINE METOABI PELICHUS MPPALUOHAIbHBIX YPABHEHHUM.

PaccMOTpUM HECKOIIBKO IIPUMEPOB CUCTEM U COBOKYIIHOCTEH HPPaLMOHAIILHBIX YPAaBHEHUH.

Z
%&mauuﬂ ¢ pelieHueM

1. Pemmmm Ha MHOkecTBe R X R cucremy ypaBHeHuit {

Pewenue:

-12>0,
O/3: {); +7>0 [MoxcraBum x = 1 +y B IepBoe ypaBHEHHUE 1 TIOJTyYHM UPPAIIHOHATEHOE

10

ypaBHEHHE \/; +4/y+7 =3, uMeromee penieHne y :é . (ITposepsre!) Torma x = 9

IIposepxa. Ilapa uucen (%, %) npusaanesxxut OJ13. IloxcraBuB 9TU 3HaYEHUS B 3a1aH-

10 1 .
HYIO CUCTEMY, y6e>1<;[aeMc;1, 9TO Imapa 9yucein = | ABJEICTCA pCIICHUEM NCXOJHOU CUCTEMEI.

(9 9
o (10 1
Omeem: S —{(—9 '9 )}
Yx—y—4/x+y =10,

2. PemmuMm Ha MHOkecTBe R X R cucrem
Y Jxt—y? =121,

Pewienue:
x—y=0,
Ol13: 1x+y =0, 3amernm, uro Ha OJI3 uMeeM /X" — y° =4/x—y -A[X+ Y.
2 2
x =y 20.

HpI/IMeHI/IM METOJ BBCACHUS BCIIOMOI'aTCIIbHBIX HCU3BECTHBIX.

{u—v:lO,

afy—y= u—-v=10 uv=1I;
[lyctb ATY=w u=>0,v=0. HonyqaeM:{

&
Yx+y=v, (u-v)’ =121 u—v=10,
uv=-11.

VYuaureiBasi, uto # =0, v=0, momygaem u = 11, v=1.
HWrak, perieHne UCXOMHON CHCTEMBI CBENIOCH K PEIIECHUIO CHCTEMBI IMPOCTBIX HPpaLro-

Yx—y=11 - {x—y=14641 - {x=7321,

HaJIbHBIX YPABHCHUU: Y y -1 x+y —1 y= _7390.

HpOBepKa HC O6$I3aTCJ'H:;Ha, TaK KaK BBIITIOJITHCHHBIC npeo6pa3OBaHH;1 PaBHOCHUJIbHEBI.

Omeem: S = {(7321, ~7320)).

©
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3. Pernum Ha MHOkecTBe R ypasnenne x°-4/2x° —1—2x=x" —2xy/2x° —1.

Pewenue:

OJ13: 2x* —120. [IpumennM MeTo pa3noKeHUs Ha MHOXKUTENH W 3alUIIeM HCXOTHOE
ypaBuenne B Buze (v2x° —1—1)(x* +2x) =0. Pemenne 3TOro ypaBHEHUs CBOAMTCA K Pe-

N2x*=1-1=0,

mennto Ha O/3 cOBOKYyNHOCTH ypaBHEHHH |
x +2x=0.

IMepBoe ypaBHEHHE UMeeT petieHnst X, =—1, x, =1, a BTopoe ypaBHEHHE UMEET PEIICHUSI
x, =0, x, =-2. Brimoanus npoBepky ¢ yderom O3, yOexkaaeMcsl, 4TO TOIBKO 3HAYCHUSI
—2, —1, 1 SBAAIOTCS pelICHUAMHU UCXOAHOTO YPABHEHHUSI.

Omeem: S ={-2, -1, 1}.

@ YnpaxHeHus u 3agaim

5/

1. Pemmre na muoxectse R X R cucremy ypaBHeHuii:

){2\/7 Jy=3. 5) {\/;+ y=2, B){\/2)c+y+1=\/x+y+1,

3Wx+2y =1 x=2y=-1; 3x+2y=4;

5 \/3—2\/§+l=0, H){i/y;_-lﬂ'y:é {4(f+f) 64/xy =0,

2x+y=5; x+y=5

2. Pemnre na muoxectBe R X R cucremy ypasuenwuii:

x+y+\/7 14, \/7 \/7 3, X y+y\/;=6,
B) 2 2
X2+ y? +xy=84; \/7+\/7 \/7 3 x"y+yx=20.
3. Pemmte Ha MHOXeCTBe R COBOKYIHOCTH ypaBHCHMIL:
2) V3x+7 —AJx+1=2, ) X +yx’-16 =18,
Vx4 +x—4 =24x; X =9x+1=0.

4. Pemmre Ha MHOXecTBe R ypaBHeHwue:
a) ?_i/_;] —24x+1 :3\/;; 6) Ax—1-vx—1Dx*-16x+2 —-x+1)=0.

5. CocraBbTe CHCTEMY HUPPALUOHAIBHBIX YPaBHEHHH, KOTOPAS:
a) UMEET OJIHO pEIICHHUC; 0) uMeeT J1Ba pEIICHHS;

B) HE UMEET PELICHH; r) UMeeT OECKOHEYHOE MHOKECTBO PEIICHHH.

6. CocraBbTe CHCTEMY UPPALUOHANBHBIX YPABHCHUH, PEIICHUEM KOTOPOU SIBJISETCS Tapa duces
(-2,0).

7. CocraBbTe HPpAaLMOHANIBLHOE YPAaBHEHUE, PEIICHHE KOTOPOTO CBOAUTCS K PEIICHHUIO COBOKYII-
HOCTH MPPAlMOHANBHBIX YPaBHCHHH.

8*. Pemmre Ha MHOKecTBe R crcreMy ypaBHEHW, e a — ACHCTBUTEIbHBIN apaMeTp:

— 2 2: 2
{f+f 4a, 6){x—a+ ¥, 5 {x +xy+y’ =a’,

x—y=8a’; X +2x-y' —4y-3=0; xy+y=a.

®
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3.6. CucTeMbl H COBOKYITHOCTH HPPALMOHAJIBbHBIX HEPABEHCTB C OTHUM

HEU3BECTHBIM

Wnes cocTOUT B CBEJICHUU PEIICHUsI CUCTEM (COBOKYITHOCTEH) MppaIlOHABHBIX Hepa-
BEHCTB K PEIICHHUIO CUCTEM (COBOKYITHOCTEH) HEPABEHCTB, HE COJIEPIKAIINX PaJUKaIbI.

Cucmemuwl uppayuoHailbHblx
HepaeeHcme

PaccMoTpum 1Ba mpuMepa CUCTEM Hppa-
LOHAIbHBIX HEPABEHCTB.

IIpumeput

&% Pemm na MuoxectBe R cucremy He-

Vx+1>1,
V3x—2<x.

Pewenue:

paBeHCTB

Drta cucrema paBHOCHJIbHA cnez[y}ol_ueﬁ
CUCTEME aﬂreraI/I‘{eCKI/IX HEPABCHCTB!

x+1>1 >
.x>0 ng’
-22>
;x gzoz X =3x+2>0.
X — X

(TTpoeepsre!)
PelmB MOCIEIHIOI CUCTEMY, TTONYYaeM

pelIeHus X € [%, 1 |U(2, +o0), sBnstrorue-

Csl 1 pCHICHUSAMHA HUCXOAHOU CHCTEMBL.

Omeem: S Zl:%, 11U (2, +).

#% Pemmm Ha MuOKecTBe R cucremy He-

X —4+24x*=1<0,

paBEHCTB -1
Bx+1 >0.
2—x

Pewienue:
x* =120,
O3: { x—1 >0 PemuB sty cucremy,
2—-x
nmonyuuM OJI3 UCXOJAHOU CUCTEMBI:

xell, 2).

Cosoxkynnocmu uppayuoHaiIbHbIX

HepageHcme

PaccmoTpuM nBa mpuMepa COBOKYITHO-
CTel MppaOHATFHBIX HEPABEHCTB.

Ilpumepor
&% Pemm na muoxectBe R copoxym-
x—4/x+3<0,

A3x+12>x+1.

HOCTb HECPABCHCTB

Pewenue:

Pemraem nepBoe HEPABEHCTBO.

s mero mmeem OJ13: x € [0, +o0).

ITycTh \/;2 t,t=0.
[Monmyyaem anrebpau-
YeCKOe HEPaBEHCTBO
t*—4t+3<0,
HMEIOIIIEE PeTIICHUS
tell, 3], mm 1<t <3,

Bo3Bpaiasch kK HEU3BECTHOMY X, IIO-
aydaem 1< \/; <3 1<x<9. VuursBas
O/13 nepBoro HepaBEHCTBA, MOJIYyYaeM €ro
pemenust x€ [1, 9] (9).

Bropoe HepaBeHCTBO PaBHOCHIIBHO CO-
BOKYITHOCTH CHUCTEM ajreOpandeckux Hepa-

x+1<0, |x+1=0,

BEHCTB: {3x+12 0; {3x+12 (x+1)°.

IIepBas cuctemMa He HUMEET PEIICHUU.
(TIposepsre!) Jlist BTOpO# CHCTEMBI IMEEM:

x+120
{xz _x<0<:>xe [0, 1] (10).
g -
_1 X

0 1 x
OO0beMHEeHHE MHOXKECTB PElIeHU He-
PaBEHCTB MCXOIHON COBOKYITHOCTH, TO €CTh

22
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Pemraem wa OJ]3 mepBOoe HEpaBEHCTBO
CUCTEMBI.

Mycts Vx> —1=t, t >0. [onyuaem He-
paBeHCTBO 1~ + 2 —3 <0, nMeromIee perie-
aust 1€ [-3, 1]. Tak kak ¢ =0, moay4unm pe-

wenus t€[0,1], otkyma 0<VJx’ -1<1 &

2
x =120,
= OTa crcTeMa UMEET PeIlCHUsT:

xe[—2, -1JU[L, +21.

Yuursisas O/]3, moryuum perieHus nep-
BOT'O HEPABEHCTBA CHCTEMBI:

xe[l1,+/2]. (7)

Bropoe HepaBencTBo Ha O/13 paBHOCHIB-

G121 =0,
HO COBOKYIHOCTH 1
(Bx+1) ;_‘ >0.

YpaBHEHHE COBOKYITHOCTH UMEET pellie-
HHe X = |, a HEPaBEHCTBO — pPCIICHUS
xe (1, 2).

3HAYUT, COBOKYITHOCTH HIMEET PEIIICHHS

xel[l, 2). (8)

U3 (7) u (8) ciemyert, 4To UCXOIHAS CHC-

TeMa UMeeT pentenus X € [1, \/E ).

Omeem: S =[1, ﬁ).

o0beauHenre MHoxecTB (9) u (10), siBrsiercs
peteHreM 3Toi coBokymHocTH: [0, 9].

Omsem: S =[0, 9].

&% Pemmm Ha MHOXkecTBe R coBokym-

F_\‘x""?’ >0,

x—1

HOCTbH HEPABEHCTB
_\/9)62 —-18x+9 <x+3.
Pewenue:
JJ1s iepBOro HEpaBeHCTBA MMEEM:
[ {x +3=0
x+3 x—1#0
x—1 20 {x+3>0<:>
| [x—=1>0

& xe {=31U(, +e0) (11).

I[J'I?I BTOPOT'0 HEPABCHCTBA MMOJTy1acM

VIx*—18x+9<x+3 <

o 3|lx-1|<x+3 e xe(0,3) (12).
N3 (11) u (12) cnenyer, 9To penieHusIMA
HCXOIHOM COBOKYITHOCTH SIBJISIOTCS:

xe {-31U (0, +0).
Omeem: S ={-3}U (0, +o0).

3ameuanue. AHAIOTUYHO HYXKHO TTOCTY-
1aTh ¥ B CIIyYae PEIICHUs COBOKYITHOCTH
CHCTEM HPPALOHAIILHBIX HEPABEHCTB.

@ YnpaxHeHus n 3agaym

e

Peumte Ha MuokectBe R cucremy HepaBeHCTB:

Jx+1-+/x<2,

x—1 )
3x+2

1. a) Vx—6x+2>3,
Vx—=320;

2. a) VAT —4x+1—-(x* =2x-3)<2,
Vx—=1<x;

Jx-3>-5, 3+x <,
B) 4 [x_3 <1 r) i4x=2
P x—11J/x +122>0.

6) (x+DVx* =4 >0,
V2x* —x-1-x <0.

3. Pemmre Ha MHOXXecTBE R COBOKYMHOCTH HEpaBEHCTB:

a)| 3-x

Vx+1<x

2
X H2xH8 5 [zf—\/x—1<1,

3x —x? +x>-3x; ®)

3xvx+1>0,
Vx—=2 <1
V3x+1
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CocraBbTe:

a) CHUCTEMY MPpAlMOHAJIBHBIX HEPABCHCTB C OJHUM HEH3BECTHBIM, MHOXECCTBOM PELICHUI
KOTOpOIi sIBIsieTcs: poMexyTok (—1, 2);

0) COBOKYITHOCTH MPPALMOHAIBHBIX HEPABEHCTB C OJHUM HEH3BECTHBIM, MHOYKECTBOM PEILICHHUIT
KOTOpOii siBysieTcst mpoMexyTok (—1, 2).

CocTaBbTe CHCTEMY HMppaIlMOHAILHBIX HEPABCHCTB, KOTOPAs:
a) MMeeT OJIHO PELICHHE; 0) umeeT /Ba peuIeHus;
B) MMEET MHOXKECTBOM PEIICHUI MPOMEXYTOK BUIa [a, b]; I') HE UMeeT pelleHHH.

@ MpoBepoyHas paboTal

Jana pynkmus f: R—R, f(x)=-2x"—x+3.

Hpodoxzalcume/zbyocmb
Pabomy;: 45 MHHYT

a) Haiinure nymu Qyukiun £
6) Pemnre Ha mHOkectBe R HepaBencrso f(x)=0.

B) OmpeenuTe aHaTUTHIECKH KOOPJMHATEI TOUeK Tepecedenns rpadpukos G, u G, ecim

g2:R—>R, g(x)=2x+3.
1 1-x _
71—3,2x‘~ / =0

JIBoe paboumx BBITIOJIHUIIN BMECTE 3aKa3 3a 12 4. Ecnu Obl cHavamna nepBbiid pabourii BIOJ-

Pemnre Ha MHOKecTBe R ypaBHenue

HUJI TIOJIOBUHY 3aKa3a, a 3aTeM JPYroi — BTOPYIO MOJOBHHY, TO 3aKa3 ObUI ObI BBITOIHEH 32
25 4. 3a kaKkoe BpeMsi MOTJIH OBl BBIITOJHUTB 3TOT 3aKa3 KaXKbIH N3 pabovnx B OTAETBHOCTH?

@

Js-2x

a) Pemnre Ha MHOKectBe R HepaBeHCTBO.

Jlano HepaBeHCTBO VS5—2x +1<

0) Haiinure nenble peuieHus: 3TOro HEpPaBEHCTBA.

B) 3anumure pyHkunto f Il creneHn, HyIH KOTOPOIl SIBISIOTCS LEIBIMH PEIICHUSIMHU

HEpaBeHCTBA.

r) Omperenure MPOMEKYTKH MOHOTOHHOCTH (DYHKIUH f.

Jau muorowten P(X)=X’>—(a-3)X +a.

a) [Ipu kaKkux NeHCTBUTENBHBIX 3HaUYCHUSIX @ MHOrowIeH P(X) uMeer X0Ts Obl OUH KOPEHb?
6) Haiinute cymmy KBaaparoB KopHeit MHorowieHa P(X).

B) Omnpenennure HaMMEHbIIIEE 3HAYCHUE CYMMBI KBaJ[paToB KOopHel MHorouwieHa P(X).

r) [Ipu kakux 3Ha4YeHUsIX ¢ MHOTOWIeH P(X) uMeeT /1Ba MOJOKUTEIBHBIX KOPHS?

moaynb
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B NokasatensHas dyHkums. MokasaTenbHble ypaBHeHUS.
MokasaTenbHble HepaBeHCTBa

4.1. IloxazaTeabHas GyHKIHUSA

Bo Bpemst 11emHOM siIepHO peakuu BMECTO
Ka)/IOr0 CBOOOJIHOr0 HEHWTpOHa Yepe3 [ CeKyHII
BO3HHUKAIOT V APYTUX CBOOOJHBIX HEHTPOHOB.
Benuunuel / 1 V 3aBUCST OT BEHIECTBA U CPEJIbI, B
KOTOPOU MPOUCXOAUT peakius. bruio BBISBIEHO,
YTO KONMM4ecTBO K CBOOOAHBIX HEUTPOHOB B MO-
MEHT BPEMEHHU ¢ OIIEHUBAETCs MO (GopMmyle
K=K, -e"™"", rne K, — kommuecTBo CBOGOIHBIX
HEHTPOHOB B MOMEHT BpeMeHu ¢, =0, e — nocro-
sunas. Oynkmus Buga f: R >R, f(t)=e", npu-
MEHsIEMasi B 3TUX pacyeTax, SBISETCS MOKa3aTeb-
HOW (DyHKIIHEH.

Onpenenenuve. IlokazareabHoil pynkumei HaspiBaeTcs pynkuusa f: R — IRi,
f(x)=a",tne ac R, a#1.

X

Hampumep, f,g: R—>R, f(x)=2", g(x)= % , — MOKa3aTeNbHblE (PYHKIIUH.

3ameuanue. Crydait a =1 UCKITIOYaeM U3 paCCMOTPEHHS, TaK KaK TOIyIaeM ITOCTOSHHYTO
¢yukmuro  f(x) =1, cBOWCTBa KOTOPOW COBEPIICHHO OTIMYAIOTCS OT CBOMCTB ITOKa3a-
TEeIBHOH (QYHKIINH.

OcHnogHble c8olicmea NOKA3AMENbHOU QYHKUUU
1° D(f)=R.
o _ *
2° E(f)=R..
B camom niene, coriacHO CBOMCTBAaM CTEIICHHU C ICHCTBUTEILHBIM TOKA3aTeIeM H3BECTHO,

o *
gro a”* >0 st o6oro aeiictutensHoro x. CnenoarensHo, E(f) R, . Crnpasemnuso
1 00paTHOE BKITFOUCHHE.

3° U3 cBoiicTBa 2° ciemyeT, 4TO MoKa3aTelibHas QyHKIHS He uMmeeT Hyled. Ee rpaduk
nepecekaer ock Oy B Touke (0, 1), Tak kaxk a’ =1 m1s Beex a > 0.

4° B cuity CBONCTB CpaBHEHHUS CTENEHEH C OAMHAKOBBIM OCHOBAaHHEM U C MPOU3BOJIEHBIM
JCHCTBUTEILHBIM ITOKa3arelieM (MOAYIb 3, §2) cieayer, 4To mokas3areibHas (QYHKIHS
crporo Bo3pacraer Ha MHOkecTBe R, ec a > 1, u ctporo yosiBaer Ha R, ecmm 0<a <1.

3ameuanue. B cumy MOHOTOHHOCTH IOKa3aTE€IbHONU (DYHKI[MM BEPHBI CIEAYIONIHE
pasrocunbHocTH:  a” >a” < o> B (o, BeR, a>1),

a">a’ @a<p (o, feR, 0<a<l),

a’=a" a=p (o, BeR, aeR, a#1),
KOTOPBIC IIPUMCHAIOTCA ITPU PCILICHNUN TOKAa3aTCJIbHbIX ypaBHeHI/Iﬁ 1 HCPABCHCTB.

5° Tloka3atenbHasi QyHKIHs IPHHUMAECT TOJIOKHUTEbHbIC 3HAYCHHS Ha MHOXKeCTBe R.

®
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. . |
6° TlokazarenbHas QYHKIUS HE SIBJSICTCS] HU YeTHOM, HA HEUSTHOM, MTOCKOJIBKY f(—x)=a ™ :;
U CyIIECTBYET X, Takoe, uto f(—x,)#=xf(x,).

7° TlokazarenbHas (DyHKIIUS HE SIBISETCS MEPUOTUIECKOMN, TAK KaK OHA CTPOTO MOHOTOHHA Ha
mHOkecTBe R.

mMoaynb ~

8° TlokazarenbHass (QYHKIUS HE UMEET JOKAIBHBIX SKCTPEMYMOB, TIOCKOJIBKY OHa CTPOTO
MOHOTOHHA Ha MHOXecTBe R.
9° Tloka3zatenbHast GYHKIUS CIOPHEKTHBHA (CBOHCTBO 2°) U MHBEKTUBHA (CBOHCTBO 4°,
3aMEYaHue), 3HAYNUT, OHa OMEKTHBHA M 00paTHMa.
10° T'padux moxasarenpHoit pynkuun f: R—R:, f(x)=a", rae a>0, a#1, uso-
OpaxkeH Ha pucyHke 7.6.

a>1

Puc. 7.6

3aoanue. Ha pucynke 7.7 n3zo0OpakeHbl rpaduku
. x . 1Y
dynxumii f, f,: R>R,, f,(x)=2", fz(x):(z)

Hcnone3ys 311 rpaduk, ONpeAennTe CBOMCTBA (PyHK-
mwi f, 1 f,.

2
%%mamm C peaiecHueM

1. CpaBHuM uncia 5% u 53,
Pewenue:

Tax xak ¢pynxuus f: R—R., f(x)=5", crporo Bospacraer, a x/§>\/2,5, TO
50 5503,

Puc. 7.7

1" 2
2. CpaBuum ¢ 1:  a) (g) ; 0) (\/5—1) 2,

Pewenue:

J5 x
a) (3) — 970 3Ha4eHue nokaszarensHoi Gynkimu f: R—RY, f(x)= é) , B TOUKE

5
X, = JE > 0. Tak kak ocHOBaHHWE TON QYHKIUK MEHbIIE 1, TO (g) <I.
3

0) (ﬁ —1) 2 — 510 3HAYCHNE MOKa3aTenbHOI GyHkumn f: R — R, f(x)= (\/5 -1", B

TOYKE X, = —% <0.

3
Tak Kak OCHOBaHHE 3TOH (PYHKIINU MEHbIIE 1, TO (\/5 -1) 2 >1.

©
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4.2. Iloxa3aTe/IbHbIC YPABHECHHUS

3anaua. Yuenuk X kinacca 3 saBaps 2012 r. monoxkui Ha cyet B 6anke ouH siei o 10%
TOJI0BOM MPHOBLTH. Yepes CKOIBKO JET OH CTaHeT MIJUTHOHEPOM?

Moayib

Pewenue:

Yepes 1 rox ma cuery y yuenuka Oymet 1+0,1=11 (;es), a uepes 2 roma Oyner
11+0,11=121=11% (nes) u T. 1. IlycTh X — COOTBETCTBYIOMLIEE KOMMUECTBO JeT. CocTapisieM
ypasuenwue: 1,1° =1000 000.

[NoyuenHOE ypaBHEHHE SIBIACTCS ITOKA3aTEIFHBIM YPaBHEHHUEM.

Bynem Ha3bIBaTh nOKA3AmMeENbHBIM YPAGHEHUEM TAKOE yPAaBHEHIE, TOKA3aTEIeM CTEIICHN

KOTOPOI'O ABJISICTCA BBIPAXCHUC, COACPIKAIICC HCHU3BCCTHOC, a OCHOBAHUC CTCICHU —
TIOJIOKUTCIbHAA ITIOCTOSAHHAA, OTJIMYHAsA OT 1.

¢ 2x-1 25 2 )
Hampumep 2° =8, 5-377 =57, 4™ —4" =20 — nokasarenbHble ypaBHEHHUS.
PelieHne mokasaresbHbIX ypaBHEHHIT OCHOBAHO HA CIIEYIOIICH Teopeme:

Teopema 4. Ecmi a >0 u a#1, 10 ypasrenns a’’ =a*” n f(x)=g(x) pasHo-

CHJIBHBI.

| 3aoanue. Jloxaxute Teopemy 4.

PaCCMOTpI/IM OCHOBHBIC METOABI peHleHI/IH HeKOTOp])IX BHUJI0B ITOKA3aTCIIbHBIX ypaBHeHHﬁ.
1/ Mokasareabubie ypapHennst Buaa a’ ™ =b, a>0, a#1, a,beR

1) Iycte f(x) = x. YpaBHeHue a’ =b Ha3bIBACTCS HPOCHICHWIUM HOKAZAMETbHBIM
ypasnenuem. Bo3MOXHEI CICIYIOMINE YaCTHBIC CIyYau.

a) b <0. YpaBHenue a* =b He umeer perieHuii (cM. rpaduk mokasareabHON GYHKIHHA —
pUCYHOK 7.6).

6) b>0u b=a",aeR. Torna a" =b&sa' =a" © x=0.
Ipumep. 5* =255 =5" < x=2. Omesem: S ={2}.

B) b>0 u b He MpeAcTaBICHO B BUJE CTCIICHN d. B 3TOM cirydae mpUMEHsIeM OCHOBHOE

1 b
°¢”. Ha OCHOBaHHH TECOPEMBI 4 TOIYYHM:

a'=b&a =a"*" < x=log,b.

sorapuMUIecKoe TOXKIECTBO b =a

Ipumep. 3" =123 =3"" & x=log, 12. Omeem: S ={log,12}.

2) AHaJIOTHYHO MTOCTYTIAeM TIPU PEIICHIN YPaBHECHUI BUIA a’=b,a>0,a#l,a,beR.

2] Moxkasateabubie ypasuenus Buga a’™ =a*™

HbI (cormtacHo Teopeme 4) ypaBHenuio f(x) = g(x).

,a>0,a#1, acR, pasnocuns-

Hpumep. 02°7'=02"" o X -1=r"-lo ' —x* =0 x*(x-1)=0.
Omesem: S =10, 1}.

&
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3! IMokasaTebHble YpaBHEHHs], pelIaeMble METOIOM PAa3JI0KEHHs] HA MHOKHTEIH

IIpumep

Pemnm Ha MHOXKecTBe R ypaBrHenue 12° +6* -4 —2* =0.

Pewenue:

Ol13: xe€ R. T'pynnupys cnaraemsie, monyuaem: (12°+6")— (4" +2")=0&

S 256" +6)-27+2)=0 6"2 +1)-2"2 " +1)=0< (2° +1)(6" -2") =0.
3naunt, 6" —2" =0 wmm 2°+1=0, orkyna 6" =2" wm 2* =-1.

Perrennem ypaBuenus 6° =2" ssnsercs x =0, a BTopoe ypaBHEHHE HE IMEET PEILCHHHA.

Omeem: S ={0}.

4. TlokasarenbHble ypaBuenus Buaa f(a*)=0 pewaworcs memodom esedenusn
6CHOMO2AMENILHO20 HEU38ECMHO20 A" =1, KOTOPBIM 33/TAHHOC YPABHEHHE IPUBOJIAT K yPaB-
Henmto Buzia f(¢) =0.

IIpumep

Pemm Ha MHOXecTBe R ypaBHenne 9° —2-3" =3.

Pewenue:

O/13: xeR. 9"-2-3'=3<(3")"-2-3"-3=0. Hycrs 3 =t,¢>0. [Monyuaem
ypaBuenue t> —2t —3=0, umeromee pewenns f, =3, 7, =—1. U3 uux tonsko #, =3>0.
3HauwT, pemiaem ypasHeHune 3 =3 u momydaem x =1.

Omeem: S ={1}.

HexkoTopsie mokasaTenbHbIe yPaBHEHHUSI, Y KOTOPBIX OCHOBAHHS CTETICHEH Pa3INyIHBL, & [TOKa-

3aTCJIn COOTBECTCTBYIOIIUX CTereHEeH PpaBHBI, MOKHO pe€IIaTb METOAOM BBEICHHSA BCIIOMO-
TraTCJIbHOIO HCU3BCCTHOI'O ITOCJIC ACTICHUA 00enx yacrei YpPaBHCHUA HA O/THY U3 OTHUX CTETICHEH.

Ilpumep
Pemnm Ha MHOXecTBe R ypaBHenue 8 +18" —2-27" =0.

Pewenue:

OJ13: xe R. Paznenum o6e yacTH ypaBHEHHs HA 8 U IIOTYYNM ypaBHEHHE

3 2x 3 3X_ 3 -"_ )
1+(§) 2 (E) =0. Iycrts (E) =t,t>0. Torga:

26 -1 -1=0 (t—1D(Q2t* +t+1)=0 < ¢ =1. 3uaunr, (E) =1 x=0.
Omeem: S ={0}.
5. IlokasaTeJabHbIe YPABHEHHsI, pelIaeMbie METOAOM JIOrapu(pMUPOBAHUS
Ilpumepui
% Pemum Ha MHOkecTBe R ypaBHenne 47! =3

Pewienue:
O3: xe R. Jlorapudmupys 310 ypaBHeHHE M0 OCHOBaHUIO 10, MoayvaeM ypaBHEHHE
lg4

(2x—1)lg4 = x1g3, paBaocuibHOE HcxomHOMY. OTKYHa X = m

Lo g4
Omeem: S _{lgl6—lg3}

mMoaynb ~



Moayib '

AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

A 6F 5%
# Pemnm na muokectBe R ypaBnenune 3° =4 .

Pewenue:

O/13: xe R. Jlorapudmupys 510 ypaBHeHwue o ocHoBauwuto 10, momyyaem 6" 1g3=5"1g4.
BHoBB norapudmupys, nomygaem: xlg6+Iglg3=xIgd+Iglgd & x= %
1g1g4—1g1g3}

Omeem: SZ{ 196 —1g5

6! HekoTopble MOKa3arenbHbIe ypaBHEHHS PEIIAIOTCS ¢ IPUMEHEHUEM CBOMCTB (DYHKIIHHA,
MPECTABISIFOLINX COOTBETCTBEHHO JIEBYIO U ITPABYIO YaCTH yPABHEHHSI.

Ilpumep

Pemum Ha MHOecTBe R ypaBuenne 5 =—-4x+1.

Pewenue:

O/13: xe R. TTog6opom Haxomum perrerne x = 0. Tak kak GpyHKIus f, 3amanuas popmy-
noit f(x)=5", crporo Bo3pactaer Ha MHOXKecTBe R, a dyHkims g, 3amamnas Gpopmy-
noit g(x)=—4x+1, crporo yosiBaer Ha MHOkecTBE R, To rpaduku sTHX QyHKIMHA MOTYT
nepeceubcsi He Ooliee oOHOTo pasa. tak, ypaBHEHHE HMEET TOIbKO Of1HO penreHue: x = 0.

Omeem: S ={0}.

7! Ypapuenus supa a’ " b =q” -b*

IlIpumep w2
Pemum Ha mHOKecTBe R ypaBuenune 5% -2 * =40.
Pewenue:
o x+2 342 2(x—1)
50 240152 =52 )5t =2T - 1= S log 2
x#0 x#0 x#0

= *=1, Omeem: S ={1, log, 4}

x=log, 4. F 0T 08

B o6miem cityuae nmeem

gl pED = gP pt ey g/ 0P = e oy {xe D,ND,,

f(x)-p=[g-g(x)]log,b.

8| CyulecTByIOT ypaBHEHHS, B KOTOPHIX HEM3BECTHOE COACP/KUTCS KAK B OCHOBAHHH
CTeleHH, TAK M B NOKa3aTeJe CTeleHu, To ecTh ypaBHeHus Bupa h(x)’ ) = h(x)*".

Vpaeuenne Buaa h(x)’™ =h(x)*, toe h(x)>0, (moka3aTenbHO-CTEICHHOE)

h(x) > 0, {h(x) _ 1,

PaBHOCHIIBHO COBOKYITHOCTH cHCTeM 1 /(x) #1,

oo w(: 1x€ DUHND).
Ilpume,
pumep x+1>0, 11=]
Vpasuenne (x+1)" > =(x+1)" paBHOCHILHO COBOKYTHOCTH < X +1#1, {ie IR_ ’

2
X —=2=x;

Omeem: S ={0, 2}.

©
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@ YnpaxHeHus u 3agaim

LA

1. Ilocrpoiite rpaduk u omnpenennte cBoictea Gpyukiuu f: R —R:

D fO=47 6 f0=155 B @) =(§) L D fw=4
2. Ompenenure 3Hauenne a (a€ (0,1) wim a>1), ecmu U3BECTHO, YTO:
a) a’ >a; 6) a <—a"?; B) a*’ <a’.
3. Cpasmure uncna: a) (v2)> n (V2)'; 6) (0.3)™° u (0,3)™.
4. Haiigure 3HaueHus x, npu koTopsix GyHkimst f: R — R npuxumaer 3naueHus menbiue 1, eciu:
a) f(x)=(5V5)"; 6) /(0)=(0.5)"; B) f(0)=3"
Pemmre na muHoxkectBe R ypaBHenue: R
5. a) LI*=1000000;  6) 4" =64; 8) (;) -8, M (0,2)" = ZLS;
n) 7" =3/49; e) 377 =-81; x) 117 =121 3) 0,27 =0.

6. a) (g) =(3)4; 6) 121 =15; 5) (g)' (285)1 :%.
7. a) (;)1 :;(312)1 6) (05)" -(1)X=1; B) V4 16=4/4".

2] 7%
8. a) 2" +3.2°=77; ©6) 4 —4.7"+2.7"" =4, B) 377 +3.57 =370 57,
9. a) 9" +3' =272; 6) 16' —4-4' +3=0; B) 2-2° +3.22 +1=0.

5/

10. TIlocrpoiire rpaduk u ompepenure coiicra pynkuun f: R - R:
a) f(x)=3" 6) f(x)=]3"; B) f(0)=2""
11. BeiGepure uuncia, KoTopsie 6oJbiie, yem 1: (\/E)’ﬁ, (\/5)0'1, 2- \/§ )ﬁ.

C 4—9,
13. Tlpu kakux 3Havenusx x pyuxmun f, g: D >R, f(x)= (\/E )", g(x)=(0,25)"", mpuHEMAIOT
paBHbBIE 3HAYCHUS?

3 9
12. CpaBaure: a) (7) 6)3*c2”

14. Tlpu xakux 3HaueHusx X Gpydximus f: D — R npunnmaer 3nauenus Oonbiie, yem 1, eciu:
1) :
a) f(x)=(\/§)a 0) f(x)=2%
Pemmre na muHoxkectBe R ypaBHenue:

a4 (25 -rz_ 625 (25 xz_lz_ 27 ¥
> a)(S) (64) 65536 6) (0,6) (9) ‘(125)
16. a) 5% +35-7° =355 +7% 6) 47 =315 4 2 3008
17. 2) 8177 =36-9"7 +3=0; 6) 8 ~2"' ~4=0. :
18. &) 2+V3)™" + Q-3 =4 6)(\/5+2\5) _(‘/5—2\5) =10.
2 1 1
19. a) 4" +10°-2-25" =0; 6) 10 +25° =4,25-50; 5 33 — 4410 + 435 =0,

o

mMoaynb ~
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20. a) 4" 44 =g 6) |5 —1]+]5" =5|=2 B) [x—1]" =1

21. a) 3" +4" =5 0) 2*—3§=7; B) % X=—3x2+2x—1.
22. @) [x-3["T=(x=3)"  6) (P —x)-87 +12:87 = (2 —x) -8 +12.87"
23. a) 62 72 = 3. 6) 70 Vler? 3 =07, B) 3" -7%3 =1323.

24. Pemure Ha MHOKecTBe R ypaBHeHHe, r1e @ — AEHCTBUTEIBHBIN MapaMeTp:
a) 625" —2.25M" + g =0; 6)3-47+27—a=a-4""; B) a-2" +27" =5.
25. CocraBbre MOKa3aTeIbHOE YPAaBHEHHUE, PEIICHUEM KOTOPOIo SBISIETCS —3.

26. CocraBbTe IOKA3aTEIbHOE ypaBHEHHE, KOTOPOE:
a) HE UMEET pPeIleHHH; 0) uMeeT OJJHO peIICHHE; B) MMEET J[Ba PEILECHHUSI.

4.3. Iloka3aTebHbIe HEPABEHCTBA

2x+2 2x+2
3amaua. Pemure na maoxkectse R Hepasenctro 277 < 6" +2-37,

ITO HEPABEHCTRO ABJISIETCS TTIOKA3ATETLHBIM HEPABEHCTBOM.

Byzem Ha3bIBaTh HOKA3AMENbHbIM HEPABEHCMEOM HEPABEHCTBO, B KOTOPOM TTOKa3aTelb
CTETNEHH SBJISAETCA BBIPAXKEHUEM, COAEPKANIMM HEM3BECTHOE, & OCHOBAHUE CTETIEHU —
TIOJIOKUTECIbHAA ITIOCTOSAHHAA, OTJIMYHAA OT 1.

Hanpumep, aepasenctsa 3* <9, 9" —2-3" —8 <0 aBmstroTCS MOKA3ATETHHBIMH.

PaccMOTPHM OCHOBHBIE METOIbI PELIEHHS HEKOTOPBIX BUIOB TOKA3aTENbHBIX HEPABEHCTB.

1/ IMokasareabnbie nepaBenctea Buxa @’ ™ <a*™, a>0, a#1, aeR

Pemennie HepaBeHCTB 3TOTO BH/Ia OCHOBAHO HA TeopeMe 5.

Teopema 5. Ecim a>1, To mepasenctso a’ <a*™
p p

Y f(X) < g(X).
Ecimu 0<a<1, To HepaBeHCTBO d

PaBHOCHUJIBHO HCPABCHC-

79 < a*™ paBrOCHIBEHO HepaBeHCTBY f(X)> g(X).

JlokazaTenbCcTBO 3TOI TeOpeMbl OCHOBaHO Ha cBOicTBe 4° (11. 4.1) moka3aTenbHON (QYHKITUH
ffR->R,, f(x)=a", a>0, a#1.

IIpumeput

% Pernm Ha MHOXecTBe R HepasencTBo 27 < 4.

Pewenue:

27427 <2 @3 x-1<2 & xe (—o, D).

Omeem: S =(—oo, 1).

1 x+2 1 —2x
#% Pemnm Ha MHOXKecTBe R HepaBeHCTBO (g) < (5) .

Pewenue:

1 x+2 1 —2x 2
(5) <(§) @x+2>—2x(:)3x>—2(:>xe(—§, oo).

Omeem: S = (—g, +oo )

©
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AHAJIOTHYHO PENIaloT HePABEHCTRA B!
a’® >a*?, a’ <a*?, a’ 2a*"?, tne a>0, a#1, ae R
IIpy MPUMEHEHNH TeX K€ METOJI0B, UTO H TIPH PEIIeHNH TTI0Ka3aTeIbHBIX YPAaBHEHHUIH, pe-
IIIeHNE 33IaHHOTO MOKA3aTeIbHOTO HePAaBEHCTBA, KaK TIPABUIIO, CBOIMTCA K PEIICHHIO Goree
IIPOCTOTO HEPABEHCTBA BUJIA:
af(X) <azz(}f)7 af(X) Sag(X), af(X) >ag(X), af(X) zag(X), a >0, a ¢1, aeR.

2! B HEKOTOPBIX CIydYasX HEM3BECTHOE COAEP/KUTCA KAK B OCHOBAHHH CTENEHH, TAK
M B NOKAa3aTesie CTeNeHH, TO ecTh HepaBeHcTBo uMeet BHa A(x)" ™ < h(x)*™.

a) HepasenctBo h(x)’™" < h(x)** paBHOCHIBHO ClIeIyOmEH COBOKYITHOCTH CHCTEM

{0 <h(x)<l, {h(x) >1,
S(x)>g(x); | f(x)<g).

6) Hepagencrso h(x)’™ >h(x)*"* paBHOCHIBHO COBOKYITHOCTH CHCTEM

{h(x) >1, {o <h(x)<1, {h(x) =1,
f)zgx); | f(x)<g(x); |xe D(HND(g).

B) B HekoTOpBIX cilyyasix y1o0Hee MCIO/Ib30BATh PABHOCHJIbHOCTD:
h(x)/(X) zh(x)g(X),

h(JC)f(x) 2 h(x)g(X) = |:h(x)f(«r) > h(x)g(x).

AHAJNOTUYHO TIOCTYTIAaeM U B CcIy4ae 3HakKoB ,, >, , <.
B HacTosmeMm y4yeOHMKE PEHICHUSI TaKUX HEPABCHCTB PAcCMAaTPUBAIOTCS TOJBKO MpHU
ycinoBud, uto h(x) > 0.

Ilpumep
Pemmm Ha MHOkecTBe R Hepasenctso (x—1)" > (x—1)>""", ecom x—1>0.
Pewenue:
Nmeem h(x)=x—1, f(x)=x, g(x)=2x+1, D(f)=R, D(g)=R.
[[o<x—-1<1
x<2x+1
11 xe(l,2)
—_1* > _ 2x+1 -
x=-D'"2(x-D)" & {x22x+1 sSlxe@@ o xe(, 2]
x=2
x—1=1
L xeR

Omeem: S =(1, 2].

@ YHpax(Heva n3agayviu

15/

Pemnre Ha mMuoxectBe R HepasencTBo:

x=3 1 . 1 x24x xP-x+8
. ; — — 5 1; 2 0;
1. a) 6" >36 6)(5) <125 B) > r) >
21) 0,3x+5 < _4; C) 2x . S.r S 0,01 . (101—2)3; )K) 2x+2 _ 2x+3 _ 2,r+4 > 5x+l _5x+3.

o

mMoaynb ~
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MoAayib

2x+1 X
2. )25 5" —20<0; 6)(1) >(1)+1o; B) 0,491 —5.0,7" ~14>0.

5 5
3. a) 1000-0,3"" >27; 6) (1g4)> < (log, 10)*™;
B) 372572 5 15.(225%)’; ) 0,6 <5-36"".
4. a) npeiokeHHoe B Havase 1. 4.3; 6) 0,43 =< 0,4”11 — B) 2° =27 >15;
r) 8" +18"-2.3" <0, ) 27 =527 42>0; @) V9 -3 <3 -9,
13x2 x%+36 —6x2
*) (;) s(%) s(%) o 3y 4l el s gve ) 64°—7-8 +1220.

b

a) 1<5" 1 < 25; 6) [3" =2|-|3" =1|2|3" +1|-5; B) 671 —2-18"-8-3% > 0.
6. Pemmre Ha MHOXecTBe R HepaBeHCTBO:

a) 2x*=3x+8)" 221, 6) Gx=D""*<Bx=1"; ) |27 =7 2|22 =7

7. CocraBbTe MMOKA3aTeIbHOC HEPABCHCTBO, KOTOPOE:
a) UMeET OJIHO PEIICHHUE;
0) MMeeT JiBa pellIcHNS,
B) MMeeT MHOKECTBO pellleHuii Buma [a, bl;
) IMEET MHOXECTBO peleHuit Buaa (¢, +o0) win (—oo, d);

1) HE UMEET peIIeHHUH.

8. CocraBbTe MokazaTelbHOE HEPAaBEHCTBO, MHOKECTBOM PEIICHUN KOTOPOTO SIBISIETCS MPOMEKY-
Tok (-3, 2].
9%, Pemmre Ha MHOXkeCTBE R HepaBeHCTBO, Tle @ — ACHCTBUTEIBHBIN TTApAMETD:

a) a =24 —q. 2" >0 6) a_ 1+a .
a'—1 142a™"

x

Norapudmmueckas cpyHkums. llorapudpmmueckme
ypaBHeHus. JllorapucmMmyeckue HepaBeHCTBa

5.1. Jlorapupmuueckass GpyHKIUSsI

.

UsBecTHO, uTo mokasarenbHas ¢yukums mis a€ R, \{l} o6paruma. O6parHas
MoKa3aTeIbHON (PYHKIIMU HA3BIBACTCS Jgo2apudmuyueckoi gynxkyuetl. JIpyTAMA CIOBAMH,
CIpaBeIMBA PABHOCHIBHOCTE:

y=log, x&a' =x,x>0,a>0,a#1.

Omnpenenenne. Jlorapupmuueckoii pynxuueii HazpiBacTcst QyHKIms f* IRi - R,
f(x)=log, x,tne ac R}, a#1.

Hampumep, f,, f,: R, =R, f(x)=log,x, f,(x)=log 5 X SBIAIOTCS JIOrapu(Mu-
9ECKMMHU (yHKIHUAMH.

&
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BosbIMHCTBO c60licme nozapughmuueckoil yynkyuu BHIBOAATCA U3 CBOMCTB IOKa3a-

TEJIbHON (1)YHKI_II/II/I C TEM K€ OCHOBAHHEM.
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D(f)=R., rax kak mHOXecTBO D( f) coBIagaet ¢ 001acThiO 3HAYCHHIA TOKA3aTEIbHOI
GbyHKIUH.
E(f)=R —o6nacts onpeeneHns nokasareabHONn GyHKIMH.

Jlorapudmuueckas GyHKuus npuHUMaeT 3HadeHHe 0 ToJbpko B Touke X, =1, Tak Kak
log, x=0< x, =1. Ee rpaduk ne nepecekaer ocb Oy, mockonbky 0 R’ .

Jlorapudmudeckas dyHkuus crporo Bospacraer (yOsiBaer) Ha R, ecmu ocHoBanue
ae (1, +o0) (coorBerctBenHo a€ (0, 1)).
JetictButenbHO, U1 @ >1 U X, > X,, B CHIIy OCHOBHOTO JIOTapHU(PMIUECKOTO TOXXKIAECTBA
(Moxyis 3, 1. 3.1), umeem @™ > @',
Tak kak TokasaTeibHas QyHKIMs CTporo BospactaeT (yowsiBaer) Ha R, mpu a >1
(0O<a<l1),ro: log, x, >log, x, (log, x, <log, x,).
B cuimy MOHOTOHHOCTH CIEAyeT, 4To mpu a > 1 norapudmudeckast GyHKINS TPUHAMAET
TOJIOKUTENbHBIE 3HAUeHHS U X € (1, +00) u oTpuniarensusie i x € (0, 1).
Ecmm 0 <a <1, To morapudmuueckast GyHKINS MPUHAMACT ITOJIOKATEIBHBIC 3HAUCHIS
s x€ (0, 1) u orpunarensubie i x € (1, +o0).
JleficTBUTENBHO, VT a > 1, HA OCHOBAaHUM MOHOTOHHOCTH, IMEEM:

log, x>0&log, x>log, 1< x>1.
AHAJIOTMYIHO JTOKA3bIBAIOTCS OCTAIBHBIC CITyUaH.

Tax kak MHO)KecTBO R’ He cHMMETPUYHO OTHOCHTENBHO HAYasIa KOOP/AKMHAT, TO JIOrapud-

MuUecKast QyHKIUS He SBISIETCS HU YeTHOM, HU HEUCTHOI.

Jlorapudmuaeckast GYHKIHS HE SBISETCS IEPHOANIECKOMH, TIOCKOIBKY OHA CTPOTO MOHO-
*

ToHHa Ha MHOXXecTBe R .

Jlorapudmrueckast GyHKIUS HE UMECT JIOKATBHBIX YKCTPEMYMOB, TaK KaK OHA CTPOTO

%
MOHOTOHHA Ha MHOXkecTBe R, .

Jlorapudgmudeckast pyHKLUs OUEKTUBHA, 3HAYMT, SIBJIsieTCst 00patumoil. OOpaTHas K jora-
2 2
pudMuuecKoi (yHKIMU — 3TO MOKa3aTeIbHAs (PYHKIUS C TEM XKE OCHOBAaHHUEM.

10° I'paduk norapumuseckoit pynkumn f: R, >R, f (x)=log, x, a >0, a #1, n306pa-

’KeH Ha pucyHke 7.8.

. [0 1 X
O‘ 1\ X
G, Puc. 7.8

3ameuanue. B cumy MOHOTOHHOCTH JOrapu(MUUecKoil (DyHKIMH BEPHBI CIELYIOIIHE
pasrocunsHOCTH (1ist o, B, ae R, a#1):
log,oo>log, = oa>p, a>1,

y G,

log,a>log, B a< P, 0<a<l],

log,a=log, B & o=p,
KOTOPBIE MPUMEHSIOTCS IIPU PELISHHHN JIOTapu(MHUUECKUX YPABHEHUI H HEPABEHCTB.

mMoaynb
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2
%&maﬂne C peui€cHueEM

Haub pyskuwan f: R—>RT, f,(x)=2"; f,: R>R], fz(x):(%).

Moayib '

a) [Toctporm rpaduxn torapudMUIECKUX (QYHKITHHN:
g: R, >R, g, (x)=f"(x)=log, x, g,; R, >R, g,(x)=f,"(x) =log, (x).
2

6) TTocTpouM B OJIHO J€KapTOBOII cucTeMe KoopauHat rpaduku Gyukuuit f,, f,, &, &,-

Pewenue: 1 1 1
X | =1 =112 4]8

a) CocTaBuM TabIMIly 3HAUCHUI 81412
s yHKImi g, 1 g,: g (x)=log, x| -3|-2|-1|0 |1 |23

I'padpuxn pysxunit g,, g, u30-

8,(x) =log, x
OpaxeHbI Ha pUCyHKe 7.9. : > 32| o=} -21-3

2

0) I'paduxu pynkumit f,, f,. &, g, U300paxeHsl Ha pucynke 7.10.

3ameuaem, uto rpaduku GyHkuuid f, u g,, f, U g, CHMMETPUYHBI OTHOCHTEIHHO
ouccektpuchl I u Il geTBepTei.

YA

Puc. 7.9 Puc. 7.10

Ilpumenenue nozapugmos u nozapupmuueckux QynKyuii 6 pasnuiuHvIX 001ACMAX:
v’ B xumuu: MpU HaXOKAeHUU pH jKUIKUX BEIIECTB.

v’ B celicmonozuu: TIpu U3MEPEHNH CUITBI TIOA3EMHBIX TOIYKOB IO mIKaie Puxrepa.

v’ B ¢husuxe: Npu W3MEPEHUU KOJIMYECTBA JCIUOEIOB TPOMKOCTH 3BYKOB.

v'B acmpoHomuu: CBEYCHUE HeOeCHOro TCJIa, BRIYUCICHUC MHHMOH CHIIBI CBEYEHHMSI HeOec-
HOro Teia.

v’ B 6uonozuu: popmysa monexyisl JJHK; pakOBUHBI YIIUTOK ¥ MOPCKHX MOJITIOCKOB.

Z
3aganue ¢ peureHHeM
CpaBuum: a) 10g£2 c log,7; 6) log, 3 ¢ log, 5.
Pewenue: ’

a) [IpeoOpazyeM 3TH BBIpaKEHHSI, YTOOBI MOIYYHUTH JIOTAPU(PMBI IO OTHOMY H TOMY KE
OCHOBAHHIO:

log ; 2=2log, 2 =log, 4, log, 7 :%logﬂ:logS NG
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Taxk kak orapudmudeckast QyHKIHS ¢ OCHOBaHHEM Ooblie 1 cTporo BozpactaeTu 4 >+/7,

To log, 4 >log, NG 3uaunt, log 2 >log, 7.

0) B cumy cBoiictea 5° norapudmuyeckoil pynkimu umeem log, 3<0, a log, 5> 0.

CnenosarensHo, log, 3<log, 5. ’

2

@ YHpax(Heva n3agayviu

LA

[ocrpoiite rpaduk u onpenenure ceoiictsa pynkiuu f: RT - R:

a) f(x)=log, x; 0) f(x)=log,, x; B) f(x)=lgx; r) f(x)=Inx.
Cpasuute ¢ 0, 3aTem ¢ 1:
a) log, 2; 0) log, 0,2; B) log, 0,5; r) log 5 0,2.

3

Hcnonb3ysi CBOHCTBA M3YUYEHHBIX (QyHKUHUH, CpaBHUTE:

a) (V3)” ¢ 817 6) %xﬁ cl; B) logs% c 1025%.

Vs
OnpenenuTe MHTEPBAJIbl MOHOTOHHOCTH, YETHOCTb WJIM HEYETHOCTb, MHOXECTBO 3HAUCHUH,
JIOKaJbHBIe YKCTPEeMyMBbl (QYHKIUH, 3aJaHHOH (HOpMYIIOii:

B f(0)=5" 6 /(9= (;) D B f()=log,x

o

VYKkakuTe Yucia, KoTopbie Oosbiie 1: log,, 0.5, logz_ﬁ 1,01, log,,, 120.

Cpasnure log 6 ¢ log, 5.

Ipu kaknx sHavenusx x ynxkunn f, g: D >R, f(x)=log o (x—1), g(x)=log, x, npunuma-
0T OJMHAKOBBIC 3HAYCHHS ?
Joxaxwure, uto GyHkims f obparuma, U HaluTe 0OPaTHYIO K HEil (QyHKIHIO:

a) f: R>R., f(x)=2"" 0) f:(2,40) >R, f(x)=log,(x—2).

ITpu Kakux 3HaueHusx x Gpyukuus f: D — R npunumaer 3Hauenus Gonbiie 1, ecru:

a) f(x)=log,,x; 6) f(x)=lg(x~-3).

10. Haitnure maoskectBo R\ D(f), ecnu Gpynkumst [ 3amana Gpopmyiioii:

11.

12.

13.

a) f(x)=lg{x}; 6) f(x)=(x-2)"; B) f(x)=4/1g(2x+1).
Hcnonw3ys cBoiicTBa M3yueHHBIX (DYHKIMHA, CPAaBHUTE:

2
a)2 ¢ log, 8; 6)3c (V13) " B) 5% ¢ 177 r) 3" ¢ log, 7.

Omnpenenure UHTEPBaIbl MOHOTOHHOCTH, YETHOCTh MM HEUETHOCTb, MHOXKECTBO 3HAUYCHUIL,
JIOKaJIbHbIE SKCTPEMyMbl (YHKIUH, 3aJaHHOW (HOpMYIIOi:

a) (=3, 6) f(0)=(/0.3)""; B) f(x)=|log (x~1)].
Haiinure D(f) byukmmu f: D —R:
2) f(x)=log, (x+2);  ©6) f(x)=lgTSEXTIEX ) g9yt 4y o1,

lgx

mMoaynb ~
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AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

5.2. Jlorapupmuyeckne ypaBHEeHHA
Bynewm HazbIBaTh 102apugmuueckum ypagnenuem Takoe ypaBHeHIE, B KOTOPOM BEIpaKe-
HHUEC C HCU3BCCTHBIM COACPIKUTCA B OCHOBAHUN J'IOl“apI/I(l)MOB /M 1101 3BHAaKOM J'IOFapI/ICI)MOB.

Hanpuwmep, log,3x—1)=2, log (x> —3x+2)=1 sasiorcs norapudMUueCKHMH
YpPaBHEHHSIMU.

3ameuanue. B pesynbrare 3ameHsl cymMMbl log, f(x)+log, g(x) Ha mpousBeneHue
log,,(f(x)- g(x)), xak npasuio, pacumpserca OJ13 Beipaxkenus log, f(x)+log, g(x).

[etictBurensHo, O/13 Beipaxenust log, f(x)+log, g(x) ABaseTcst MHOXKECTBOM peIIeHHI

f(x)>0,
g(x)>0,

f(x)>0, |f(x)<0,
g(x)>0; |g(x)<0.

CHCTEMBI { a O/13 Beipakenus log, (f(x)- g(x)) — MHOXKECTBOM pelIeHNiT COBO-

KYITHOCTHU CUCTEM {

B takux ciryyasix BO3MOXKHO IOSIBJIEHUE IIOCTOPOHHUX PELICHUH. AHAJIOTMYHO MOXKET
npousoiitu pacumpenne O/13 npu 3amene Beipaxenns log, f(x)—log, g(x) BelpakeHHEM

f(x)
“g(x)

PaccMOTpUM OCHOBHBIE METO/IBI PEIIICHHSI HEKOTOPBIX BUIOB JIOTapH()MUIECKIX YPABHEHHUIA.

log

1 Jlorapupmuueckue ypaBuenus suaa log, f(x)=b, a>0, a#1,beR

B03MOKHBI cllelyIonye YacTHbIC CIIydan

Vpasuenue log, x =b Ha3bIBACTCS HPOCHENMUM JI02APUPMUUECKUM YPACHECHUEM.

a) Ucrions3ys onpesenenye jgorapudma, MoaydaeM perenue x =a’.

Ilpumep

Jlns ypashenus log, x =2 umeem x=3> =09,

Omegem: S ={9}.

0) Pewnm ypasuenue log, x=b npyrum crnoco6oM. Bripaxkaem b kak sorapudm mno
ocHoBaHHIO @ U oyyaeM b=b-log, a=log, a’. Torma log, x=log,a" < x=a’".

Ilpumep

Hns ypaBuenus log, x =2 umeem log, x=log, 16 & x=16.

Omeem: S ={16}.

2! Jlorapumuueckue ypasuenust Buaa log, f(x)=log, g(x)

Pemrenune Takux ypaBHeHI/Iﬁ OCHOBAHO Ha CJ'ICZ[}’IOH_Ieﬁ TCOpEME:

Teopema 6. Ecin a >0, a#1, to ypaBuenue log, f(x)=1log, g(x) paBHOCHIBHO

f(x)=g(x) f(x)=gW),
f(x)>0 g(x)>0.

CUCTEMC { NI CUCTEMC {

®
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Ilpumep
Pemmm Ha MuokectBe R ypasrenue log,(x* +1) =log,(x+3).

Pewenue:

2 —
logs(x2+1)=log5(x+3)<:>{x Tl=x+3

X +1>0

<:>x2—x—2=0<:>|:x=_1’
x=2.

Omeem: S = {-1, 2}.

3! JlorapupMuvecKne ypaBHEHHsI, peliaeMble MeTOI0M IPYNIHPOBKH

Ilpumep
Pemmm Ha MHOkecTBe R ypasrenne log, (x—1) =log, (x+2)* —log, 3x.
Pewenue:
x—=1>0
O/13:3(x+2)* >0 < x>1. CrpynnupoBas yI06HBIM CIOCOGOM CIaraeMble, TIOTyIuM
3x>0
log,(x—1)+log, 3x=log,(x+2)* < log,3x(x—1)=log,(x+2)’ & 2x* —=Tx—-4=0,
otkyna x, =4e€ O3, x, = —% ¢ OJ13. IloxcTanoBKoH B ICXOAHOE ypaBHEHHE yOeKIacMcs,
YTO 3HAYEHHE 4 SIBIAETCS €TO PEIICHUEM.
Omeem: S = {4}.

4! Jlorapupmudeckue ypasuenusi Buga f (log, x) =0 permarorcst METOLOM 3aMEHbI
HEU3BECTHOro. 3aMeHON 10g, X =1 3a7aHHOE ypaBHEHHE CBOJHUTCS K PELICHUIO ypaBHEHUH
Buga log, x=t¢,, rae t; sBstoTcs pemeHusiMu ypasaenus f{f) = 0.

Ilpumep

Pemmam na MHOKecTBe R ypasnenne log’ (x+1) +log,(x+1)—12=0.

Pewenue:

O3: x+1>0& xe (-1, +o0). Ilyctp log,(x+1)=t¢, Torma momyuaem ypaBHEHHE
1> +1—12=0, pemenus kotoporo t, =3, t, =—4.

> . [10g3(x+ )=3, x=26€ OJ13,
€IIacM COBOKYITHOCTH ABHCHUU OTKyOda HaXOAUM
YHHOSTE P log, (x-+1)=—4, SO _Be opp.

Tax Kak BBITTOJTHEHHEIS npeo6pa3OBaHH;1 PaBHOCHJIBHBI, TO 3THU YK CJIa ABJIAIOTCA PCIICHUA-
MU UCXOOHOTO YpaBHCHHUA.

.¢-1_80
Omeem.S—{ 81,26}.

5! Jlorapudpmuyeckoe ypapuenne suna log, . f(x)=log, ., g(x) pasHOCHIBHO

f(x)>0 g(x)>0,
CHUCTEME a(x)>0 WM CHCTEME a(x) >0,

a(x)#1 a(x) #1,

f(x)=gx) f(x)=gKx).

mMoaynb ~
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ITpumep
Permim Ha MHOKecTBe R ypasmenue log , (x* —1)=log , (3x—1).
Pewenue:
3x-1>0 1
) x+1>0 x>t ¥>3
log ,,(x" =D =log ,,Bx-1) < 121 = ) 3 = |:x:0<:>x:3_
, x"=3x=0
x =1=3x-1 3
Omeem: S = {3}.

6! CyuiecTByIOT JI0rapu()MUIECKIE yPABHEHHS, KOTOPHIE HE OTHOCATCS HU K OJHOMY M3
HPEICTABICHHBIX BUIOB.

a) YpaBHeHus, coaep:kamue Jorapugmspl 1Mo pa3sHbIM OCHOBAHUSIM

Ilpumep

Pemum Ha MHOXecTBe R ypasrenue log, x +log, x =2.

Pewenue:

O13: x>0. Ucnoms3ys Gpopmyiry mepexona K APyroMy OCHOBaHHIO, TIOTyYaeM:
21g4l1g3
lex lex_, oo 2
1gd " 1g3

21g4lg3
Omeem: S =
S 10 1g12 .
0) YpaBHeHUs, B KOTOPbIX HEU3BECTHOE COMAEPKUTCH KAK B OCHOBAHWHU, TAK W IO
3HaKoM Jiorapu¢pmos

Ipumep. log . 5+log (x+1)=2.

Pewenue:

Ol13: xe (-1, 0) U (0, +o0). Tak xax 10gx+1 5 =10g5(T1)’ TO:

1
logj(Tl)+10g5(x+1)=2<:> log,(x+) =1 x=4.

Omeem: S = {4}.

B) YpaBHeHHsl, [/ie HEM3BECTHOE COMEPKUTCH KAK B OCHOBAHHH CTENEHH, TAK U B
noKa3arejie CTeNeHH, KOTOPbI MOKeT COMEPKATh U JOrapupmbl

Ilpumep

Pemmm Ha MHOKecTBe R, ypasHenune x5 + gosix =g,

Pewenue:

OJ13: x€ (0, +00). TTocKoNbKY X1B = (4lorarylomar = 4'°g‘2”, OICTaBMB X %" = glogix g
HCXOHOE YpaBHEHHE, TIOJyYHM ypaBHEHHE 2 - glosiv =g, perenust kotoporo x, =4€ O[3,

X, =%e O/13.
Omeem: S ={l 4}.

®
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7' HekoTopble ypaBHEHHs, COIEPKAIME HEU3BECTHOE MO 3HAKOM JIorapudma, MOKHO
PELIUTH IIPH IIOMOIIM CBOUCTB (PYHKIHUH, SBJISIOIINXCSL COOTBETCTBEHHO IIPaBOii  JICBOM Yac-
TSIMH YPaBHCHUSL.

Ilpumep

Pemim Ha MHOXecTBe R ypaBnenne log, (x+2)=13-3x.

Pewenue:

Ol13: x€ (=2, +eo). Toxbopom Haxomum perieHne X = 4. Tak Kak QyHKIHA f, 3a1aH-
Hast opmyinoit f(x)=log,(x+2), crporo Bozpacraer Ha O[3, a QyHKIUA g, 3amaHHAas
dopmymoii g(x)=13—-3x, crporo yosBaeT Ha OJ13, TO Tpaduku STHX PYHKIUHA ITepeceka-
IOTCS TOJIBKO B OTHOH TOUKe. 3HAYHT, ypaBHEHHE NMEET SANHCTBEHHOE peleHne: X = 4.

Omeem: S = {4}.

3ameuanue. PaccMOTpEeHHBIE METONBI PEIICHHS JOTapu(PMUICCKUX YPAaBHEHHHA MOKHO

KJTaCCU(UIIMPOBATH CIICAYIOIIUM 00pa3oM:
a) Memoo nomeHyuposanus, To eCTh nepexo ot ypasHenus log, f(x)=log, g(x) k

ypaBaeHuo0 f(x)= g(x);
0) Memoo éeedenusn 6CHOMOZAMENbHBIX HEU3BECHIHBIX,
B) Memoo nozapugmuposanus, To eCTh mepexon ot ypaBHeHus f(x) = g(x) K ypas-

Henwio log, f(x) =log, g(x).

@ ana>|<|-|e|-w|;| n3agayviu

LA

Pemure Ha MHOXKECTBE R YpaBHCHHUC!

1. a) log, x=4; 6) log, x=0; B) log,,, x=1;
r) log,, x=~1; ) logjg x=-2; e) log ,x=3.
2. a) log,,Bx—1)=-1; 6) log,(x* —4)=2; B) log ;; (x* =3x) =6.

3. a) log,(x+2)=log, x*; 6) log,,(x’—x—1)=log, ,(x+4); ») log . (x+1)=log . (2Vx).
4. a) 3(g(x—-1)—-2)=1g5-1g(x—1); 0) log, X’ —lg4=log, x+1g25.
2 2

5. a)1g(35—-x")=3lg(5—-x); 6) logi(x+2)—3log,(x+2)—4=0; ) 12-1g’x=Igx.

(5

6. Pemmre Ha mHOXecTBE R YpaBHCHUC!

a) log;(3x—11)+log,(x—27)=3+1log,8; 6) log, 2+log, x =-2,5;
2
B) log? 9x+log, % =8; r) 2log, x* —log} (-x) =4;
3
m x =4, x>0, e) X =100, x>0;
x) log,(x+12)-log 2=1; 3) 2log 3+log, 3+3log, 3=0;
u) X7 =9x7 x> 0; K) xﬁ=\/;,x>0;

m) 3 5l =005,

©
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7. Pemmre Ha MHOXecTBe R ypaBHeHue:

Y log%(2x+2):3_x; 6) log,(17x-1)=2" B) 1_2x=lg‘2(;coo'

8. Pemmmre Ha MHOXecTBe R ypaBHeHue:
a) log,(x* —x)* —2log,(x+2)=2; 6) log,(3" -8)=|2—x|.
9. CocraBbre JIorapuMHUUECKOE YpaBHEHHUE, PELUICHUSMH KOTOPOTo siBJsitoTcst yncna 0 u 2.

10. CocraBpre norapupmMudeckoe ypaBHEHHEe, KOTOpoe Ha MHOxkecTBe R:
a) He MIMEET PEeIIeHHIA; 0) UMeeT OJTHO pelleHHE; B) UMEET JIBa PEIICHMUSI.

11*. Pemure Ha MHOKecTBe R ypaBHeHUe, e @ — IEHCTBUTENBHBIN apamMeTp:
a) X =a’x, a>0, x>0; 6) a O =1 B) lg2x +1g(2—x) =Iglga.

5.3. JlorapudmMuyeckue HepaBeHCTBA

lo; (x273x+2)
sl <1.

3agaua. Pemmre na maoxectse R mepasencrso 0,5
Pewenue:

2
O3: x” —3x+2>0. YVuursiBas, 4To 3TO HEPABEHCTBO BUJIA a’ <1, e a=0,5<1,
2
HOJlyYaeM paBHOCHIIBHOE HepaBeHCTBO log, (x™ —3x+2) > 0, xotopoe sBisiercs Jorapud-
MHYECKHM HEPABEHCTBOM.

Byznem Ha3bIBaTh J102apumuyueckum HEPAGEHCHEOM TAKOE HEPABEHCTBO, B KOTOPOM
BBIPQKEHUE C HEM3BECTHBIM COJCPIKUTCS B OCHOBAHUH JIOTapU()MOB H/HIU TOJA 3HAKOM
norapugmos.

Hanpuwmep, log; x<2, log,,(3x—1)20, g’ x—1gx—6<0,
log , (x—=3)>log ., x sBIAOTCS JOrapu()MUUICCKUMH HEPABEHCTBAMHU.

PaccMOTpuM OCHOBHBIE METOJIBI PEIIEHUs HEKOTOPHIX BUIOB JOTAPUPMUUECKHX
HCPABCHCTB.

1 Jlorapumuveckue nepasercrsa suaa log, f(x)>log, g(x), a>0,a#1,aeR

Pemenue HEPABCHCTB OTOI'0 BHJIa OCHOBAHO Ha TEOPEME 7.

Teopema 7. Ecmu a >1, To HepaBeHctBO log, f(x)>log, g(x) (1)
g(x)>0,
f(x)>g(x).

PaBHOCHIIBHO CHCTEME {
Ecmu 0<a <1, to HepaBeHCTBO (1) paBHOCHIBHO CHCTEME {

f(x)>0,
fx)<g).

3aoanue. Jlokaxute TeopeMy 7.

Ilpumep
Pemim Ha MHOkecTBe R HepaencTso log,(3x —1) >log, (5 —x).
Pewenue:

5-x>0 x<5
log,(3x—1)>log,(5—x) & {3x—1 S5_ {x S15 < xe(1,5)5).

Omeem: S =(1,5;5).

®



AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

AHaJIOTMYHO PemaoT JorapupMHIecKue HepaBeHCTBA BH/IA:
log, f(x)=log, g(x), log, f(x)<log, g(x), log, f(x)<log, g(x), )
rme a>0, a#1, aeR.

Pemienne norapuMuyuecKoro HepaBeHCTBA CBOIUTCS, KaK MPaBUIIO, K PEIICHHIO HEpa-
BeHctBa Buaa (1) wm (2).

2/ Jlorapudmuueckue nepasencrsa suna log, ., f(x)=log, ., g(x)

OTO HEPAaBEHCTBO PaBHOCUIIBHO COBOKYITHOCTH CUCTEM:

h(x)>1, 0<h(x)<l,
g(x)>0, f(x)>0,
fx)2g); | f()<g).
Ilpumep
Penmum na MHOXKecTBe R HepaBenctso log  (2x+1)=log , (x—1).
Pewenue: _
x+1>1
x=1>0
S 2x+12x-1
log ., (2x+1) =log , (x-1) & O<rtl<l S x>1.
2x+1>0
2x+1<x-1

Omeem: S =(1, +o0).

AHAIOTMYHO PEINaroT JIOrapu(pMUUECKUE HEPABEHCTBA BU/IA:
logh(x) f(x)> logh(x) g(x), 10gh(x) fo)< IOghm g(x), 1ogh(x) fo< logh(x) g(x).

B Pemenne JorapupMuyecKuX HepPaBeHCTB METOJ0M JIOrapu(pMupoOBaHUA

Ilpumep

Permim Ha MuOXecTBe R, Hepasenctso x2* >100.

Pewenue:

OZ13: x€ (0, +o0). Tak kak Ha O/I3 00e YacTn HepPaBEHCTBA MOJOKUTEIBHBI, TO JIorapud-
MHpYyeM Mo ocHoBaHMIO 10 U mosy4yaem jorapupMHIeckoe HEpaBeHCTBO:

lgx™® >1g100 & 21g” x> 2.
3Ha4uT, ng x>1& (Igx—D(Igx+1)>0. Honyuaem 1g xe (—oo, —1) U (1, +o0) &

1
s lgr<-l = 0< x<ﬁ’ Vuuresas O/13, maxomum, uro x€ | 0, 1 U 10, +0).
Igx>1 +>10 10

Omeem: S Z(O, %)U 10, +o0).

&
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AnemeHTapHble ¢hyHKUuKN. YpaBHeHUs. HepaBeHcTBa

Jameuanue. 3HAK TOTYYEHHOTO HepaBeHCTBA (,,<, ,,<¢ > | >“) He M3MEHHUTCS MPHU
Jorapu(pMHUPOBAHUH, €CITK JiorapupMupyeM o0e ero 4acTd MO OCHOBaHHUIO ¢ >1; 3HaK
MOJYYeHHOTO HepaBeHcTBa (,<, ,, <, >, | >) MeHseTcs Ha MPOTHUBOIIOJIOKHBIN, €CIn
norapupmupyem obe ero yactu 1o ocHopanmio 0<a<l1.

@ YHpax(Heva n3agayiu

(5

Pemmte Ha MHOXecTBe R HepaBeHCTBO:

1. a) log,(1-x)<0; 6) lg(x* +D)<1; B) In(3—2x)<0;

r) log, (x> =7)>-2; m log,, (x* =3x+2)>0; e) log ;(x* —2x)>2.

L 3
2. a) log,(x* +1)>log,(3x+1); 0) log,(2—x)<log,(5x-38); B) lg(2x+1)>log, x.
3 3 i0
3. a) log,(x—3)-log,2x=1; 6) lg2x—4)+1g3x<lIg(x+1).
4. a)lg’(2x+3)—121g2x+3)+20<0; 6) 2log? 6x—>5log, 6x+3>0;
5 5
1 1 2 2
; 1 -1 -1 -1-5<0.

B) 1+log, x - 1-log, x <2 1) logs (x=1)" ~logys(x~1)

5. a)log , 0,5>1; 6) log, (x’ —x* +x+2)<3;
2x+1
-l log, (2 -3x)
B) logml:lg x+3] >0, r) “XT <0,
1) log,(x—1)—log,(x+1)+log , 2<0; e) log 2-log, 2-log,4x2>1;
E=i
In6-1In(10—x°) 3 )

)K) h](x—+2) < 0, 3) 10g3(10g2(2 10g4 x)) > 1,

u) X +16-x7°2 >17, x>0; k) log , 3x<log , (4-x).
6. a) log, [x+5|-log, [x—1|>log, x; 0) log, (x=4)<2;

I +1
ICHESIT

3
0; r) loglx| V20-9x >1.

7. CocraBbTe JOrapu(pMUUECKOe HEPABEHCTBO, MHOXKECTBOM PELICHUH KOTOPOIO SBJISIETCS UHTEP-
Ban [0, +oo).

x*—9x

8*. Pemmure Ha MHOXecTBe R HEpaBeHCTBO, ryie @ — NEHCTBUTEIBHBI MapaMeTp:
log, x .
a) log, (1-x*)>1; 6) x " >a, x>0; B) log, (x—a)>log, (x+1).

(a+1)’

2
a

9%, JlaHO HEpaBEHCTBO (log2 datd ) X+ 2(10g2 2“)- x+log, > (. Haiinure BCe 3Ha4e-
a

a+1
HMS [IAPaMETPa d, IIPU KOTOPLIX HEPABEHCTBO BEPHO ISl JIOOBIX JCHCTBUTEIbLHBIX 3HAYEHHAX X.

(Maremaruueckas Onumnuana Pecriy6nnku Mommosa, 2012)
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AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

5.4. CucreMbl H COBOKYITHOCTH NOKA3aTeJbHBIX H JOrapupMuIecKux
YPaBHEHUit

He cymecTByeT eqMHOTO YHHUBEPCAIBHOTO METO/A PEIICHHsI CHCTEM (COBOKYITHOCTEH)
MOKa3aTEIBHBIX M JIOTapH(OMUUCCKUX ypaBHEHHUH. [Ipn MX pemeHnn MpUMEHSIOTCS TE XKe
METOIBI, UTO U IIPH PEIICHUHN CHCTEM (COBOKYITHOCTEH) anreOpanuecKuX ypaBHEHHH, a TAKKE
U3yYCHHBIC METOJIBI, PUMEHSIEMBIC TIPH PEHICHUHN YPAaBHEHUH, COCTABIIONINX 3aIaHHYTO
cucteMy (COBOKYITHOCTB).

2
%3aﬂaﬂﬂﬂ C peamiecHueM

2737 =12
1. Pemnm Ha muoxectBe RXR cucremy ypasuennii { 3 ’

2.3 =18.

Pewenue:

OJ13: (x, y)€ RXR. YMHOXHB MO4IEHHO YpaBHEHHUSI CUCTEMBI, TIOTYYUM:
2x+2y '3x+2y =63 = 6x+2y :63 Py x+2y :3

PaznenuB nmowieHHO NEPBOC YPaBHCHUEC CUCTEMbI Ha BTOPOEC (BCG claracMabi€ ypaBHeHHﬁ

x=2y
HeHyseBble Ha MHOKecTBe R), momyunm: 27727 377" = % = (%) = % o x-2y=1.

Takum 06pa30M, peumeHne HUCXOJHOM CUCTEMBI CBEJIOCH K PEIICHUIO CUCTEMBI aJIre-

x+2y=3,

OpanyecKux ypaBHECHUH {
x—=2y=1,

. 1

PCHICHUEM KOTOPOU SABJIACTCA Iapa YUCCII (2, 5 5
. 1
VuuteiBas PaBHOCUJIIBHOCTD BBIINTOJIHCHHBIX HpeO6p330BaHI/II/I, JcJ1acM BbIBOJ, YTO 2, E

SABJISICTCSA PEHICHUEM SaZ[aHHOﬁ CHCTCMBI.

oo

2. Pemnm Ha Muoxkectse R ypasnenne (16-4>' —12-4" —1)-1g(3x’ —18x” +1) = 0.
Pewenue:

O/13: 3x’ —18x” +1>0. Ha OJI3 ucxonxoe ypaBHEHHE PaBHOCHIBHO COBOKYITHOCTH
16-477"-12-4""~-1=0,

ABHEHUH
yPApHern [lg(3x3—18x2+1)20.

Pemmaem neppoe ypapuenne: 16-4°"' —12-4"' —1=0 < 4-4** —3.4* —1=0 nnonyya-
em pemienne x, =0. (IIposepsre!)

Pertaem BTopoe ypasuenue: 1g(3x” —18x° +1) =0 3x’ —18x" +1=1 < 3x’ —18x* =0,
orkyna x, =0, x, =6. [oacrasnuss 3Hauenus 0 u 6 B HepaeHcTBO 3x° —18x° +1>0,
ybexIaeMcs B TOM, uTo oHu nprHazexar OJ13 ucxoaHoro ypaBueHus. Toria COBOKYITHOCTS,
a 3HAYWT, ¥ UCXOJHOE YpaBHEHHe UMEIOT perens 0 u 6.

Omsem: S = {0, 6}.

&
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2 @ YnpaxHeHus u 3agaym
>
I
S (A
1. Pemmre Ha muOkectBe RXR cucremy ypasHenwmii:
x 2y _ 5% -2 =77, -
E +3' =12, 6) 1. B) 1? 48y,
x+y=3; 57_2}':7; 4 =3y;
_ 2 2 _ 210gll
) {lg2x+12gy = ?glO, ) {lzolg3 y +110g3 X —_1:; o) 10 =3 3
x+y =l 08, V108, 1= lg0r—y) =1g40~lg(x+ y);
3.3 =81, log x+log, y=2, logﬁ(y—x):4,
x) 2 3) 2 1) x 2
In(y+x)> =lnx+2In3; 2x—y=3; 3 +2.372 =171.

2. Pemmre Ha MHOXecTBe R COBOKYMHOCTh ypaBHEHHI:

2 |:1g2(x+1) —9lg(x+1)—10=0, log,(5-x) —llog3(35 -x")=0,

6 3
22x+2x+1+2420; ) xlgx=10;
[4* +10" =2-25%,
B)

5% =2-5%)(1+3l =0.
log,(7-2x)~log,(+* ~3x-5)=0; i+ 3log, )

5/

3. Pewmre Ha muoxkectse RXR cucremy ypasuennii:

1+li _log x=] _xz“VZJ :5
a) 147 =32, 6) {yv S R A
10g3(x—y):1—10g3(x+ y)’ x' =37, x>0 x” =125, x>0;
XY =25, 3(210gy2 x—logl y)=10, W2 s
2 4(x—2y)+logsx=9, x>0; ) xy =81; ) ¢ |x+y|=8;
) 10g|xy\ [x+y[=1, 3) {lgy-lg(x— y)=lgx-lg(x+y),
2(log, | xy])-log, | x—y|=1 Igx-lg(x—y) =lgy-lg(x+ y).

4. Pemwte Ha MHOXecTBe R ypaBHeHUe:

oL
a) x*-log; x+2xlog, x=x* -log, x +2xlog; x; 0) 3x-8" +3x-18" =2x-27 3,
B) 5+ 6" =30+150"; ) xy/log, x + x-3/log, x =5,

5. CocTaBbTe CHCTEMY IIOKAa3aTENbHBIX M JIOTapU()MHYECKAX YPaBHEHHU, KOTOpas Ha MHOMKECTBE
RxR:

a) UMeeT J[Ba peleHus; 0) UMeeT OJTHO PEIICHHE; B) HE UMEET PELICHUI.

6. CocraBbTe crcTeMy JorapuGMUuecKux (IMMOKa3aTeIbHbIX) YPABHEHHM, PEIICHUEM KOTOPOH SIBIISI-
ercs napa yucen (0, 2).

7*. Pemmre na muokectBe RXR cucremy ypaBHenuit, rie ¢ — neiicTBUTENbHBIN ITaApaMETp:

5 32x+y+3x+3y =3’
a) logyx+logxy=%, 6) 1g2x+lgzy:§1g2az, B) LY
y __na-2x
x+y=a’ +a; xy=a’, a>0; 3 +(3) =3

®



AnemeHTapHble pyHKUUU. YpaBHeHUs. HepaBeHcTBa

@ YHpax(Heva n 3agaydun Ha noBTopeHune

Mana ¢pyuxkuus f: R —>R:
3

D fD=C-3x s 0 fW=(6B-2x-T w) f= -y

1) Haiinure Hynu QyHKIHH.

2) Haiizure npOMEKyTKU, Ha KOTOPBIX (DYHKIHS f HPUHUMACT IIOJOKUTEIIBHBIC 3HAYCHHS.

3) Hocrpoiire rpadux G,.

VY Omnbru 500 nee. ExxemecsaHo oHa 00aBisieT K 3Toi cymme 1o 80 Jees.

a) 3azaiite (DYHKIUIO, ONHCHIBAIONIYIO 3aBHCHMOCTh HAKOTUICHHOH CYMMBI JIHET OT KOJIMYECTBa
MECSLEB.

6) Uepes cxombko Mecsues oHa cobeper 1900 neeB, HEOOXOMUMBIX ISl IOKYIKU KOMIIbIOTEpa?

Temneparypa 3emin Ha oBepxHocTH paBHa 20°C, Ha miyOuHe 2 kM Temreparypa paBHa 90°C, a
Ha youne 10 kv — 370°C.

a) TIpennonoKuB, 4TO 3aBUCHMOCTb MEX]Y IIIyOMHOH W TeMIepaTypoi SBISIETCS JIMHEWHOTO
TUIIA, 3aJ1afiTe COOTBETCTBYIOIIYIO (DYHKIIHIO.

6) Haiigure temneparypy 3emiu Ha rryOuse 3,5 KM.

[Tnara 3a apeHxy aBTOMOOWIIS 32 | J€Hb 3aBHCHUT OT NMPOWICHHOTO PACCTOSIHUS M paBHA (HAIIPH-
Mep): 41 $ 3a 100 muis; 51,8 $ 3a 160 mMuits; 63,5 $ 3a 225 Muis.

a) [Mokaxure, 4TO 3aBUCUMOCThH IUIATHI 3 apeHJly OT KOJMYECTBA MPOUACHHBIX MHJIb aBTOMOOH-
JIeM SIBIISIETCS JIMHEHHOTO THIIA U 33/1aliTe COOTBETCTBYIOIIYIO (DYHKIIHIO.

6) Kakyro cymmMmy cieqyer 3aruiaTuTth, eciid aBToMoomwib npomen 200 Muib?

Haiimure o6nacte onpesenenust Gynkuuun f: D — R:
1
a) f(0)=(x=1)°+(x+3)"; 6) f(x)=vx*=5x+6.

Haiinure npomexyTku, Ha KoTopbix ¢yHKuus f: D — R npuauMaer nmonoxurenbHble 3HAYCHHS,
eclIu:

4 1 2
W [()=x'+x-6 6 [(N=57= B f()=log(x+2; 1) f)=3x-%.
BeicoTa Haj 3emuieil IOAOPOIIEHHOTO BBEPX Msida BBIYHCISECTCS 1O QopMysie
h(t)=—t>—0,5t +1,5, rae & — BbIcoTa B MeTpax, f — BpeMs B cekyHmax, ¢ € [0; 1,5].
a) Haiigure MOMEHT BpeMeHH 7, B KOTOPOM Ms4 HaXOAWTCS Ha MaKCUMaJbHOH BBICOTE.
6) Uepe3 kakoil MPOMEKYTOK BPEMEHH MsY YIAJCT Ha 3eMITIO?

VYposens Bozpl B peke FOkHOM AMepUKH MOTHSUICS TMOcie MoK/, 3aTeM ypOBEHb Havall MajaTh
1o 3 nons B yac (1 moms = 2,54 cM) u B HacTosdIIee BpeMst OH Ha 3 CTOIIBI BBIIIE HOPMAJILHOTO
ypoBHA (1 croma = 30 cm). IIpeanonoxus, 4TO ypoBEHb BOJbI IMOHUXKAETCS PABHOMEPHO,
3anumuTe GYHKIUIO | cTeneHy, 3ajatolyto 3aBUCUMOCTh YPOBHSI BOJIbI (TOTO, YTO BBIIIE HOPMBI)
oT BpeMeHU. Uepes Kakoil MPOMExKYTOK BPEMEHH ypOBEHb BOAbI OyJeT HOPMaJIbHbIM?

Hcnonb3yst cBoMCTBA M3YYCHHBIX (YHKIHIA, B TOM YUCIe UX TpadUKH, CPaBHUTE:
a) Y720 ¢ V722; 0) ¥-91 ¢ —3/91,2; B) (V2-1)" ¢ 1;
2

-2 _2
37 ¢4, n) log, 7 ¢ log,3.1; e) log,, 7 ¢ logoglnz.

o
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MoAayib

10.

11.

12.

13.

14.

15.

17.

18",

5/

Hcnonw3ys cBoiicTBa M3yueHHbIX (QYHKIMHA, CPaBHUTE: ,

9z e '7; DaNTe (B (%J e W2

r) 10g0’9(2—\/§) c log,, 32, n) log 517 c log, 5.

Pemure nHa muoxkectBe R YpaBHCHUEC:

@) (V3) =-1; 6) 15" =3".5"; ) log (| x|42)=-2;
r) log, 3x =log,, 21; 0 Ax+2=05-43; o) m =1,

Haiimure obnacte onpepenenus QyHKIUH, 33JaHHON GopMynoi:

2 f(x)=\/3—x+ﬁ; 6) f(x>=ﬁ—\/¥; B) () =(x+1) ",

Bribepute u3 mMHoxkectBa {l, \/g, \/5—2} 4yucia, MPUHAJICKAIUE MHOKECTBY 3HAYCHUN
GbyHKIME [, ¥ HAWAUTE COOTBETCTBYIOIIME 3HAYCHMUS X'

a) f(0)=Vx"; 6) f(x)= .
AN AN
Jlmst 3amanHON AMEKTPUYECKON 1IeMU U3BECTHO, YTO: R, R,
R e =2,25Q, R =3Q, R, =4Q. T R, T
Haitnure R;. WV

Hcnonp3ysa naHHbIe pUCyHKa, 3ajaiiTe

cooTBeTCTBYIOIIyI0 (yHKImio 11 crenenn
f(xX)=ax’ +bx+1. —

|
PR A

I

16. Jlenb(uH mpbiraeT U3 BOIbI 110 TPACKTOPUU:

5,
——2 2420,
Y>3
a) KaKon MaKCI/IMaHI)HyIO BBICOTy JOCTUTHET IACIIb-

¢bun?
0) KakoBo paccrosiHHe MEXAYy TOYKOW BBIXOJA U3
BOJIbI M TOUKOHM BXOJa JeNb(HHA B BOLY?

MOTOLMKIIMCT ABUTACTCS 0 HAKJIOH- I
HOM IJIOCKOCTH, MPOJIETAET TI0 BO3.Y-

=

XYy U 3aTEeM IPOAOJDKACT ABMIKCHHUC I10 18}----- LTIl ~

1

JIPyroi HaKJIOHHOM IockocTy. Mcnons- A |

3ysl JaHHBIE PUCYHKa, 3aJaiTe (QyHK- / 12 | [\
1

muto 11 crenenu, 4acTpio rpaduka Ko- 0

X

5
(=)

Topoii siBisiercs TpaexTopus ABC.

VYrounure, 0bpaTuma i GyHKIWMS f 1, €CIIH OHA 0OpaTHMa, HallNTe 0OPATHYIO K Hell (DYHKIIHIO:

a) [rR->R, f(x)=-3x+2; 6) f1[2, 00) =[], ), f(x)=x"—4x+3.
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19*. Haiinure MHOXecTBO 3HadeHuit ¢pyukuuu f: D —R:

a) f(x)=|2x|+m; 6) f(x)=(m+Dx+m-2.

20*. TlonmoXuTenpHOE MEHCTBUTEIBLHOE YHCIO X YIOBIETBOPSET HEPABCHCTBY

|log, x** —logﬁ\/;|+H1—x|—|10g3)c||S(x—1)log27 X

Haiinute uncio log, 2—f (Marematrnueckas Onumnuana Pecryoiauku Mosmosa, 2010)

@ MpoBepoyHas paboralll

Hpodozzafcumeﬂbﬁocmb
Pabomu: 45 MUHYT

LA

OnpefeniTe HCTHHHOCTHOE 3HAYCHHE BEICKA3hIBaHus: 2x° +1=0¢3-5" +15=0.

EcIu coKUTH BO3PACTHI OTIA M CHIHA, TO TIOTY4HM 52 Toxa. Uepes 8 JeT 3HaUeHHE OTHOIIE-

HUs BO3PAcTa OTIA K BO3PACTY chiHa GyeT pasHo 3. Haiiure Bo3pacT oTIa M BO3pacT ChIHa.
x ;

Pemmte Ha MHOXecTBe R ypaBHeHHE (—1 +x— 2)(100'5'(" D —2)=0.

P

4log, (x—y)+log,(x+y)=6,
Pemnre Ha mMHOKectBe RXR cucremy ypaBuenuit
NX—y =2

Hpodozzofcumefzbuocmb
Pabomu;: 9() MHHYT

(5

Jloxoxsl (B THIC. JIeeB) (GUPMBI IO Impojake aBTOMOOMICH Ha MpoTshkeHHn 10 Mecsies
—x+2,0<x<2

—2x* +20x-32, 2<x<10.

a) M3o0pasute rpaduyecku 10X0abl HUPMBI.

6) Onpenenure:

M3MCHSUINCH COIIACHO 3aKoHY: f'(X) ={

1) B kakue u3 3tux 10 MecsIeB A0X0bl ObITM MaKCUMAaIbHBIMU;
2) mepuobpl BpeMeHH, Korna (upma padoTana B yOBITOK;

3) mepuobl BO3pACcTaHUsl J1I0XO/I0B;

4) nepuobl yObIBaHUS TOXOIOB.

3anuiuTe ypaBHEHNE OKPYKHOCTH, OIMCAHHOW TPEYyrOJIbHUKY, 3aJaHHOMY MPSIMON
y=3x+6 u oCsIMH KOOpAMHAT.

X0
Pemmure Ha mHOKectBe RXR cuctemy ypasuenmit 14” =32,
log,(x—y)=1-log,(x +1).

W g gl g5,

2x—x2=
Pemmre Ha muoxkectee R mepasenctso 97

Perure na Muoxkectse R ypasuenne 36" —2-6" +a =0, rue a — neiicTButenbubii napa-

MeTp.
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wodioweden o UIrM/M WOIATON O (MLOOHIAMOE0D ‘IINQLOMD

_

_

‘earoHogedoOH) KUHOHARAL

_

]

X 3 X
“dr u 0>——1 dr u ST wis @ “dr u \ElAk * drn 0STx
x 9301 < (1—x) ‘o] 0>¥=.8€+.49 *S1-xp 05 (1-x)x
drr I= MA+$ (= 081 =(1+X)3| I= Im|k¢ x=xp—¢ 0>"2+xg+ xp
7= A+d7+ x 0=xu[—x_u 0=,E+.6-€ g=xp—1-xp 2<q+xv
0= A +dx—x [=dSg-x3|7 0=47+.8 nuoHUAN0909 ‘1@WIuIN,) 0=_42+4x'q+ x'p
0=4¢+xg —A3 mw d=7-% 2=dq+xv
0=43[+¥3] dru (x)y = (x)8 x
a1anpodono( nu2oHULN090 ‘WNIUINY MuIOHUAN090) ‘19WaUIdIN) (Y2 E + E nu20HUAN0909 WWIMIN))
. W< m)f x
arn g Sk [ or Rz o din 0<(0)/ ) O (25 mmy <28
=dx— » » x x
0=&—AT+xz (x)3 "So1 < (x) / "op s (Y > ), ()Y @8>/} (2 5 > wurm)
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HU3MEPCHUEC YTIIOB C MCIIOJB30BAHUEM DPA3JIMYHBIX CIUHUIL U3MCPCHUA,

HCIIOJIb30BAaHUE TPUTOHOMETPHYCCKON OKPYKHOCTH IPH PCUICHUH 3ajad;

*MpUMEHEHHE CBOWCTB TPUTOHOMETPUUECKUX (YHKIUI M CBOWCTB 0OpPATHBIX TPUTOHOMETPH-
YecKuX (pyHKUUI;

pacrno3HaBaHHC U NMPUMEHEHHE OCHOBHBIX TPUTOHOMETPHUYECCKUX TOXKICCTB M (GOpMYIT B
Pa3IMYHBIX KOHTEKCTaXx;

*pacrmo3HaBaHue TPUTOHOMETPUYECKUX YPaBHEHHI W HEPABEHCTB, MPUMEHEHUE aCKBATHBIX
METO/IOB UX PCILICHUS;

MPUMEHEHHE TPUTOHOMETPHH B PA3IMYHBIX 00JIACTAX.

©C O O 000

m TpuroHomeTpu4yeckue chyHKunm

1.1. Cucrembl U3MepeHHs1 YIJIOB U AYT.
O0001IeHe MOHATHIA YIVIa U IYTH

3naeme, umo...

JlpeBHHE TPEKH TEPBHIMH HAYUWINCH OMPEACIATH
paccrosiHue OT Oepera 10 Kopabis, HAXOIIErocs B
mope. [1ob3ysich pUCYHKOM, OOBSICHUTE, KaK IOCTYaJIH
JPEBHHE TPEKH.

3akniouenue: STOT crI0co0 MOXKET OBITh UCTIONTL30BaH
B QHAJOTUYHBIX CUTYalUsAX (TIPUBEIUTE MPHUMEPHI).
CrenoBaTenbHO, HIIEMEHTHI TPUTOHOMETPUH, BETMUHUHEL
YIJIOB IPUMEHHUMBI B PA3JTHYHBIX 00IACTSX, B TOM YHCIIE
B IIOBCETHCBHOW JKH3HH.

I'paodycnas mepa

M3BecTHO, UTO KaXXIOW yre OKPYKHOCTH COOTBETCTBYET OJHO3HAYHO OMPENEIECHHBIN
LEHTPAJTbHBIN YToJ1. B TpUroHoMeTpuy NPUMEHSIFOTCS JIBE SAMHHUIIBI K3MEPEHHS YITIOB: TPAIYC
U pajifaH.

Enununieil u3amepeHus B rpaJyCHON cucteMe u3Mepenust ssisercs gpadyc (1°), onpene-

JICHHBIM KaK BeJIUYMHA yrina, paBHOIo 5~ 4YaCTU OPsMOro yrjia. —5 4YacTb I'paJycCa paBHa

90 60

1 munyme (1”), a —~ 4acts MunyTHI paBHa I cexynoe (17).

60
CrenoBarensHo, 1° = 60, 1" = 60”.

o
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I'panycnas mepa pasBepryToro yria paBHa 180° (BmBoe Ooibliie, 4eM Mepa IpsIMOTO
yIia); TpajycHas Mepa MOJHOro yriia paBHa 360°.

Paouannasn mepa

Pannannas cucrema U3MEPCHN YITIOB U AyT 6a3preTcsl Ha YTBEPXKACHHUH, UYTO OTHOIICHNE
JUIMHBI 1yTH, COOTBGTCTBy}OHIeﬁ HECKOTOPOMY HEHTPAJIbHOMY YIIIY, K JUIMHE panyCa OKPYyXK-
HOCTHU — 3TO NMOCTOAHHAA BEJIMUMHA, HC 3aBUCAIAs OT AJIMHBI paanuyca.

Omnpenenenne. [lycts [ — miuHA DyTH OKpY>KHOCTH paauyca r. PaquanHoi Mepoii
LEHTPAILHOTO YIJa (Jyru) Ha3bIBaeTCsl OTHOILIEHHUE JJIUHBI IyTH, COOTBETCTBYIOIICH

9TOMY YTITY, K JITMHE pajinyca OKPYKHOCTH: X = L (D).
r

Ecmu B dhopmyne (1) momoxkum [ = r, T0 ¢ = 1 paama.
Yenom 6 0ooun paouan (coxpameHHo paj) Ha3bIBACTCS
LEHTPAJIBHBIA YToJl, KOTOPOMY COOTBETCTBYET Ayra, JUIMHA
KOTOpPO#i paBHa JutnHe paauyca (puc. 8.1).

IIpumepot
&% Paguannas mMepa () NOJHOTO yIvia paBHa 27T paj.

HCﬁCTBHTeJ’IBHO, TaK KaK JJIMHAa OKPY>KHOCTHU paBHaA 2mr 5

T0 O =2T’”= 27 pan, Tie T~ 3,1416.

# PanuanHHas Mepa pa3BepHYTOro yIila paBHa 7T paj, a Puc. 8.1

IPSIMOTO YIJIa paBHA % paxn.

I 3ameuanue. Kax nmpaBuilo, eMHUIA U3MEPEHUS pauaH (paja) He YKa3bIBACTCA.

Ilepexo0 om zpadycroii mepol K paduaHHoli Mepe OCYLIECTBIIETCS HA OCHOBAHUU

T-a . . 180°-«

COOTHOILEHUS O = 130°° rIe a — rpagycHas Mepa yrina. O0parHblil epexon: a = Y
e O — paguaHHas Mepa yria.

Ilpumepo

- o _45°

&7 Yron B 45° nMmeer pasiuaHHyIO MEpy O = Wﬂ =7

° : ° 7 ’”
# Yron B 1 paguan uMeeT TpagaycHyIO Mepy d = 18071 _ _180° 57°1744".

T 31416

% Opuenmuposannvie y2ivl u Ooyzu

B reomerpum yros paccmaTtpuBaeTcs Kak OOBEIMHEHHE JBYX
3aMKHYTBIX MOJTYTIPSIMBIX ¢ 00IUM HadarmoM. OHAKO 3TO MOHATHE
HE TPIMEHIMO B HEKOTOPBIX Ciydasx. Hampumep, HemocTaTouHO
cKasarh ,,l [okpyTuTe raiky Ha 30°“ — He0oOX0MMO 3a/1aTh U HAIIPaB-
JIeHHE MOBOPOTa. YacTo NMPUXOAUTCS IOBOPAYUBATH HEKOTOPYIO OCb,
K04 Ha yroj Oombinuil, yem 360°. Jlns perieHus 3TuX 3amad
0000IIMM TIOHSTHA YTJIa U IyTH, PACCMaTPHUBAast OPUEHMUPOBAHHbBIE
ysl v Oy2u.

©
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Ha miockocTn paccMaTpyBarOT Ba HATIPABICHUS IS YA
BpAILlEHUsI JIyda BOKPYT CBOETO Hayalla — HOJI0MCUmenb- K|l
Hoe (TIPOTUB YaCOBOU CTpENKH) U ompuyamensvHoe (1o
qacoBOM cTpenke). Hampapienue BpammeHust yKa3bIBaeTCst
crpeskoit (puc. 8.2).

[IpunsiTo cunTaTh, YTO OPUCHTUPOBAHHEINA yroa AOM

o

S L) =

(Touku A, M 1iexxat Ha OKpYKHOCTH) 3a1aeTcst iydoM [OA,
KOTOPBII BpaIllaeTCsi BOKPYT CBOETo Havasa. Tak Kak ofHa
13 CTOPOH MPOU3BOIILHOTO OPHEHTHPOBaHHOTO yriia AOM
COBITAJIACT C MOJIOKHUTEIBHOM MOJTyochto [Ox, TO B TIOCIIE-
JTyFOIIEeM OyZIeM CIHTATh, YTO BTOPAst €ro CTOPOHA (2 3HAYHT
u yron AOM) 3anmaercs xydaom [OM. Yron AOM (u nyra,
KOTOPYIO OIHCBHIBACT TOUKA A) HAa3BIBACTCS HOI0NCUMETbHBIM VI OMPUUAIETbHbIM B
3aBUCHMOCTH OT HarpasjieHus BpamieHus jgy4da [OA BOKpyr cBOEro Hadaia.

[Mycts ayy [OM cocTaBiseT ¢ MOJO0XKHUTEIBHBIM HampaBicHueM ocu OX yroi BejH-
anuoit o (0< o <27). Ecim mya [OM coseprunt eme 1 monusix o6oporos (ne€ N7) B
MOJIOXKUTEILHOM (WITH B OTPUIIATEIILHOM ) HAIIPABJICHUH, TO BEIMYMHA TTOJTyYSHHOTO OPHECHTH-
POBaHHOTO yIia paBHa o + 27n (unu o — 27n). Ha pucynke 8.2 nyd [OK obpasyer ¢ iy-

-1
Puc. 8.2

. o T o .
4oM [OA HECKOJIBKO YIJIOB: TIEPBbIi BenuuuHoi B 90° | mim "5 | BTOPO# BeMMHHO B 450°

St . . 3
WU 5t Tpetuit BemuuuHou —270° | nnm “5 | O0600111as ckazaHHOE, JeaeM BbIBO/,

9TO BEJTIYHHA IFOO0T0 OPHEHTHPOBAHHOTO yTia, 00pa3oBaHHorO Tydamu [OK u [OA, 3amaercs

bopmysoit: @ =90°+n-360°, ne Z (wm a=%+27r~n, ne ).

Onpenesienne. TPUroHOMETPHYECKON OKPY/KHOCTBHIO HA3bIBAETCS OKPY’KHOCTh
€IMHUYHOIO paJinyca C LIEHTPOM B Hayajie KOOpAMHAT.

Kak mpaBuiio, pacCMaTpHBarOTCs YIIIb, 33/IaHHbIC ONYIPsiMoit [OM 1 monokuTe bHOM
noayochro [ Ox, rae M npuHAICKUAT TPUTOHOMETPHUCCKON OKpYKHOCTH (puc. 8.2). [oBopsT,
yto yroa AOM npunamiexur I, 11, 111 wiau IV vyerBeptH, ecau Touka M npunamiexur I, 11,
III min IV ueTBepTH COOTBETCTBEHHO.

B a1tux ycnoBusix moixydaem OMEKTHBHOE COOTBETCTBUE MEXK]Ty MHOKECTBOM OPUEHTHPO-
BaHHBIX YIJIOB (MHOXKECTBOM JIYT') H MHOXKECTBOM JICHCTBUTEIIBHBIX YUCEI IIPH BHIOPAHHOMN
€JIMHUIIC U3MEPEHUS — rPajlyC MM paJuaH. YUYHUTHIBast 3TO COOTBETCTBUE, YCIOBUMCS, UTO
uepe3 &, B U T. 1. 0003HAYNM U YTOJ, U €T0 BEIUUUHY.

1.2. Tpuronomerpuyeckue (pyHKIHM CHHYC, KOCUHYC, TAHT€HC,
KOTAHT€¢HC, CCKAHC, KOCCKAHC
3amgava. OnpenenuM BBICOTY TellerpadHoro crojida, MepreHaUKyYIIPHOTO MOBEPXHOCTH
3€MJIH, UCTIONIB3YS MPU 3TOM TOIBKO MHCTPYMEHT JIJISl U3MEPEHUS JUTUHBI.
Pewenue:

O6o3naunm: AB — BbicoTa cTosba, d — mpsiMasi, IPOXOIAIIast Yepe3 TOUKy A mep-
neHauKyisipHo K AB (puc. 8.3). B touke A, (A, # A) BepTHKAJIbHO yCTaHaBIUBaeM (Ia-

o
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panensHO AB) npsiMonunelnsli mect [A,B) ], B
JUTMHA KOTOPOTO M3BECTHA. Bu3yansHo Ha mps-
Motli d onpenernsieM pactionosxenue Touku O Tax,

4qT100bI TOukH O, B|, B OBl KOITHHEAPHBI. B

O4YeBUIAHO, YTO MPSIMOYTOJIBHBIE TPEYTONb- o d
Huku OA B, u OAB nopoGHBI, IO3TOMY O A, A

AB _ OA A B Puc. 8.3

—— =— orkyna AB=—-2"-0A. Tloc- uc. o.

AB oA O OA

KOJIbKY MbI MOYKEM HalTH JUTMHBI 0Tpe3koB OA |,

A,B,, OA, To BbIUHCINM U BBICOTY cT010a AB.
Hcxons m3 TOrO, 9YTO B MPSMOYTONBHBIX (MOK00HBIX) TpeyroasHuKax OA,B,, OAB

. AB, AB
(puc. 8.3) 3HaueHHe OTHOLICHUH BHIA , == — IIOCTOSIHHAs BEJIMYMHA, ObLIN BBEACHBI
OA, ~ OA
HOHATHSA CUHYC, KOCUHYC, MAH2EHC, KOMAH2eHC JUI OCTPBIX YITIOB. A MIMEHHO:
sino _AB cosoL _0A tgo _AB ctgo _0A
OB’ OB’ OA” AB v
2
OmnpenencHrue TPUTOHOMETPUUECKUX (YHKIMH At mpow3- N 7777777 T,

BOJIBHOT'O yIiIa OCHOBBIBACTCA Ha cnez[yfomeﬁ JIEMMCE:

_____ T,
Jlemma. Ecu nyun [OM |, [OM, conanaror (M, # O,

X, X X X y y
M¢0’ _l=_2’ 1 = 2 9 1 = 2 9
»* 0), 10 v, v, oM, om, oM, om, "¢

M (x,, y), M(x,, y,) — TOYKH, 3a[laHHBIE B MPSIMOYTOJIb-

K, K, O X

HO#t cucteme koopaunHat XOy u y, -y, #0 (puc. 8.4). Puc. 8.4

Omnpenenenns. IlycTs maHbsl TpUTOHOMETpHYECKAs! OKPYKHOCTB M YTON O, 0Opa3o-
BaHHBIN JTydoM [OM 1 ONOXKHUTENBHOH moayockio [Ox (Touka M (X, y) NpUHAICKUT
TPUTOHOMETPHUECKOH OKPYXKHOCTH) (puc. 8.5).

* CHHYCOM YIJIa O/ Ha3bIBACTCS OP/IHATA TOU-
M y) 1 ku M (1o ecth Sina =y).
X,
Y * Kocunycom yria ¢ HasbiBaeTcs abcuucca

Touku M (TO eCTh COSOL = X).

\0‘ + TaHrencom yrja (¢ Ha3bIBacTCsS OTHOLICHUE
-1 0 B JA(1,0) x opAuHAaTHI K abcuucce Toukn M (TO ecTh
sina 3
tga:l: , 00E=+mk, ke Z).
X coso 2

1 + KoraHreHcoMm yriia 0/ Ha3pIBa€TCsl OTHOIICHUEC
abcruccsl K opauHaTe TOuku M (To ecThb

Puc. 8.5 Ctgazﬁzc9sa, oa#nk, ke Z).
y sina
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3ameuanue. Takum 00pa3oM, paKTHUSCKH OTIPEICIICHBI YUCIOBBIE (PYHKIMN Ha TIOJAMHO-
JKECTBaX MHOXKECTBA JACHCTBHUTENbHBIX YUCEIl, TAK KaK paguaHHas Mepa Jr00ro yria sB-
JsIeTCs JeMCTBUTEIBHBIM YHUCIIOM.

Onpeenenusi. HaspiBaeTcs QpyHKIMEH:
e cunyc — ¢pynkmusa f: R—>R, f(x)=sinx;

» kocunyc — pynkiusa f: R —R, f(x)=cosx;

* tanrenc — gpynkmua f: R\ {%+ k7r|k € Z} >R, f(x)=tgx;

 koranrenc — pyukius f: R\ {k7r|k eZ} >R, f(x)=ctgx.

3ameuanue. B HEKOTOPHIX CIyUasX UCTIONB3YIOTCS TAKXKE U (PYHKIIHH:

) L _ _ 1.
ceKaHc — QyHKus f: IR\{2 +k7t|ke Z}AR, f(x)—seCX—Cosx,

KkocekaHc — ¢pyukmus f: R\ {kn|k eZ}—>R, f(x)=cosecx= %x

DYHKINH CHHYC, KOCUHYC, TAHTE€HC, KOTAHT€HC, CEKAaHC U KOCEKAHC Ha3bIBAIOTCS MPU20-
HoMmempuyecKkumu ynkyusmu 1 0003Ha4YaroTCH Sin, cos, tg, ctg, sec m cosec coort-
BETCTBCHHO.

2
%\&maﬂne C pelaicHueEM

Beramcnnm 3HaueHMST TPUTOHOMETPUIECKUX (YHKIUH Sin, cos, tg, ctg Ui CICTYIOIINX

3n 1w
20, =, ==, YA
BenM4KH yrios: 0, 13 1
. Cel-_ |
PemeHue.3 C, M, )
Vrer O, Tﬂ, —% 3agansl nydamu [OA, [OC, [OD 0515 I8 .
coorBeTcTBeHHO (puc. 8.6). Tak Kak BeTMYMHBI YIJIOB - Ol\D ‘E PfAQ,0) ¥
COC, n DOD, paBusI % u % COOTBETCTBEHHO, TO U3 i
tpeyronsHuka OC,C utpeyronsauka OD,D mnomy- -1 b
uaem OC, =CC, zg, DD, zg, OD, =%. 310 1103- Puc. 8.6
BOJISIET HANTH KOOPAMHATHI cOOTBeTCTBYIOMMX Touek: A(l, 0), C (—g, %} D (%, —g]
Taxum 00pa3zoM, O ONPEAETICHUIO TPUTOHOMETPHUYECKUX (DYHKIIHI, IMEEeM:
Sin3_7r:£ COSS_EZ_Q t 3_”:Ct 3_7[2_1
42 4 g EgTETyTT

(Sl o Fhg w(FfE w5

sin0=0, cosO=1, tg0=0, a ctg0 He cymecTByer.

mMoaynb ~
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AHaIOTMYHO NOTyYaeM 3HAUYCHHST TPUTOHOMETPUICCKUX (DYHKIUH ISl PYTHX 9acTO UC-
noJp3yeMbix yrioB (tad. 1).

Tabymua 1

waman| 0 | Z | E|Z | % | 22 | 3n | 5w n| n| _m|_m

e 6|4 |3 |23 |4 |6 |*| 76| 4| 3| 2
o (rpanyc)| 0° | 30°|45°(60°90°| 120° | 135° | 150° (180°| —=30° | -45° | -60° | -90°
§ sino| O 1 ﬂ ﬁ 1 ﬁ ﬁ 1 0 1 _ﬂ _ﬁ ]
= 21212 2 2 2 2 2 2
E»cosa 1 ﬁ ﬁ l 0 _l _ﬂ _ﬁ -1 ﬁ ﬁ l 0
= 2 | 2|2 2 2 2 2 2 2
o HE HE
Sltga| O 3 1 (3] o |=+/3] -1 B 0 3 1 |=3] o
< He \ﬂg \ﬂg He \ﬂg
= - 1 (2= 0 |-2X2| -1 |- - | = -1 [-2X=] 0
™| ctg o mgm, V3 3 3 3 mZZm V3 3

1.3. OcHOBHBIE CBOMCTBA TPUTOHOMETPHYCCKUX QYyHKIMI

I. ®yukuus f: R-oR, f (x) =sin x

1° Oénacmsb onpedenenus. D(sin) = R, tak kak ms moboro o € R oaHosnavHo omnpe-
JIeNIIeTCsl OpIMHaTa TOYKH M TPUTOHOMETPUUYECKON OKPY>KHOCTH, Tie iyd [OM oGpasyer
YroJ ¢¢ C TIOJIOXKUTENBHOH momyockio [Ox.

2° Ob6nacmo usmenenusa. E(sin) = [-1, 1]. Bxmouenne E(sin) < [-1, 1] oueBuaHo, Tak
kak [sina|=]|y, | <1 s moboro o € R.

O6parnoe Brmouenue [—1, 1] < E(sin) momyuwnm, i
[10JIb3YsACh TPUTOHOMETPUUYECKOH OKPYKHOCTbIO. J[is
moboro a € [-1, 1] paccmorpum Ha ocu Oy TOU-
ky K(0, a) (puc. 8.7). IIpsmas, napamiensHas ocu Ox u 1 o p\1 x
TpoXosIIas yepe3 Touky K, rmepecekaeT TpUTOHOMETPH- B 0 : A
YeCKyI0 OKPY)KHOCTb XOTs OblI B oytHOH Touke, M. V3 mo- !
CTPOCHHS CJIEyeT, YTO JUIsl JIF000To yIia O, 3aJaHHOTO KO, a)t------ M
aydoMm [OM, nmeem SInQ = a, TO €CTh d SBISIETCS 3HAYE-
HueM ¢yukimu cunyc. Utak, E(sin) = [-1, 1]. -1

3° Hyau GyHKIINY CHHYC SIBIISTFOTCS PEIICHUSIMU YPaB- Puc. 8.7

Henus sint =0, To eCTh COOTBETCTBYIOIIAS TOYKA HMEET
opnunaty y = 0. Touku UMEIOT HYJIEBYIO OpJMHATY, €CJId OHH Jexar Ha ocu Ox. Ha pucyH-
ke 8.7 — 310 Touku A u B. Benuuunel yrios, 3aannbie ydom [OA, paBusl 0+ 27 -k, ke Z,
a BEJIMYMHBI YIVIOB, 3a/1aHHbIe iydoM [OB, pasHbl 7T + 27T -m, me Z. OObeIMHEHUEM ITHX
JIByX YUCIIOBBIX MHOXKECTB SIBISIETCS MHOXECTBO {7k | k € Z}. Takum 06pa3om, Hy MU (yHK-
LUK CUHYC ABJIAKOTCS 3HaueHust x € {7k |k € Z}.

KoopauHatsl ToYkH nepecedeHns rpapuka GyHKIHH CHHYC ¢ ocblo Oy 3amarTcs pa-

BerctBoM sinl0 = 0, To ecth rpaduk nepecekaet ock Oy B €AUHCTBEHHON TOYKE € KOOPIMHA-
tamu (0, 0).

©
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4° Ilepuoouunocms. W3 onpeneneHus GQYHKIHUM CUHYC CJIEAyeT, UTO
sin(@ +2m) =sin(@ — 2r) =sino, Tak Kax yrisl o, & + 27T 3a1af0TCs OMHUM U TEM JKE JIYIOM.
Oro 03Havaet, uto uncio 1 = 27 sisiercs neprogoM GyHkiuu cunyc. Jlokaxem, uro T = 27
SIBJISICTCS] OCHOGHBIM HePU0OOoM HYHKIMU CUHYC (HAMMEHBIIMM TTOJIOKHUTEIbHBIM [IEPHOIOM).
HomycTum, uto cymectByeT Menbimii nepuoa 7y, T, > 0. Torma sin x =sin(x+7;), Vxe R.

mMoaynb

B uactHoctu, mis x = 0 umeem 0 = sin0 = sin7,. Tlockonbky uncno 7, sBiseTcs HyJIeMm
¢yHkuuu cunyc, oHo npuobperaer Bun 1, = km, k€ Z. EQNHCTBEHHBIM MOJOKUTEIbHBIM
uncioM Buna Kk, k€ Z, menbuie, yem 27, sBisercst T, = 7. Ecau Obl 9ncino 7T ObUIO

HEPHOOM, TO MBI ObI IIOIYYMIH, uTo Sin x =sin(x+7), V x€ R. Ho 510 paBeHcTBO HE BLI-

T . T .|
noHUMO 1yt Beex x € R. Hanpumep, s x = 5 TomydaeM sin 5= 1 u sin 5 +7 ): —-1.

CrienoBaTesIbHO, YHCIO 7T HE SBIBIETCS MeprHooM. TakiuM 00pa3oM, OCHOBHBIM MEPHOIOM (DyHK-
MU CHHYC SIBISIETCS 2 TT.

3ameuanue. Ha 0CHOBaHUU CBOMCTB MEPUOANYECKUX (PYHKIUH Jie1aeM BBIBOJI, YTO JOC-
TaTOYHO MCCIIEOBATH CBOMCTBA (DYHKIINH CHHYC Ha JTI0OOM OTpE3KE JUTHHEI 27T.

5° 3nak PyHKIMM CHHYC COBIAJACT CO 3HAKOM OPANHATHI COOTBETCTBYIOIIECH TOUKH TPH-
TOHOMETPHUYECKOH OKPYKHOCTH. OpIuHaTa TOUYKHU TOJOKUTEIbHA, €CII TOUKA JISKUT BBIIIC
ocu Ox, a 3TO 03HAYAET, YTO COOTBETCTBYOLIMI JIy 3aa€T yroll O, IPUHAICKAIIUIA IPOMe-
swytkam (27k, T+ 27k), ke Z. B stom ciydae yron o npuHauiexut [ win I uereptH
(puc. 8.8 a)). Ecm e (2nk —m, 2rk), k€ Z, 10 ects yron o npunamiexur I wmm IV
Y4eTBEPTH, TO QDYHKIIMS CHHYC IPHHUMAET OTPHUIIaTeNIbHbIC 3HaYeH s (puc. 8.8 a)).

6° Yemnocmo unu newemnocms. Eciv iya [OM 3anaer yron o, a nyd [OM’ 3amaer yron
—o¢ (puc. 8.8 6)), To Touku M, M’, nexaiiue Ha TPUTOHOMETPUYECKOH OKPY’KHOCTH,
CHMMETPHYHBI OTHOCHTENBHO oc Ox. Torma s moboro o € R nomyunm

sin(-x)=1y,, =-y, =—sino.
3HauuT, QYHKIWS CHHYC HEUETHAS.
a) YA 0) YA

S

=y
\2

=y

Puc. 8.8
7° Monomonnocms. B § 2 Oyner nokasaHo, 4To (yHKIHS CUHYC CTPOTO BO3pacTaeT Ha
T T
Ka)JIOM U3 OTPE3KOB [— 5 + 21k, 5 + 27tk] , k € Z, na KOTOpPBIX IPHHUMAET 3HAUCHUSI OT —1

1o 1, u cTporo yOBIBaeT Ha Ka)KIIOM U3 OTPE3KOB [% + 27k, 3 + 2727]{], ke Z, wna xotopbix

©

MpUHUMAET 3Ha4eHus oT 1 jgo —1.



Moayinb

AneMeHTbl TPMroHOMeTpUun

8° Okempemymer. 113 cBOcTBA MOHOTOHHOCTH (DYHKIIMH CHHYC CICAYET, YTO TOUKH

T o
Z+2nk, keZ, ABAAOTCS TOYKAMHU JIOKAIBHOIO MaKCUMyMma 3TOH (QYHKIUU U

V3 3
Vo = (E + 21tk ): 1, a Touku 77‘6 +2ntk, k€ Z, ABAAIOTCA TOUKAMHU €€ JIOKAIBHOTO MH-

HUMyMa U Y, = (37” + 21k )z —1.

9° I'pagpuk ¢pynxkyuu cunyc Ha orpeske [0, 277] mporne MOCTPOUTH TPH TOMOIIH TPH-
TOHOMETPHYCCKON OKPYKHOCTH, YUHTBIBast TIPU 3TOM, 4to 27T = 6,28 (puc. 8.9).

f(x)=sinx

Puc. 8.9

B cuty nepuogudHOCTH (PyHKINH CHHYC, JOCTATOYHO NMOCTPOUTH €€ Tpauk Ha OTpe3Ke
[0, 2], a moTOM IOBTOPUTH €ro Ha oTpeskax [27, 4x], [-27, 0], ... uT ;.

II. ®yuxkmus f: R > R, f (x) = cos x

CBolicTBa (DYHKIIMH KOCHHYC MOTydaeM aHAJIOTHYHO CBOWCTBAaM (DYHKIIMH CHHYC.

1° D(cos) = R.

2° E(cos) = [-1, 1].

3° Hymsimu QyHKIHME KOCHHYC SIBIISIFOTCSL 3HAUCHUST X € {%+n’k | ke Z}, a ee rpaduk
mepecekaer ocb Oy B Touke (0, 1).

4° dyHKIMA KOCHHYC NEepUONYEeCKas; e OCHOBHOM IIepHOJ paBeH 27T.

5° 3uaku QYHKIMH KOCHHYC COBIAAOT CO 3HAKAMH aOCIIMCC COOTBETCTBYOIIMX TOUCK
TPUTOHOMETPHUCCKON OKPYKHOCTHU: 3HAYCHUS (DYHKIIMU KOCHHYC TTOJIOKUTETBHBI, €CITH YTOJI

o nexur B IV win 1 yetBeptn (0 € (—% +2nk, %+ 2rk ), ke Z), u ee 3nauenns orpu-

HaTeNbHbI, eclii yroi ¢ aexut Bo 11 wiu 111 yerBept (0r € (% + 271k, 377[ +2nk ), ke Z).

6° OYHKIHA KOCHHYC YeTHas, Tak Kak, ecau tyun [OM u [OM’ 3apaior cooTBETCTBEHHO
YIIBI O U —l, TO Toukd M, M’ TpuroHomMeTpuyeckoii OKpyKHOCTH CUMMETPUYHbI OTHOCH-
TesbHO ocu OX W'y HUX OfiMHaKoBbIe abcimccesl. CreosarensHo, cos(—a) =cosa, o€ R.

7° DyHKIMS KOCHHYC CTPOTO BO3pacTaeT Ha KaXJIOM U3 OTpe3KoB [T + 27k, 27t + 27k],
ke Z, na xoropbix oHa nmpuHuMmaeT 3Hauenus ot —1 jgo 1 (werseptu I, IV), u crporo
yObIBacT Ha KaXKIOM M3 OTPe3koB [27k, T + 27k], k€ Z, Ha KOTOPHIX MPUHUMAET 3HAde-
uust ot 1 go —1 (werepru I, 11).

8° Jlnst pyHKIMM KOCHHYC TOUKH 27Tk, k € Z, SBISIOTCS TOYKAMH JIOKAITBHOTO MaKCHMY-
Mau Y, = f(2mk)=1, atouku 7 + 27k, k € Z, ABIAIOTCS TOYKAMH JIOKATLHOIO MUHUMYyMa
uy.,, =f@+2nk)=-1.

@
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9° I'paduk pyHKINH KOCUHYC H300pakeH YacTHYHO Ha pucyHKe 8.10.

YA
1 f(x)=cosx

Puc. 8.10
II. ®yuxmus f: D > R, f(x)=tgx
10 D(tg):IR\{%+7zk|ke Z}.

2° E(tg) = R. Jlns moGoro a € R cymectsyer Takoit yron o,
MP AB _a

—=a,

t o= , t ===
Ipu KOTOpOM (g d, TIOCKOJIbKY (g0 OP OA 1

T T
O(E(—E,E) (pI/IC. 811)

OpuHaTa TOYKH IepecedeHus moiaynpsimoid [OM ¢ kacaTenbHOM
AB x TpuroHoMeTpu4ecKoi okpykHoCcTH B Touke A(1,0) paBHa
tgo. [TosTomy nipsiMasi AB Ha3bIBa€TCS OCbIO MAHZEHCO8.

3° Hynu ¢yHKIMU TAHTEHC COBHAMAIOT C HYISIMH (DyHKIIUH
cunyc: x€ {krm|ke Z}.

sin(f@+7)  —sino

- B(1,a)

4° Tak kak st groboro o€ D(tg) umeem tg(o + 1) =

cos(@+m) —coso

| —
=V

=tgo, TO

(yHKIMS TaHTEHC — TMepHOANYecKast. MOKHO 10Ka3aTh, UTO €€ OCHOBHOM IEPHO]] paBeH IT.

5° dyHKIWS TAaHTCHC PUHUMACT TIOJIOKUTEbHbBIC 3HaueHus B | u 111 geTBepTsX, re 3Ha-
YeHus: PYHKIHI CHHYC U KOCUHYC OJJMHAKOBOT'O 3HAKa, U OTPULIATEIbHbIE 3HauYeHus — BoO 11 1
IV weTBepTsax, re 3HaYCHUS PYHKIMIA CHHYC ¥ KOCHHYC Pa3JIMYHOTO 3HAKA.

6° OyHKIKS TAHT'CHC HEUCSTHAs, TaK KaK IS JIFo-
ooro € D(tg) umeem:
sin(—o —sino
o) _ =—tgo.
cos(—a) coso 3

tg(-a) =

VA

R

77° OyHKIMS TAHTEHC CTPOTO BO3pacTacT Ha KaxK-

JIOM U3 MPOMEKYTKOB (— % + ik, % + 7k ), keZ
(puc. 8.12).

8° DyHKIMS TAHTCHC HE UMEET IKCTPEMYMOB.

Puc. 8.12

R

mMoaynb ~
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9° I'padux QyHKIUM TAaHTCHC H300pa’KeH YaCTUYHO Ha pUCyHKe 8.12.

T
I 3ameuanue. Hp}IMI)Ie y =§+ﬂk’ ke Z, SABJIIOTCSA 6epMUKAIbHbIMU ACUMBMOmMamMu

rpaduxa QyHkuun f(x) = tgx.

IV. ®yuxkuust f: D > R, f(x) =ctg x

1° D(ctg) =R\ {7k| k e Z}.

2° E(ctg) = R (puc. 8.13). AGcumcca Toukn
B(a,1) paBna ctgo, To ectb a=ctgo. Iloaromy

npsiMasi AB Ha3bIBACTCSI 0CbI0 KOMAHZEHCOB.

y
(-
3° HynsiMu pyHKITH KOTQHT€HC SIBILTIOTCS 3HAYCHIIS Q-/ ; >

xXe {%+7rk|ke Z}.

4° OcHOBHOM TIepro]] PyHKIIUU KOTAHTCHC PaBeH TT. Puc. 8.13

5° DyHKIMS KOTAHTCHC IPUHUMAET TT0JI0KHUTEbHbBIC
3Hauenys B [ u IIT yetBepTax u orpunarensuele — Bo Il u VA
IV yerBepTsx.

6° MyHKIMSA KOTAaHI'€HC HeYeTHAs:
ctg (—x) =—ctgx, xe D(ctg).

7° OyHKIUS KOTAHT€HC CTPOTO YOBIBAET HA KaXKIOM
U3 npoMekyTkoB (7k, T + 7k), k € Z (puc. 8.14). -

N
S| =
(1]

8° DyHKIHsI KOTAHTCHC HE UMEET IKCTPEMYMOB.

9° I'paduk PyHKITNH KOTAHT€HC H300paKeH YacTHY-
HO Ha pucyske 8.14.

ITprBenemM HeCKOIBKO IPUMEPOB, KOTOPBIE PEILIAIOTCS Puc. 8.14

Ha OCHOBAHHMU CBOMCTB TPUTOHOMETPHUECKUX (DYHKITHIA.

Z
%?mﬂamm ¢ pelmieHueM
2, 1w dr Y4

21 .
1. Onpenienum 3HaK NPOU3BENEHHUS d = COS 5 sin ?tg ZCOS Tctg 3

Pewenue:

2r Y3 2
3aMeTum, 9TO YIIbI B 5 pan, 1 pan mpunHagnexar I werseptn, yron B — panx — II

3
Ar St
YEeTBEPTH, Yrod B 3 pax — III gerBeptH, yroma B 3 pax — IV derBeptu. Tak kxax
Cosz?ﬂ: >0, siHZTﬂ >0, tg% >0, COS4T7T <0, Ctg%r <0, TO YHCIIO @ TIOJIOKUTEIILHO.

®
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2. OmpenennM 3HaK 3HAUYEHUST BBIPAKECHUS

Pewenue:

c0s10°—cos9°
2—sin?2

Tak kak 0°<9°<10°<180°, a dyukmus kocunyc Ha otpeske [0°, 180°] cTporo yoI-
Baromiast, To cos 9 °> cos10°. CremosarensHo, cos10°—c0s9°< 0, To ecTh YUCITUTENH OTPH-
[ATEeNBHBIN. 3HaMEHATeNb MOIOKUTENBHBIHN, Tak Kak Sin2 < 1. TakuM 00pa3oM, 3Ha4YeHHE

HCXOAHOT'O BBIPAKCHUS OTPULIATCIIBHO.

1.4. OcHOBHBIC TPUTOHOMETPHYECKHE TOXKIECTBA

[Mycts € R, M(cosa, sinc) — cooTBETCTBYOIAsE TOYKA TPUTOHOMETPHYECKON OKPYKHO-
cru. Tak Kak KoopauHaTaMu Hadana koopauHart sieisttores (0, 0), To st amHel orpeska OM
(paanyc TPUTOHOMETPHUYECKON OKPYKHOCTH) TTOJTydaeM:

1= \/(cosa —0)* +(sinat —0)? =+/cos’ & +sin’ .

OTCIOIIa CIICAYCT OCHO6HOE mpUucoHomempuuecKoe mooicoecmaeo:

sin‘or +cos’o =1, e R. ©)

[epemHOXMB BbIpaskeHUs 17151 (PyHKLUM TaHreHCa M KOTAHTeHCa (CM. OIIPEICIICHHS), TOTYYHM:

1 T
tgoctga =1 toor = tet=——, =k, ke ”.
goctg HiId tg o a,I/IJ‘II/I ctg o’ , K€

1
2

Pasnenus 06e yacTu ToxkaecTBa (2) Ha Sin’Cr, MM Ha COS>CY, TTOTyYHM:

1+ctg’o =—5—,
sin’or

o#nk, ke Z; 1+tg’oc =

2 >

a¢£+nk, ke Z.
cos’o 2

@ YnpaxHeHus u 3agaium

1. Bripasure B pagnanax BeIMYHHY yIvia:
a) 45°, 20°, 110°%
B) —120°, -31°, 180°;
2. Beipa3ute B rpagycax BEIWYHHY yIIa:
o F F_3m,
3 b 2 b 4 b
p 2 T T
7 b 4 b 2 9
3. BpluyucanTe 3HaYE€HUE BBIPAKCHUS:

a) sin90° + cos 270° —sin”15°;

B) 5tg’ % - ZCtg% +sin 27;

6) 60°, —78°, 270°;
r) 150°, -218°, -90°.
3r

U
L2 o
6’ 59 n’
T
4’

=)

)
r)

_r 3
18”2

L
6

r) —4sin 377[ +0,5tg

6) tgm —cos’ +ctg%;
r

2 T
gt 5

mMoaynb ~
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b

10.

11.

12.

13.

14.

16”

Bo3MOxHO 11, 9TOOBI CHHYC M KOCHHYC OTHOTO M TOTO K€ yIVIa COOTBETCTBEHHO OBLIM OBbI PaBHEL:

a)%n—@; 0) —% H—%; B)0,3u0,9; r)%n—%?
B03MOXkHO 111, 9TOOBI TAHTEHC M KOTAHTEHC OJHOTO M TOTO K€ YA COOTBETCTBEHHO ObLIH GBI
PaBHBI:

a)%n—%; 6)—%1/1—%; B)@H%; r)\g—21/1\/§+2?
Vipoctute BbIpakeHUE:

a) cos’a —cos*a +sin‘a +tgor - cose; 6) sina —sin’a —coso + cos’a;

B) 4 4 r) (tga +ctgo)(1—sino)(1+sina).

2 2 -5
I+tgor l+ctga

HaﬁHHTe THUIIOTCHY3Y W BCIIMYUHBI YITIOB MNPAMOYTOJIBHOTO TPEYIrOJIbHHUKA, KAaTEThl KOTOPOTO

paBHbl: a)4cM U 4\/5 cMm; 06)lcmu \/g cM.

Haiimure BemMuuHbI yIIIoB poMOa, €ClIM ero CTOpoHa paBHA 2 CM, @ BBICOTAa /2 CM.

HaiinuTe paccrosHne Mexmy ~J T
JBYMsl JIIOIbMHU (MX POCT PaBeH S~

1,7 M), eciu OJIMH U3 HUX BUIUT T~ -
JIPyToro moja yriaom 1°? =~

Haiigure obnacts onpenenenus ¢yukuuu f: D — R:
—cteX- S S —tox-
Q) f(0)=clg3: 0 F= 557 B) f(0)=tgx-cigx.

Onpenenute 3Hak npousseaeHus cosl10°sin 5?7[ cos(—10°)ctg (— STE )

Mana ¢yukimst f:D — R, f(x)=sinxcosxtg 2 Bouncmre:

a) f(—g} 0) f(—g} B) f(—zf); r) f(sgr)

[onb3ysick MOHOTOHHOCTBIO TPUTOHOMETPHUYECKHX (DYHKIHH, OMpEIeNuTe 3HAK 3HAYCHHS
BBIPAYKEHUS:

. . T
tg100° —tg160° tg111°—1g105° sinl—sin

a) — Y o 0) o B) .
sin(—10°) —sin(—20°) sin15°—cos10 tg 5?77: —tg2
Hccnenyiite Ha 4eTHOCTh (PYHKIIHIO, 3aJaHHYIO (HOPMYIION:
a) f(x)=sinx+cosx; 6) f(x)=sin’x+2; B) f(x)=sin2x+sin’x.
. Haiimute MHOXECTBO 3HauU€HUH (QYHKIUH, 3a1aHHON (HOpMYIIOii:
. _ . _
a) f(x)=3cosx; 0) f(x)_sinx’ B) f(x)—cosx.

. IToctpoiite rpaduk QyHKIMH, 3aJaHHON (HOPMYIIOW:

a) f(x)=cos(7;—x); 0) f(x)=3sin2x; B) f(x)=|cosx|; 1) f(x)=%|sinx|.

®
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m MNMpeobGpa3oBaHNA TPUrOHOMETPUYECKUX BblipaXKeHUM

2.1. ®opmMyJIbI CJI0KEHUS C(eos(a—), sin(a—()) Y4, My(cosp, sin()

a) Ilyets o > B, «, B0, 21),
m(LAOM,) = 3, m(LAOM,) =c, o—p
rne A(l, 0), M, (cosc, sinw),

o
M, (cos B, sin ) — TOUKM TPUTOHOMET- -1 P ALLO)

puueckoii okpyxkuoctu (puc. 8.15).
Haiiyiem Boipaskenue 1is cos(or — 3).
BribepemM Ha TPUTOHOMETPUYECKOH OK-
pykHOCTH TOUKY C, YIOBJIETBOPSIOILYIO
ycaosuwo [_,, . =1 —=1_ 4y, - OTO

osHauaet, uto m(ZAOC) = - B. Puc. 8.15

Tax kak nyru AM,C u M,CM,; KOHTPYSHTHBI, TO U COOTBETCTBYIOLME UM XOPJIbI TAKKE

M, (cose, sine) -1

~ACM,

KOHTpy?HTHBL, TO ecTb AC = M, M ,. Yuursisast koopausarsi Touek A(l, 0), M, (cos 3, sin f3),
C(cos(ax— ), sin(a—B)), M,(cosa, sine) ¥ npuMeHUB (GOPMyITy BBIUHUCICHHS JUTHHEI
OTpE3Ka, MOy 1M

AC? =(cos(ar— B)—1)* +(sin(e— B)—0)* =

=cos’(a— ) —2cos(ct— ) +1+sin’*(a— B) =2—2cos(a— B); (1)

M M,” = (coso—cos 3)* + (sina —sin B)* = cos’or — 2cosorcos B + cos” B +sin’a —
—2sinasin § +sin’ 8 =2 —2(coscccos B +sinasin §). ()
U3 (1) u (2) monyuaem: cos(ax — ) =cosacos B +sinasin . 3)

0) lycts B>, o, P[0, 21). TTocKOIbKY KOCHHYC — YeTHast QDYHKLHSA, TO
cos(ax— ) = cos(f —ox). 3amenus B popmyne (3) cos(cr — B) na cos(ff —a), momyqnm:
cos(ax— ) =cos(B —a) = cos B cosa + sin Bsino = cosarcos B+ sinasin .
W3BecTHO, UTO JI00BIE eHCTBUTENbHBIE Uncna O, 3 (KOTOpbie SBIAIOTCS BETHYMHAMU
YIJIOB B paJjaHax) MOTYT ObITh 3anucansl B Bune O =0 +2kw, B* =B +2nr, k, ne Z,
rne o, fe[0, 2r). O6o6mas ckazaHHOe I JHOOBIX JIEHCTBUTENBHBIX uKcen o, B, Ha oc-
HOBAHHUH MEPHOMIHOCTH (PYHKIMI CHHYC U KOCHHYC MOTydaeM hopMmyy:

cos(a — ) =cosocos B +sinasin B, nis mobeix o, f€ R. 4)

IMockombky cos(o + B) = cos[a — (—f3)] = cosccos(—fB) +sina sin(—f3), yunTsiBas ger-
HOCTb MJIM HEYETHOCTh COOTBETCTBYIOMIUX TPHTOHOMETPHYECKHX ()yHKIIMH, BEIBOIUM:

cos(ox + B) =cosacos B —sinasin B, mis mobsix @, B € R. Q)

IIpumepot

& cos(%—t)zcos%cost+sin%sintzsint. Urak, cos(%—t)zsint.

mMoaynb ~
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Moayinb

T

2 b
inl Z—¢ 1= T (% _4)|=
sm(i—t)—cos(z (2 t)) cost.

Boisenem dopmyny mis sin(oc— ) npu nomorm Gpopmyist (5) 1 GopMys1, BEIBEIEHHBIX B

npumepax £,
sin(or — ) =COS[%—(0€—[3)] =COS[(%—O¢)+ [3] =

= cos(%—a)cosﬂ - sin(%—(x)sinﬂ =sina cos § —cosasin 3.

Taknum 00pazom, TOTYIHIH GOPMYITy

sin(ox — B) =sinoccos B —cosasin B st mo6six o, € R.

(6)

W3 dopmymnsl (6) 1 yIUTHIBasi CBOMCTBA COOTBETCTBYIOMINX TPUTOHOMETPHUECKHUX (PYHK-

Ui, MOYKHO BBIBECTH (IOKaXHTE!) CIIEAYIONIYIO (OPMYITY:

sin( + B) =sinoccos B +cosasin B nas mobeix o, f € R.

%?mmmue ¢ peleHHeM

r
Berancnmum sin —-

12°
Pewenue:
i T T\ . T T n.n_«/gﬁl
s1nﬁ sm(3+4)—sm3cos4+cos3sm4— ) +2 >

AHATOTHIHO MO’KHO BBIBECTH (DOPMYJIBL:

A2 LG4

tgo +tgf3 3 tgor —tgf
—tgatgf’ e ﬂ)_1+tg(xtgﬁ

st mo0Osix o, B € R, Takux, 4TO CyHmIECTBYIOT COOTBET-

@w+m—

crBytomue Tanrencsl u 1t tgotg # 0.

3aoanue. Tonw3ysicy Gopmynamu (4)—(7), BeiBeure Gopmyssl (8).

2.2. ®opmyJibl PUBEIEHUS

(7

®)

U3BecTHO, 4TO M0G0 yron [3, M3MepeHHBIH B paguaHax, MOKET ObITh 3alMCAH B BHJIE

T T
B=5k+o, keZ, 0<a< bR Torna Ha ocHOBaHUM (OPMYII, 1OKa3aHHBIX B II. 2.1., MOXKHO

2

CBECTH BBIYMCIICHHE 3HAYEHUI TPUTOHOMETPUYECKUX (DYHKIMA MPOM3BOJILHOTO yra [3

K BBIYUCIICHUIO 3HAUYCHUH ATUX (QYHKIUH yIiia OL.
IIpumepot

&% sin(or+ ) =sinocosm +cososinr =—1-sino = —sina.

®
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o an| T —nZ oy — .
; S1n §+(x —SIHECOSO('FCOSESIHO(—COSO(,

COS(—+O(): COS—COS(X —SIn-—S1Ino = —sIno.

2 2 2
(7
sin| >+
(2 ) coso

i tg(%+a):tg(3n +%+oc): tg(%ﬂx): = Tang - e
= _
cos(+o¢
2 )

3ameuanue. ®ynkuns sin (GyHKuus tg) HazpiBaeTCS Ko@ynKkyuen s GYHKUUH COS
(pynxuum ctg), u Ha06OPOT.

[t oGnerdeHus BRIMHUCICHIS 3HAUYCHHUI TPUTOHOMETPHICCKHX (DYHKIIHI MOYKHO TIPUMEHHTD
CIIeyIoIIee MHEMOHHUYECKOE NTPABIIIO, HA3BAHHOE MPAGUIOM NPUBEOCHUA:

1) 3HaueHue IF0O0H TPUTOHOMETPHYCCKOM BYHKIMH s yria 3 = % k+ta, ke Z, paBuno

3HAYEHHIO ATOM ke (QYHKIMHU ISl YIVIa @ TIPH YETHOM K U PaBHO 3HAUCHHIO COOTBET-
CTByIOLICH KOQYHKLHH VIS yIVIa @ TP HEYETHOM £

2) 3HAK pE3yJibTaTa COBNAAACT CO 3HAKOM 3HAYCHU HUCXOIHOM (1)YHKJ_[I/II/I, YUHUTBIBAA UYCTBCPTH

o T T
B KOTOPOU HAXOAUTCS yroil Ek t o ucuuras, 9To 0L E [0, 3] (BHE 3aBUCUMOCTH OT

BEIIUYUHBI 4 ).

2
%33213}“/16 ¢ pelIeHueM

Berumciute sin1020°.
Pewenue:
sin1020°=sin(90°-114+30°) =—co0s30°= —73, Tak Kak k = 11 HedeTHOE YMCIIO U

1020° mpunagnexxut 1V geTBepTH, B KOTOPOil (DYHKIMS CHHYC HPHHUMAET OTPUIATEIIbHbIC
3HAYEHUsL.

2.3. ®opmyJibl A5l TPUTOHOMETPUYECKUX (PyHKIUIA IBOMHOIO,
TPOMHOIO yIJia (APryMeHTAa)

ITonaras B (5) u (7), uto B =0, nonyuum pOpMyJIbL:

cos2a = cos’a —sin’o, sin2a = 2sinocosa, 9)

KOTOPBIC Ha3BIBAIOTCSI (hOpMYIaAMU KOCUHYCA U CUHYCA 080IIHO20 apymeHma (yana).
[Tonaras B iepBoii u3 popmyi (8), uto S =0 u tgor, tg2 o onpeieeHsl Ipu 3a1aHHOM (O,
MOTYYUM CJICAYIOUTY 0 (pOpMyITy AJIsl TAHTEHCA JBOMHOTO apryMeHTa:

_ Ztg(f , a¢(2n+l)ﬂf, a¢(2n+1)7£’
1-tg’a 2 4

el (10)

[ TpuroHOMeTpHYECKUX (DYHKIUI TPOWHOTO apryMEeHTa BBIBOISTCS (DOPMYJIBL:

sin30 =3sino — 4sin’cr, cos3a =4cos’o —3coso. (11)

mMoaynb
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| 3aoanue. Joxaxute Gpopmyinsr (10) u (11).

BriBenem e popMyIibl, KOTOPBIE HA3BIBAIOTCS (POPMYIAMU HOHUNCEHUA CINEeNneHU mpPU-

Moayinb

20HOMEmpUYecKux QyHKuuil.

cos20 = cos @ —sin’o

cos2a =2cos’a—1 cos2o =1-2sin’ax
| |
cos’o = 1+cos2a C;S 2o sin‘o = 1=cos2a 0(2)s 20 (12)

[Ipumenus dopmyisl (12), MO’keM TOHU3UTH CTENIEHU C YETHBIM IOKa3aTeieM TPUTOHO-
MeTprdeckux (GpyHKImit 10 mepBoii crenenu. Hanmpumep,

Ilpumep

1+cos—”
2 T 12 1.1 _ 1 T T\_
cos S ——2+—2cos—12— +—2005(—3 T )—

2
+l(cos£cos£+sin£sin£):l+—(— V2 ﬁ g)=—+ (2 ++6).

1
2721773777, 3G T2 22 T2

2.4. @opmyJibl Ipeodpa3oBaHus CYMMbI B IIpOU3BeIeHHE

Hmeem sina+sinﬂ:sin(#+#J+ ( tp_o- BJ—sm 2[300305—[3_'_

2 2 2
+cosa;ﬁsina;ﬁ+sina;ﬁcosa;ﬁ—cosa;ﬁ azﬁ—Zsm Zﬁcosa;ﬁ
CrenoBaTenbHo, sin +sin B = 2sin #cos @ ; B s moosix o, B e R.
AHAIOrMYHO TOTyYaeM sina—sinﬂ=2cosa;ﬁ sina;’B

cosa+cos[3:200sa;’300sa;ﬁ (13)
cosa—cosﬁ:—2sina;Bsina;ﬂ,
s moosix o, B e R.

3aoanue. BeiBeaure dopmyisl (13).
3anaHue ¢ penieHHeM

VYrpocTuM BBIpaKeHHE Sin (x + % )+ cos (3% —-X )

Pewenue:

. T 3r o T, . T\ He T _ ﬂ _ .
sm(x+z)+cos(7—x)—s1n(x+z)+sm(x Z)—2smxcos4—2 > s1nx—\/§s1nx.

®
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[Monb3ysich hopmymamu (13), H0KaKEM MOHOMOHHOCHD TPUTOHOMETPUUYECKUX (YHK-
it (em. §1).

Ilycts, Hanpumep, —2<0( <o, < 7; Jns pazHoctu A=sino, —sin¢, uMeem:
.o, - o +o o, —0 T o, +0 T T
A=2sin—2—Lcos———=. Tak kak ———el|0,=], 2 _Tle|l-Z 21 1o

2 2 2 2 2 272

. a,—o o +a . .
sin % >0, cos% >0, A>0. CrenoarenbHo, sino, > sin o, , T0 €CTb GyHKIHs

CHHYC Ha 33JJaHHOM IPOMEXYTKE CTPOr0 BO3PACTAET.
AHAJIOTHYHO JIOKa3bIBA€TCS MOHOTOHHOCTHh (DYHKIIMH KOCHHYC, TAHTEHC, KOTaHTCHC

(em. §1). (Hoxaxwure!)
@ YnpaxHeHus

LA

1. Bemumcaure:

a) 3cos0°—2sin % +6tgm; 0) sin270°+ %ctg90° —2cos0%
B) tg60°c0s60° —4sin90°cos45°% r) cos60°+ %tg 30°-sin30°.
2. Haiinure 3HaYeHHE BBIPAKCHUS:
a) E=cosZ+cosZ +cosZ +cosr; 0) E=ct TrctglrctgZ+ctgl
TeovgTeovy ey ’ B TRy T8z
3. Haiimure sina, cosco, tgo, ctgo, ecmu:
a) coso zg H OE (O, 721-} 0) ctgor =15 u yron o nexwur B | ueTBeptH;
B) sinazé nae(o,’;); r) tga=2nae(0,’2‘}

4. Beruucnure:
a) cos(— ), cos(ax+ B), sin(ex — B), sin(a+ B), sin2¢, cos2c, tg2o, ecnu

_4 i nB=2> z)
cosa—S, ae(o, 2),HSlnﬁ—4,ﬂ€(0, 2),

6) tg(a+ fB), tg(o— B), tg2c, tg2f, ecm cosoz—E ae(O ), u cosﬂ:1

17’ 2 4
T
Be (O, > )
5. Bemuucnure:
a) sin50°c0s40° + c0s50°sin 40°; 0) cosicos—+sm4—ﬁsm£
’ 15 10 15710’
H o o __ O o1 _ 0. E AN E 1
B) sin110°cos70° —cos110°sin(—70°); r) cos cos]0 sin 5 sm10

6. YcraHoBuTe, CyLIECTBYET JIM TaKOH yros ¢, Mpu KOTOPOM:

] _4. 40 8.
a) sma—s, cosa—s, 0) sina = a1 coso = 41
B) tgazi, ctga =1,25; r) tga=\/§—2, ctgax =/5+2.

5

®
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N

10.

11.

12.

13.

14.

15.

16.

YnpocTture BbIpaXKeHHE:

a) cos’or +2sin’o —1; 6) 2sinacosoctg2o; B) sin’20 +cos™ 20 + ctg”2¢;
r) te’ou(sin’or —1); ) sino 1—.cosa; o) cosZOt+sm2a+1.
1—cosc sino cosa

I/ICHOHB?)yﬂ (,I)OpMyﬂLI TIOHM>KCHHUS CTCIICHH, YIIPOCTUTC BbIPAKCHUC!
) 2 .
a) sin’a - cos’; 6) sin’o —cos2a; B) cos’ +cos2a.

e

Haiingute sinc cosa, ecan sino+cosoc =0,6, oce R.

Haitmure tg o0 +ctg’o, ecmn tgo+ctgar =2,5, ae R\{

ne Z}.

2
JlokaxwuTe, uto 1st mobeix o, B € R BepHO paBeHcTRO:
a) sin(a + fB)sin(er — B) =sin’or —sin’ 8;
6) cos(ct + B)cos(a — B) = cos’or —sin’ fB;
B) cos(a + B)cos(a — B) = cos’f —sin’a;
r) (sine +sin B)(sino —sin B) = (cosa + cos B)(cos f —cos ).

Jlokaxkxure TOXKIECTBO:

T =sin| & . T -
a) cos(4—a)—s1n(4+a} 6) ctg(4+(x)—tg(4 oc).

Joxaxure, 4To:

a) sin’o(1+ctger) —sina = cosor — cos o (1+ tgor) pu QL€ IR\{2

1+coso 1—-cosa 2 T
- — ael0,= |
)\/1 coso \/1+cosa tgo fpr E( 2)
B) sina +2sin2a +sin3c 1 mn

T
npu o #—+-—, ne Z,
cosor+2cos20a +cos3o  ctg2a

4 27
v cosor —cos3o+cosSax—cos7or 1
sina +sin3a +sinSo +sin7a ctgo

ne Z};

npu a¢%+7m, nel.

Beraucnure:
sino +tgo . .
a) MNETIEY o cosar I, <a<3—ﬂ; 6) cos’a—sin’ B, ecmu sin’a —cos’ 8 =0,8;
ctgor 3 2
sinQ — cosQ o 1
B) — ——,ecm t =5 r) tg(a+ P +7y), ecmu tgo =2, tgf =—1, tgy =1.
) Sna Fcosal g5 =73 ) tgla+B+7) g ep gy

VrpocTtute BBIpakeHUE:
cos*(m —ax) ,/ctgoc +./tga P P
a) ; ,r;1e0<a<§,a¢z
s4(a—3;t)+ sin4(a+3§)—1 \/Ctg“ Vig

ﬂOKa)KI/ITe TOXIACCTBO:
a) sin2asin 23 =sin’ (o + B) —sin’ (o - B), e &, Be R;
s 4 4
sin‘a+cosaa—1 2
§) . . - rmeoOe R;
sinor +cos’or—1 3
siny
cosorcos B

B)

=tgo+ tgﬁ, e o, ﬁ, Y — BEJIMYMHBI YIJIOB TPEYIOJIbHUKA,

r) tgo + tgﬂ +tgy =tgo tgﬁ tgy, rue o, ﬁ, Y — BCJIIMYMHBI YIJIOB TPEYIrOJIbHUKA.
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17. Jlokaxwure, 4To, eciu B TpeyroiabHuke ABC:
a) cosB+cosC=sinB+sinC, TO TpeyroibHUK PSIMOYTOJIbHBII;
6) sinB+cosB=sinC+cosC, To TpeyrojbHUK IIPAMOYTOJNLHBIA WM PaBHOOEIPEHHBII;

. A B _ . B _ A .
B) sin — €085 =$iN—-COS 7, TO TPEYroNbHHUK paBHOOEIPCHHBIN;

r) cosA+cosB—cos(A+ B)==, TO TpeyrojbHUK PaBHOCTOPOHHHUI.

2
18. HaiinuTe BBICOTY IPSMOYTOJIBFHON Tparenuy, OMUCAaHHON OKOJIO OKPY>KHOCTHU, €CIIH d — OCTPBIN
Yroj Tpamenun, a & — ee IMEPUMETP.

19. CocraBbre:
a) TPUTOHOMETPHUYECKOE TOXKAECTBO;
0) TeOMETPUUCCKYIO 3aj1auy, pelieHre KOTOPOi TpeOyeT MPUMEHEHHUS SJIEMEHTOB TPUTOHO-
METpHHU.

20. [Ipuenute mpuUMepH NPUMEHEHHS JIEMEHTOB TPUTOHOMETPHU B PA3IMYHBIX 00JACTSIX.

IR TpuroHometpuueckue ypaeHeHus

3.1. O0paTHble TPUTOHOMeTpUYecCKHe (PYHKIIUT

ITpu npeoOpa3oBaHUM TPUTOHOMETPUUECKUX (DYHKIMH (CM. §2) BO3HUKAIOT CUTyalllH, B
KOTOPBIX HEOOXOIMMO BEIYUCIUTH 3HAUCHNE HEKOTOPOil TPUTOHOMETPHYECKON (DYHKIINH, 3HAS
3HAYCHUE APYTON TPUTOHOMETPUIECKOH (DYHKIIMH TOTO K€ yIJIa WIH JJIsl KPaTHOTO My YIJia.
D10T (haKT (M psiI APYTHX) CTABUT 33/1a4y HAXOXKJICHUSI yIJIa, €CITH H3BECTHO 3HAYCHE HEKOTOPOI
TPUTOHOMETPUYECKOHN (PyHKIMH 171 3TOTO yria. PaccMoTpiM TpuroHoMeTprdeckie hyHKIHN
TOJBKO HA MPOMEXYTKaX, IJIe OHU OOpaTUMBL, T. €. HEKOTOPbIE UX CYKEHUS, & HMEHHO

paccMOTpUM (DYHKITHH:
fi [—%,%]%[—1, 11, fi(x)=sinx; f,: [0, 7] > [-1 1], f,(x)=cosx;
£ (_%,%)_)R, £ =tgx; fi(0.m) >R, f,(x)=ctgx.

Ot QyHKIMK ABIIOTCS oOparuMbiMu. O6parHbie UM (GyHKIHK 0003HAYAIOTCS arcsin,
arccos, arctg, arcctg U COOTBETCTBEHHO YHMTAIOTCH: ,,apKCHUHYC", ,,apKKOCHUHYC", ,,apKTaH-
TeHc™, ,,apKKOTaHIeHC .

Onpenenenne. dyaknun — arcsin: [—1, 1] — [—%, %:I, g,(x)=arcsin x;

arccos: [—1,1] = [0, z], g,(x)=arccosx;
arctg: R— (—%, %), g,(x)=arctgx;

arcctg: R— (0, ), g,(x)=arcctgx,

Ha3bIBAIOTCS 0OPATHBIMH TPUIOHOMETPUYECKHMMHU (PYHKIMAMHU.
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HWrak, Ha OCHOBaHHH OIIpeAeIeHISI OOPAaTHBIX (DYHKIIHH IOITydaeM:

arcsiny=y < siny=ux, xe[-1,1], ye[—%,%:l; (1
arccosx=y & cosy=x, xe[-1L 1], ye[0, n]; 2
arctgx=y o tgy=x, xe R, ye(—%,%); 3)
arcctgx=y < ctgy=x, xeR, ye (0, m). @)
IIpumepot
& arcsinl=£ TaK Kak e —E,E u sinzzl-
2 6’ 6 272 6 2’
#% arccos _1\_ 2 TIOCKOJIBKY 2—ﬂ'.e[O ] n cosz—n:—l.
2 37 3 ’ 3 2

YroObl HAUTH 3HAYCHHS OOPATHBIX TPUTOHOMETPHUCCKUX (DYHKIIUM, MOKEM BOCIIOJIB30-
BaThCs TabNMIEel 3HAYEeHU TPUTOHOMETPUUYECKHX (PYHKIHMA CHHYC, KOCUHYC, TaHI€HC,
kotaHreHc (Tad. 1) Ha COOTBETCTBYIOIMX MTPOMEKYTKAX, IOMEHSB B HEl MeCTaMH 3HAYCHUS
apryMeHTOB U 3HaueHust QyHKIwi (Tab. 2, 3).

Tabumua 2
X -1 — ﬁ — ﬂ = l 0 l ﬂ ﬁ 1
2 2 2 2 2 2
arcsinx | - % | -2 | -2 | & 0 z z z z
2 3 4 6 6 4 3 2
arccos x V4 BLs 3 2 T E z z 0
6 4 3 2 3 4 6
Tabmuma 3
x -3 -1 _ﬁ 0 ﬁ 1 V3
3 3
Vs V4 V4 Vs T V4
t -= - - 0 = - =
R 3 4 6 4 3
S 3 27 T V4 /4 /4
arcctg x — — - = - jadl jadl
6 4 3 2 3 4 6
Mo3KHO TI0Ka3aTh, YTO:
arcsin(—x) =—arcsinx, x€ R; arctg(—x) =—arctgx, xe R;

arccos(—x) =m —arccosx, xe R;  arcctg(—x)=m —arcctgx, xe R.

W3 onpenenennii 0OpaTHBIX TPUTOHOMETpUYECKUX GYHKIUH U cooTHOIIeHUH (1)—(4) BbI-
TEKAIOT coomHuoutenusn (modxicoecmea) (5)—(9):

sin(arcsinx) = x, x€[—1,1]; arcsin(sinx)=ux, x€ [—%, %] 5)
cos(arccosx)=x, xe[—1,1]; arccos(cosx)=ux, xe [0, r]. (6)

®
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ctg(arcetgx) =x, xe R; arcctg(ctgx) =x, xe (0, 7).

tg(arctgx) =x, xe R; arctg(tgx)=x, xe (—E 1)-

sin(arccosx) =v1—-x*, xe[-L 1];
cos(arcsinx) =+/1—-x°, xe [-1, 1];

. T
arcsinx + arccosx=—, xe[-1,1].

2
Z
%%nauue ¢ peleHueM

Haiinem obnactu onpenenenns pyukuuii f, h: D — R, f(x)=arccos(2x—1),

h(x) = arctg

X—
2x=2"
Pewenue:

OnemeHTbl TPUrOHOMETPUU

)
®)

&)

B cuny onpenenenust GpyHkuun apkkocunyc umeeM —1<2x—1<1, orkyma 0<x<I1.
Cnenosarensho, D (f) = [0, 1]. ApryMeHT QpyHKIIMN apKKOTAaHI'€HC MOXKET IIPMHUMATh JIF000e

JeICTBUTENILHOE 3HAYEHHE, [IOITOMY JOCTaTOYHO, YTOObI 3HAMEHATE/Ib OTHOLICHHUS 5
x —
npespamaics B Hyib. TakuM o6pazom, D(h) = (—oo, 1)U (1, +oo).

x=3

HC

I'padmku 0OpaTHBIX TPUTOHOMETPUYECKUX (DYHKIIMH CHMMETPUYHBI TparIKaM COOTBETCT-
BYIOIIMX TPUTOHOMETPUYECKHUX (YHKIIMHA OTHOCHTENbHO Ouccektpuchl [ u 111 yerBepTei.
I'paduku GyHKumii arcsin, arccos, arctg u arcctg n300paxeHbl B UTOrOBO#T TabuuIe ,,I puro-

HOMETpUYecKre (DYHKIIMU B UX CBOMCTBA TAHHOTO MOYJIS.

3.2. TpuronomMerpuyecKkue ypaBHeHU

3anava. [Inomaas 60KOBOI MOBEPXHOCTH MPABWIIEHOM TPEYTOIBHON TUPAMUIBI B 2 pasa
OoubIIe MmIoNIa M ee ocHoBanus. Haitnem Benmunny yrita CDB B paBHOOSIPEHHOM TPEYToJib-

nuke CDB (puc. 8.16). D
Pewenue:
[ycte AB=a, m(LCDE)=«, tne DE1BC. ‘

2
NmeeM .o, = d 4ﬁ vl :%J.’CH_ -DE. Taxkak CE =%,

u3 Tpeyroabanka CED (m(ZE) =90°) nony4um: y
DE _ ctga, DE=CE - ctgo = a. ctgor. Tlockonbky
CE 2 , \/_ A c
[ =3 Gtogq=0.9V3 _N3
oty =3l , noaydaem 3a > ctgor =2 1 © ctgo = 3 Puc. 8.16

Taxum 00pa3oM, pelieHue 3ala4d CBENIOCh K PEIICHHIO

V3

3

YPaBHEHHUS Ctg(r =—-—, KOTOPOE ABIAETCSA MPUSOHOMEMPUYCCKUM YPASHEHUEM.

PemuB 3T0 ypaBHeHue (najee U3y4UM METO]l PeLCHUs TaKUX ypaBHEHUH) U yUUTbIBas,

qro ZCDE — octpeii, monyunm m(LCDE) = arccth3 = % =60°.

Urak, m(LCDB)=2-m(£LCDE)=120°. Omeem: 120°.

o
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Onpenene}me. ypaBHeHI/Iﬂ, coACpIKaIMe HECU3BECCTHOC MOA 3HAKOM TPUTOHOMETPU-
YCCKUX (byHKHPIﬁ, Ha3bIBAOTCA TPUTOHOMETPUYECKUMU YPABHCHUIMMU.

Ilpocmeiimue mpuzonomempuueckue ypasHenus

Omnpenenenne. Tpuronomerpuueckue ypaBHEHUs BUJA SinX = d, COSX = 4, tgX = a,
ctgx =a, tne a€ R, HaspiBaroTCsA MPOCTEHIIAMH TPUTOHOMETPHUECKMMH YpaBHe-
HHUSMH.

Haiinem o6umme hopmyinbl penieHuid TpoCTeHINX TPUTOHOMETPUUECKHUX YpaBHEHHA. Pe-
IIEHHS 3THX YPaBHEHUH MOXKHO MPOUIIIIOCTPUPOBATH ABYMsI CIIOCOOaMH:

1) nosb3ysich TPUTOHOMETPHYECKOH OKPYKHOCTBIO;

2) ucnonb3ys rpaduKu TPUTOHOMETPHYECKUX (QYHKIIHIA.

1 YpaBHeHHe sinx = a

O/13: xe R. IponmmocTprpyem pereHe
3TOTO YpaBHEHHs NP TOMOIIU TPUTOHOMET-
pudeckoi okpyxHocTH. [TocTpoum TpuroHo- y=a,a>1
METPHYECKYI0 OKPYXKHOCTb U NPSIMYIO y = d B0, 1) y=a,a=1
(puc. 8.17).

PerrenusiMut ypaBHEHHs SINX = @ SIBIISIFOT-
sl BEJIMYUHBI YIVIOB (B pajiiaHax WM Tpajy- M 4_I= 7;; !
cax), 00pa30BaHHBIX IOJIOKUTEIBHOM MOITy- -agsing 7 o A(1,0)
oceto Ox u monynpsimbivu ([OM,, [OM, u ACL0) 0 o= ~
T. /1. ), COOTBETCTBYOIIMMH TOUKaM OKPYKHOCTH
¢ opauHaToif a. 3HaumT, npu | a | > 1 ypasHe-
HEE SINX = d HE HMEET PEIICHHA.

Ecnu a = 1, To eIMHCTBEHHAsI TOYKA C Op-
nuHaToi 1 (Toduka rmepecedeHust OKpY)KHOCTH
¢ npamoit y = 1) — sto B,(0, 1). Cneno-
BaTeJIbHO, YaCTHBIM PELICHUEM YpaBHEHHs

v=a,a=-1
B,(0, 1)
y=a, a<-1

Puc. 8.17

. T
sinx =1 asnsercs 3Hadenue x, =—. Ha oc-

2

HOBaHHH TEPHOTMIHOCTH (DYHKIIMH CHHYC TTOJTy4aeM BCE PEIICHHsT ypaBHEeHus sinx = 1:

x=%+27m,ne Z. (10)

Ananoruuno nas a = —1 (touka B (0, —1)) nonyuyaem Bce pemienus ypaBHEHHs
sin x = —1:

x=—%+27m,ne 4 (11)

Ecmu a = 0, T0 Ha okpysxHOCTH cymecTByioT Touku A (1, 0) u A (—1, 0) ¢ opmunaroii 0.
3HAYNUT, YACTHBIMU PENICHUAMH ypaBHeHus sinx = 0 ABnsroTcs 3Hadenus X, = 0 u x, = 7.

YuuTeiBas MePHOIUIHOCTh DYHKIIMH CHHYC, MOJy4aeM BCE PCIICHHS ypPaBHCHUS
sinx=0BBune: x=0+2mn,neZ, x=m+2mn, ne Z, na ux o0bEIUHECHHUE:

x=7mn, ne Z. (12)

®
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Ecmu ae (—1,0)U (0, 1), To mpsimast y = a mepecekaeT TPUTOHOMETPHIECKYIO OKPYIK-
HOCTh B IBYX Toukax, M, u M,, ¢ opmunaroit a (puc. 8.17). DTH TOYKM CUMMETPUYHBI
OTHOCHTEJIBHO ocH opanHat. CliejoBaTebHO, YaCTHBIMU PEIICHUSIMH yPaBHEHHS SINX = a
SIBJISIFOTCS 3HAYCHHS X, = arcsina, X, =7 —arcsina. Y4uThIBasi IEPUOAUYHOCTD (YHKIIHH
CHHYC, NIOJIydaeM BCe peleHust ypapHenus sinx = a aa a€ (—1,0)U (0, 1):

x=arcsina +2mn, ne Z,
[x:n—arcsina+27m, neZ.

i 06’I>e,Z[I/IHeHI/Ie OTHUX peHIeHPIﬁ:

x=(=1)" arcsina + 7k, ke Z (13)

HOust a =1, a =-1, a = 0 u3 (13) nonygaem yactasie pemenust (10)—(12). Takum
obpazom, (13) sBusercss oOmelt GopMyaoi perIeHui MPOCTEHIIero TPUroHOMETPHUUECKOTO
ypaBHeHus sinx = a, a€[—1,1].

Wrak, MHO)KECTBOM pENIeHUH YpaBHEHUS sin x = a, a € [—1, 1], sBisercs:

S ={(-1)" arcsina + k| k€ Z}.
2
%32[{3}{]/16 C peuicHueM

Pemim Ha MHOXecTBe R ypaBHeHne sinx =———.

2

Pewenue:

ITo dpopmymne (13) momyunm:

NG

x=(=D" arcsin7+77:k, ke Z, v x=(-1)" %+7‘L’k, ke Z.
Omeem: S ={(-1)" '%+7rk| ke l}.
3ameuanue. Ypasuenue sinx = a, tne a€ [—1, 1], umeer Ha muoxecTBe R Geckoneunoe

MHOYECTBO PEIICHHI, KOTOPBIE MOYKHO T€OMETPHUYECKH N300Pa3UTh KaK abCIMCChI TOUEK
nepecedeHus rpagukoB yHknuit f(x) =sinx u g(x) =a (puc. 8.18).

VA
N\ 17 N0 gx)=a N0
2/} N o/ _ N\ 2n/, N3
/ arcsing 7 — ardsin a 27 + arcsina N X
-1 fix) =sinx
Puc. 8.18

!
M a}lue ° o
BHu [Ipu permeHn TPUTOHOMETPHUYECKHUX YpaBHEHHI (HEPaBEHCTB) HEOOXOIIMO

Y4eCTb, UTO arcsina e [— 5 5] u arcsin(—a) = —arcsina.

o
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2| YpaBuenue cosx = a

O/13: xe R. Taus! TpuronomMeTpuveckas ok-
pyxHOCTB U TipsiMast X = a (puc. 8.19).

PenreHnsiMi ypaBHEHHSI COS X = @ SIBIISIFOTCS
BEJIMYMHEI YTIIOB, 00Pa30BaHHBIX OJIOKUTETHHON
nonyocsto [Ox u nonynpameivu ([ON|, [ON,,

Moavnb
a, a<-1
S <

X
[=}
@
Q

C, e

[OD,, [OD, nT. 1.), COOTBETCTBYIOIIMMH TOY- 0
KaM TPHTOHOMETPHYECKOH OKPYKHOCTH ¢ abc- - 5350
upccoi a. Ipu |a | >1 ypaBHenue cosx =a He I %
MIMEET PeLICHHH.

AHANOrMYHO PEIICHHIO YPaBHEHUS Sin X = a, "
MOJIB3YSICh PUCYHKOM 8.19 W yuuThIBas me- D
PHOIMYHOCTD (DYHKIIMH KOCHHYC, TOTyYHM 00-
1yto (hopMyiTy pelIeHHH MPOCTEHINEro TPUTOHO- Puc. 8.19
METPHYECKOTO YpaBHEeHHs COS X =d, a€ [—1, 1]:

x=xarccosa+2mn, ne Z.

>\x =a |a|<1

CrneoBatebHO, MHOYKECTBOM PEIICHHUI YpaBHEHUs COS X =a, a€ [—1, 1], snsercs:

S:{iarccosa+27tk|ke Z}. (14)
3aoanue. Nokaxure Gopmyny (14).

Z
%%ﬂauue ¢ peleHueM

1
Pemnm Ha MHOKecTBe R ypaBHEeHHE cOSx = 5

Pewenue:

CornacHo dopmyse (14) nmomydaem pereHus:

x =tarccos (—%)+ 2nk, ke Z < x= i(n - arccos%)+ 2k, ke Z,

OTKyga x=i(7r—%)+ 2ntk, ke Z, 1o ects, xziZTﬂ+27rk, kel.

Omesem: S :{izTﬂ+27rk|ke Z}.

3ameuanue. YpaBHeHue cosx = a, rae a € [—1, 1], umeer na maoxectse R Oeckoneuroe
MHOYKECTBO PEHICHHH, KOTOPhIE MOXKHO T€OMETPHUCSCKH M300Pa3UTh KaK a0CIMCChI TOYCK
nepeceucHust rpadukoB (yukmumit f(x) =cosx u g(x)=a (puc. 8.20).

ykl —
st m o n x s = s
2/4?:\2 T T o-\z 7,T 2m2 R
/N7 N /Ny
—___“arccosa 1 arccosa™~——_—"_ gx)=a
Puc. 8.20

,me . .
B““Mal [Ipu pemeHnu TpPUroHOMETPUYECKUX YpaBHEHUH (HEpaBEeHCTB ) HEOOXOIMMO H
| y4decTh, yTo arccosa € [0, ] u arccos(—a) = — arccosa.

®




OnemeHTbl TPUrOHOMETPUU
3| Ypasuenue tgx = a
Ol3: xe R\{%+kn’|ke Z}. YA

Tak kak E(tg) =R, To ypaBHenune tg x = a P
uMeeT petenus st moboro a€ R.

Pemnm ypaBHeHue tg X = a, UCTIOJB3YsI TPUTOHO- ¢
METPHUYECKYIO OKPYXKHOCTh U OChb TaHreHcos A T % o
(puc. 8.21). Hdust mo6oro yrciia @ Ha OCH TaHTCHCOB
ecTb ToJbKO ojiHa Touka 7'(1, a) c opaunaroii a. [ps-
mast OT mepecekaeT TPUTOHOMETPUUECKYIO OKPYIK-
HOCTb B JIByX TouKax (P u P)). 3Ha4uT, CyIeCTBYIOT
IBa yriia O U 7T + (f, TAHTCHC KOTOPBIX paBeH d,

V4 Puc. 8.21

e o e (——, 1) u o = arctg a.
272
Torna yacTHBIM pelIeHHEM ypaBHEHUs tgXx = a sBIsgeTCs 3Ha4YeHHe x, = arctga. AHa-
JIOTHYHO PEUICHUSIM YPaBHEHHHU SINX = d, COSX = d, MOJB3ysCh pUCyHKOM 8.21 U yduThIBas
MIEPUOTUYHOCTD (DYHKIMH TAHTEHC, MTOTy4aeM 001y 0 (GOpMyTy peIeHHH MPOCTEHIIEero TPUro-
HOMETPHYECKOTO ypaBHeHus tgx =a, a€ R:

x=arctga+m, ne Z.

s a = 0 moayuuM GopMyily Ul BRIUUCIECHHS BCEX PEILCHU ypaBHenus tgx = 0:
x=mn,neZ.
HWrtak, MHOKECTBOM pEIleHuii ypaBHenus tgx =a, a€ R, ssnsercs:

Z
%\hnafme ¢ peureHueM

Pemrnm Ha MHOKecTBe R ypaBHeHne tgx = —3.

(15)

S = {arctga+n7£|ne Z}.

Pewenue:
ITo dopmysme (15) x =arctg (_ﬁ) +nm, ne Z <& x=-arctg J3+nm, ne, OTKyzIa

T
x=—§+n7r, nel.

Omeem: S={—%+n7r|ne Z}.

3ameyanue. WTak, ypaBHEHUE
tgx =a, a€ R, umeer Ha mHOXKeCT-

g)=a
ﬂ 1 1 ﬂ 1
Be R\ {E +kr| ke Z} OeCKOHEHOE / e /
MHOYKECTBO PEIICHHiT, KOTOphIe MOXK- _ 7T =T _% plaretg a T 37” x
2

HO TEOMETPUYECKH M300pa3uTh Kak
aOCIMCChI TOYEK IIepeceyeHus rpadu-
koB dynkiwmii f(x) =tgx u g(x)=a
(puc. 8.22).

Puc. 8.22
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AnemMeHTbI TPpUroHomeTpuun

ue- N
BﬂuMaH [Tpu pemeHnn TPUroHOMETPUYECKUX YpaBHEHUH (HEPaBEHCTB ) HEOOXOMMO

T U
” yuecTsb, UTO arctgae 55| arctg (—a) = —arctga.

4| Ypaeuenue ctgx = a

Ol13: xe IR\{7rk|ke Z}. Tak kak E(ctg) =R, 10 a>0

A

ypaBHeHHe Ctg X = a umeer pereHns st moboro a € R.
Pemum ypaBHeHue CtgXx=a, HCHOIb3Ys TPHUTO-

HOMETPHUECKYIO OKPY)KHOCTD M 0Ch KOTaHreHCoB AT
(puc. 8.23). x¢

AHaJIOrM4YHO YPaBHEHUIO tg X = @, AJI1 IPOCTEHILETO I8}
TPUTOHOMETPHUYCCKOTO ypaBHEHHS ctgx=d, a€ R,
THoJTyqaeM OOIIy0 (JOPMYITy €ro pereHHit:

x=arcctga +mn, ne Z.

Jlnst @ = 0 omyuuM (pOpMYITy IS BEIYHUCIIEHUS BCEX 4,
pemieHuii ypaBaenust ctgx =0: Puc. 8.23

Vs
x=3+7m, nel.

HWrtak, MHO)KECTBOM pelieHni ypaBHeHus ctg x =a, a€ R, sBnsercs:

3aoanue. BeiBenure hopmyny (16).

=Y

S={arcctga+7m|ne Z}. (16)

3ameuanue. Ypasuenune ctgx =a, a€ R, umeer na muoxectse R\ {7k | k € Z} Gecko-
HEYHOE MHOKECTBO PEIICHUH, KOTOPBIE MOKHO [€OMETPHYECKH M300pa3UTh Kak abCIuc-

CBI TOUCK TepeceueHns rpadukoB pyHKnuit f(x) =ctgx u g(x) = a. (lloctpotite!)

|
Mauue' n . 6
BI nt pu peHICHUU TPUTOHOMETPUICCKNUX YPAaBHCHUU (HepaBeHCTB) HEOOXOIUMO
” yuects, uto arcctgae (0, ) u arcctg(—a) =m —arcctga.

Z
%hﬂauue ¢ peleHHEM

Peumm Ha MHOXKecTBe R ypaBHeHHe ctgx =—+/3.

Pewenue:

Cornacuo popmyse (16), x= arcctg(—«/g Y+, ne & x=x— arcctg\/§ +m, ne Z.

Sr
3Hauwr, x=?+7m, nel.

Omeem: S:{S—ﬂ+7m|ne Z}.

6



OnemMeHTbl TPUFrOHOMETPUMU

Tpuzonomempuueckue ypasnenus 6uoa
f(sinx) = 0, f(cosx) = 0, f(tgx) = 0, f(ctgx) =0

VYpaBHEHHs, coeprKallie HEM3BECTHOE MO/ 3HAKOM TOJIBKO OTHOM TPUTOHOMETPHUYECKON
(DYHKIIMH, PEIIAOTCS MEMOO0OM 86€0€HUSL 6CROMO2AMENbHO20 HEU3BECHHO20, TIPUBOSIIINM
HCXOJTHOE YpaBHEHHUE K TAKOMY YPAaBHEHMIO, KOTOPOE HE COAEPKHUT TPUTOHOMETPHUUECKUX
¢byHKIMiL.

Z
%hummc ¢ pelieHueM

Permm Ha MHOkecTBe R ypaBrenue cos’x +2sinx +2=0.

Pewenue:

OJ13: xe R. Tak kak cos’x=1—sin’x, To sin’x—2sinx—3=0.

[ycts sinx =¢, tae | 7| < 1. [Nocrnennee ypaBHEeHHE CBOAUTCS K AlreOpanueckoMy ypaBHe-
o 11 crenenn 1° — 2t —3 =0, nmeromemy peuenns ¢, = —1, £, = 3. YpasHenue sinz =3
pelIeHnH HE UMEeT.

. T
PerteHusiMu ypaBHeHust Sin x = —1 SBISIFOTCS 3HAYCHHST X = —5 +2krm, ke Z.

Omeem: S ={—%+2k7r| ke Z}.

OoHopoOHbBle mpuzoHomMempuyecKue ypasHeHus

Omnpenenenue. TpuroHoMerpuyeckue ypaBHEHUS BUAA
. . ,] . ,]
a,sin"x+a,  sin" xcosx+...+a,sinxcos" x+a,cos"x=0 (17)
HA3BIBAIOTCS O/THOPOTHBIMHU TPUTOHOMETPUYECKHMHU YPABHEHUSIMH 1-0i CTeNeHH,
ne N, orHOCHTENBLHO Sin X M COS X.

Vpasrenus Buza (17) perarorest ieneHneM o0enx acteil ypaBHeHus Ha cos”x npu a, # 0
(a sin"x mpu a, # 0), eciu cosx (COOTBETCTBEHHO SiNX) He SIBISIETCS OOLIIM MHOXKHUTEIIEM.

TomydaeM paBHOCHIBHOE ypaBHeHHe d,tg"x+a, tg" x+..+a,tgx+a, =0, xotopoe
3aMEHO# tg X = { CBOJMTCS K AIreOpanyeckoMy YpaBHEHHUIO:

at"+a, t"" +..+at+a,=0.

HetictButensho, ecin a, # 0 (a, # 0), To He CymecTByeT yIvia ¢, Juts Koroporo cos@ =0
(sing@ =0), moromy 4T0, eciu ObI TAKOW YroJI CYIIECTBOBA, TO, 3AMEHHB B TIEPBOHAYAIEHOM
ypaBHEHHH X Ha @, noayunnu 061 a,sin"@ =0 (a,cos"@=0) wm sing@ =0 (cosp =0).
OnHako HE CyHIECTBYET yIia, Ui KOTOPOrO (PYHKIMHM CHHYC M KOCHHYC NPHHUMAIHU ObI
OJTHOBpeMeHHO 3HavyeHue (. 3Ha4YuT, JefeHre 00enx YacTel oHOpoaHOro ypaBHeHus (17) Ha
€0s" X (COOTBETCTBEHHO Ha SiN" X) MPUBOJUT K PABHOCHIBHOMY YPaBHEHHIO.

Z
%hummc ¢ pelieHueM

Pemmm Ha mHOkecTBe R ypaBHenue cos’x —sin xcosx+4sin’x=2.
Pewenue:

O/13: xe R. Tloxcrasus B 3anaHHOe ypaBHeHHe 2 =2-1=2(cos’x+sin’x), moxyumm
OJIHOPOJIHOE YpaBHEHHe COS X +sinxcosx—2sin’x=0. Jlenenue ero obenx uacreil Ha
COS’X NPHUBOIKMT K PABHOCHILHOMY YpaBHEHHIO tg X +tgx—2=0.

mMoaynb



Moayinb

AneMeHTbl TPMroHOMeTpUun

2
ITycte tgx=tf. Torma momydaeMm anrebpanueckoe ypashenue ! +t—2=0, umeroree
pemenns f, =-2, ¢, =1. BepHyBIINCh K HEU3BECTHOMY X, ITOJy4aeM COBOKYIIHOCTb TPUIO-
HOMETPHYECKNX ypaBHEHHH tg x =—2; tgx =1, MHOXeCTBaMH peIIeHHI KOTOPBIX SBIISIOTCS

COOTBETCTBEHHO MHOXeECTBa S, = {—arctg2 + k77:| keZ} u S, = {% +nr | nel;.

Omsem: S ={-arctg2+kr|ke Z}U {%+n7r| ne Z}.

Ecnu npu pelieHud TPUrOHOMETPHYECKHX YPaBHEHHIT BO3MOXKHO IMpUMe-
HEHUE Memooda pasznodcenus na mHoxcumenu (0COOCHHO TIPU pEHICHUH
OJIHOPOJTHBIX TPUTOHOMETPHUUYESCKUX YPABHEHHI), TO CHAYAIIA IPHUMEHSIEM ITOT
METOJ], & 3aTeM — APYIUe METOJbI PEUICHHs MOTYyYCHHBIX ypaBHEHHH. B
MPOTUBHOM CITy9ae MOKEM ITOTEPSTH PELICHNUS HA [IEPBOM K€ 3TAIle PEIICHHS.

Z
%hnauuc ¢ peleHueM

Pemnm Ha MHOX)ecTBe R oHOpOIHOE ypaBHEHME cos’x —3sin xcosx = 0.

!
e.
BﬂuM‘"m

Pewenue:

COSX ABJIACTCA O6HII/IM MHOXKHUTEJIEM JIEBOM YacTH.

Pemaﬂ ypaBHeHI/IC METOAOM pa3HO)KeHI/I$I Ha MHOXMHTCIIN, HonyqaeM ypaBHeHI/Ie
cosx=0,

cos x(cos x —3sin x) =0, paBHOCUILHOE COBOKYITHOCTH .
cosx—3sinx=0.

MHoxecTBaMu pCH.IeHI/Iﬁ OTHUX ypaBHeHI/II\/'I ABJIAKOTCA COOTBETCTBCHHO MHOXKECTBaA

S, ={%+kn|ke Z}, S, ={arctg%+nn|ne Z}.

Omesem: S ={%+kﬂ?| ke Z}U{arctg%ﬂuﬂ ne Z}

3amevuanue. Ecin ObI MBI IoACINIIN 00e Jactu TNEPBOHAYAJIBHOT'O YPaBHECHUA HA COSZ)C,

TO TIOTEPSUTH OBI PEIICHNS BUAA X = % +km, ke Z (pewenust ypaBaenusi cos x =0).

"4 Tpuzonomempuueckue ypasnenus euoa asinx+bcosx=c, a,be R
PaccMOTpUM HECKOJIBKO METOJIOB PEIICHHUS YPABHEHUIA 3TOTO BHIA.

1! MeTton cBemeHust K OTHOPOAHOMY YPAaBHEHUIO
. . X X X X 2 X 2 X
Tak kak sinx =sin| 2-= |=2sin=cos—=, a cosx=cos| 2-= |=cos"=—sin"= u
( 2 2 2 2 2 2

.2 X X .
1=sin? 3 +cos’ 5 TO B OOIEM cllydae yYpaBHEHHE asinx+bHcoSx=c CBOTUTCSA K OJI-

HOPOJHOMY YPaBHEHHIO BIIA

2asin%cos%+b(cosz%—sinzg)=c(coszg+sin2%)¢>

X X 2 X .2 X 2 X 2 X
< 2asin=cos—=+bcos  =—bsin" =—ccos"=——csin-"==0&
2 2 2 2 2 2

®



OnemMeHTbl TPUroHOMeTpUMN
2 X X X .2 X
& (b—c)cos” =+ 2asin=cos=—(b+c)sin"==0 (18).
2 2 2 2
Ecmu b+ ¢ =0, To BhIpaskeHHEe U3 JIEBOW yacTH ypaBHeHHs (18) MOXKHO pa3IoKUTh Ha
MHOYHUTEJIH, U MIOJTYYUM J[Ba MPOCTEHINNX TPUTOHOMETPHUYCCKUX YPABHCHHS.

Ecmu b+ ¢ #0, To, pasnenus obe yactu ypaBHenns (18) Ha cos’ % # (), moxy4uMm paBHO-

cuibHOe ypaBuenue (b +c)tg’ % -2a tg%— (b-c)=0 (19).

Ilycts tg% =t. Torga ypaBuenue (19) nmpuBoguTcs K ypaBHCHHIO
(b+c)t* =2at—(b—c)=0,

a—-+a’+b*-c’ P a++a’+b* —c’

b+c R b+c

HUMEIOIIEMY PEIICHUS 1, =
Pemenns ypaBHeHHI tg 2 1, tg > =1, SIBISIIOTCA PEIICHUSIMU UCXOAHOTO YPAaBHEHUS.

3ameuanue. YpaBHeHHE BUIA asin X + b COS X = ¢ UMEET PEUICHUsI, €CITH U TOIBKO SCIIH
a’+b*>c’. Tlpu b =—c ypaBHeHHe CBOAUTCA K POCTEHIIEMY TPUTOHOMETPHUYECKOMY
ypaBHEHHIO BUa (gf =da, anpu b = ¢ NPUMEHSETCS METOJ] PA3JI0KEHHUS Ha MHOKUTEIIH.
[Ipu ¢ =0 nomydaem 0OJHOPOIHOE TPUTOHOMETpUUECKOE ypaBHeHue | crenenu.

Z
%?mmmue ¢ peleHueM

Pemum Ha MHOKecTBe R ypaBHenue 2sinx+3cosx=1.
Pewenue:

OJ13: xe R. [puBommM HexoHOE ypaBHeHHe (OHO UMeEET peenne, Tak kak 2° +3° >17) k

OJTHOPOTHOMY:: 4s1n;cos§+3cos 37 3sin’ ; coszg—sm §—O<:>

.2 X XX X
& 2sin’ 3” 2Sln§COS§ —cos’ 3= 0. PazgenuB o0e YacTH MOCIEIHET0 YpaBHEHHUS HA

cos’ 5 # 0, MOJIyYnM paBHOCWJIBHOE ypaBHeHHE 2tg’ 5 - Zth —1=0. I[Nocne moxcTaHoB-

X
KH th =t monydyaeMm anreGpandeckoe ypasHeHue 2t —2t—1=0, MMeOLIee peueHus

1-3 t_1+¢§
s by ™

t, = . BepHyBIIMCh K HEU3BECTHOMY X, I10JIy4aeM COBOKYITHOCTb ypaBHe-

2
x _1- f x 1+ V3 . .
HUl tg= =% tg= 5 ="5  PCLICHUSMI KOTOPOH ABIIOTCS MHOMKECTBA:

S, = {2arctg#+ 2k7r| ke Z}, S, {Zarc‘[g1 +43 + 2n7'1:| ne Z}.

Omeem: S = {2arctg ! _2ﬁ + 2k7t| ke Z}U {2arctg1 +43 + 2n71'| ne Z}
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2! MeToa BBeJIeHHsI BCIIOMOIaTEJILHOIO yIjia

Paszenus o6e yactu ypaBHeHus asin x+bcosx =c (20)naa, a € R", nonyunm pasro-
CHIIBHOE YpaBHEHHE Sin X + %cos xX= % (21).

[MycTb % =tgo, THe A = arctg%e (— %, %) Yroi o Ha3BIBACTCS 6CHOMOCAMENbHBIM
yenom. IloncraBus ” =tgo B ypaBHeHue (21), momyqmnm:

. c . sino c SINn XCcoSQ +SINQCOSX _ ¢
sinx+tgo-cosx=— << sinx + COSX=— & -
a coso a coso a

sin(x + ¢ .
@(—):E & sin(x+ Q) =S cosa.
coso a a

Pentenus nmocnenHero ypaBHeHuUs SBISIOTCS pelieHussMU ypaBHeHus (20).

2
%?mnalme C peui€eHuEM

Pemnm Ha MHOXecTBe R ypaBHeHHe J3sinx+cosx =4/3.
Pewenue:

O/13: x€ R. Paznenue 06¢ yacTi ypaBHEHHUS HA ﬁ , TIOJy4rM YpaBHEHHE

sinx+Lcosx=l. Nmeem éztga :L_ 3Ha4uT, O :Ee —E, us . Torma ucxomgHoe
a J3 2

7 6 >

ypaBHEHHE CBOIUTCS K yPaBHEHHIO sin(x + %)z %, otkyna x = (=1)" % - % +kr, ke Z.
Omsem: S = {(—l)k % —% + k7r| ke Z}.

3| Merox cBelleHHsl K CHCTeMe ajirebpanuecKux ypaBHEHH

Iano ypaBHenue asinx+bcosx=c, a,be R’". VuursBas, uro sin’x+cos’x =1 mis
mo6oro x€ R, u nonaras, 4ro sinx =u, COSX =V, CBOJUM 33/IaHHOE yPABHEHUE K CHCTEME
u +vi =1,
au+bv=c.
JIEHHBIM TIOJCTAHOBKAM, ITOJYYHM PELIEHHS HCXOIHOIO YPaBHEHUS.

anreOpanyeckux ypaBHEHUI PemmB 3Ty cucteMy U BEpPHYBILHUCH K IIPOU3BE-

Pewenue mpuconomempuueckux ypagHenuii ¢ 0moopom peuieHui

Wnorna TpedyeTcs He TOIBKO PEIUTh COOTBETCTBYIOIIEE TPUTOHOMETPHUECKOE YpaBHEHHE,
HO M 0TOOpATh Te pelIeHUs], KOTOPbIE YAOBJIECTBOPSIOT HEKOTOPBHIM 3aJJaHHBIM HM3HAYaJIbHO
YCIIOBUSIM: TIPUHAJUIEKAT 3aJaHHOMY YHCIIOBOMY IIPOMEXKYTKY, SIBJISIFOTCS PELIEHUSAMH JIPYTUX
YpaBHEHHI WIIK HEPABEHCTB U T. 1. PaccMoTpuM nporienypy oToopa pereHunii Ha KOHKPETHOM
npuMepe.

2
%33&2“"6 ¢ pelieHueM

Pemmm Ha MHOXkectBe R ypaBuenme 3(sinx+cosx)—4sinxcosx =0 u Haiigem ero

T
peleHysl, TpUHAUIeKALE OTPE3KY [—n’ , 5]

®



OnemMeHTbl TPUFrOHOMETPUMU

Pewenue: 5
=1

2

HICXO/IHOE YPaBHEHHE CBOIUTCA K KBAJIPAaTHOMY ypaBHeHHIO 2t° —3t—2=0, umMeromemy

OJ13: xe R. Bpoaum HOBOe Heus3BecTHOE sin x +cosx =¢. Torma sinxcosx = n

1
> t, =2. BepHyBIINCh K HEU3BECTHOMY X, IIOIy4UM COBOKYITHOCTH YpaBHE-

o . . 1 o
HUH: sinx+cosx=2; sinx+cosx = 5 [lepBoe ypaBHeHUE HE MMEET pEeUIeHUH Ha

pemenus f =——,

MHoxectBe R.

Pemaem BTOPOC YpaBHCHUC MCTOAOM BBCIACHHSA BCIIOMOIaTCJIbHOI'O yIJIa U MOJIy4YaeM

V2 e V2

ypaBHEHIE sin(x + %): 1 umetorriee pereHnst x = (—1) arcsmT — % +km, ke Z.

. T
s otOopa peneHuii, NpruHaaIekalmx OTPe3Ky [— T, E] , PacCMOTpUM JIBa CITydJas:

V2 &

1) Iycte k =2n, ne Z. Torna x:—arcsin———+27m, ne 2.

4
\/_ ”+27zn<—<:)

Tak kak x€ —7r,£ , TO —7T < —arcsin——
2 4 2

3 \/5 3 \/5

& ——~+arcsin— < 27 < =+ arcsin—, ne Z.
4 4 4 4

N2 31 V2

3
3Ha‘{I/IT, —§+2—arcs1 T > §+2—arcsmT, ne Z

. N2 T
BLIHOJIHI/IB COOTBGTCTBYIOH.II/IG BBIUHUCJIICHUS | arcSIN—— = -— |, J1CJIacM BBIBOJ, YTO 71 = 0

4 9
. \/_ T . 2 7
Torma x =—arcsin — Y +2m-0, mmm x =—arcsin e TO €CTh TOJBKO OJHO pe-

LIEHUE IPUHAUIEKUT OTPE3KY [— T, %jl

2) lycts k=2n+1, ne Z. Torna xzarcsin—2—£+7z(2n+l), ne <

4 4
\/_3727

S x= arcsm—+—+27m, nel.

T \/ 37r <
Tak kKak x€|—7m, = |, To —7w Larcsin— +—+2m <=, ne”Z.
2 4 2
. N2 T
BLIHOJ'IHI/IB COOTBCTCTByIOH_II/Ie BBIYHUCJICHUS arCSlnT = 3 , J€JIa€M BBIBOI, YTO 1 € @

OO6BenuHeHNe TOTyYCHHBIX B 000MX CITydasix pemIeHni, 00pa3yeT MHOKECTBO PEIICHHN
HCXOJHOTO YPaBHEHUS, MPUHAJICKAIUX YKa3aHHOMY OTPE3KY.

V2 =

Omeem: S ={—arcsin Y= -2 L
meem arcsin 4 4

3ameuanue. DM OPpUMEPOM MBI ITOKa3aJIv, KaK MOKHO IPUMCHHUTD Memoo 66e0eHusl
6CHOMO2aMEIbHO20 HEeU36€CIHO020 TIPY PELIEHNH yPaBHEHHH BUIA
f(sinxxcosx, sinxcosx)=0.

©
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Moayinb

E?,} YnpaxHeHus n 3agaum

5/

Pemmre Ha MuHoxectse R YpaBHCHUC!

1. a) sin2x=\5; 0) sinx=—§;

2. a) cos 2x-L =1; 6) Cosx:—ﬁ;
3 2
3. a) tgh—%; 6) tg2x=25;
4. a) cos27=%; 6) sinz(x—Z):
r) 1—cos2(3x—2):cos%;

5. a) 2sin“x—sinx—1=0;
B) tg’x—Ttgx+12=0;
X X,
6. a) sm§+c0s§—0,

B) sin’x —3cos’x =sin2x;

7. a) cosx+sinx =

b 5l

B) Ssinx+cosx=35;
8. a) cos2x=sinx—cosx;
B) 2sin’x + Ssinxcosx+5cos’x=1;

1) sin’x+cos’x=1;
K) tgx+ctgx= \/E(sinx+ COS X);

25in5—x;

X X
1) sin=—cos= = >

3 3

. T\ .
B) s1n(3x+z)—1,

) SinXx —Cos X = \/Esin 6x;

3
A5, T 1
B) cosSx—T, T) cos(z—3x)—§
T =1 T_X\_
B) tg(z—3x)—1, r) tg(6 5) \/§

%; B) tg2(3x+76r):3;

e) \E(sinx+ cosx)=2cos3x.
6) cos’x—5cosx+6=0;

r) 2cos’ Sx+sin5x+1=0.

6) 4sinx—3cosx=0;

r) 4sin’x +sin2x = 3.

0) sin2x—\/§cos2x=\/§;

2 sin3x.

r) COSX—sinx =

6) sin2x zl—ﬁ(cosx—sinx);
r) sin*2x —cos*2x =1;

e") sinxsin3xcosSx=1;

3) tg(x—2)+ tgx+tg(x+76[)=0;

1-tg2x
1+tg2x

=1-sin4x.

K)

9. Haiinute neicTBUTENBHBIC PEUICHUS TPUTOHOMETPHUUECKOTO YPaBHEHUS, MPUHAIJICKAIINE yKa-

3aHHOMY NPOMEXYTKY:
a) I —sin2x+sinx—cosx=0, —%Sxﬁﬂ;
6) 2sin5xsin§x=cos£ xe|-% |
2 2’ 4’40
. . T
B) sin"x—3sinx+2=0, xe [—3, 717];

r) 2cos’x —7cosx+2=0, xe (0, 7).

10. BeprtukanbHbBIH cTOIO BHICOTONH 7 M OCTaBJISIET TEHb JITHU-

Holi 4 M. Haiinure (B Tpaaycax) BBICOTY COJIHIIA HAJ| JIH- o

HHUEH TOPU30HTA.

®




OnemeHTbl TPUrOHOMETPUU

11. CropoHBI YeThIPEeXyrobHKUKA, BIIMCAHHOTO B OKPYKHOCTB, paBHbl @ =10cM, b=4 cm, ¢ =2 cmM,
d =8 cM (B 3TOM mOCHEnOBareabHOCTH). HaiinuTe Benmuuny yriia, 00pasoBaHHOTO CTOPOHAMH
aub.

12. OrtHouenue wiona i OOKOBOH MOBEPXHOCTH K IJIOIIAAN OCHOBAHUS MPABUIBHOM TPEYTroIbHOM
nUpaMuIbl paBHO +/2. Haiiiute BennuuHy yria, 00pa3oBaHHOTO OOKOBBIM peOpOM U BBICOTOM
MUPaMU/IBL.

13. uaronanu OGOKOBBIX IpaHEl MPSIMOYTOJIBHOTO Napajuleienuriesa 00pa3yloT ¢ COOTBETCTBY-
IONIMMH CTOPOHAMHU OCHOBaHWs ymibl ¢ M 3. Halijure BenmumHy yrima, 06pa3oBaHHOTO JHAro-
HAJIBIO TapajuiesIeUIe;a ¢ COOTBETCTBYIOIIEH JANaroHalbl0 €ro OCHOBAaHUS.

14. V3BecTHO, YTO JBE CTOPOHBI TPEYTOIBHUKA PaBHBI [ U m, a GUCCEKTpHCca yIia, 00pa3oBaHHOTO
STUMH CTOpOHamu, paBHa b. Haiinute BenuumHy 3TOrO yria.

15. CocraBbTe U pemnTe TPUTOHOMETPHUECKOE ypaBHEHHUE:
. .
a) O/THOPOJIHOE; 6) Buma asinx+bcosx=c, a,be R’;
B) CBOAMMOE K aireOpandeckoMy ypaBHEHHIO.

16". Pemure Ha MHOKecTBe R ypaBHeHUe, e a — IEHCTBUTENBHBIN apameTp:
a) asin’x+sinx—1=0; 6) (a+1)sin’x—2sinx+a—1=0;

B) (2a+Dtg2x—tg2x—a=0; r) V3cosx—sinx=3a—1.

TpuroHomeTpuyeckme HepaBeHCTBA

4.1. IlonsiTHE TPUTOHOMETPHYECKOI0 HEPABEHCTBA

Onpenenenne. HepaBencTsa, comeprkamiue HEU3BECTHOE ITOJ] 3HAKOM TPUTOHOMETPH-
YecKnX (YHKINH, HA3bIBAIOTCS TPUTOHOMETPHYECKHMH HepaBEeHCTBAMH.

TpuroHoMeTpru4ecKkre HEPaBEHCTBA MOXKHO PELIaTh, UCIONb3Ysl CBOMCTBA TPUIOHOMET-
pudeckux QyHKIHUH (IePHOIUIHOCT, MOHOTOHHOCTh, COOTBETCTBYIOIINE TOXKIACCTBA U JIp.)
W/WITN TIPUMEHSIST OOIIFEe METOJIbI PEIICHNS] HEPABEHCTB (B TOM YHCIIE, METOJ] HHTEPBAJIOB).
[TockoJIbKY MPOBEPKa PEIICHN I TPHTOHOMETPUYECKIX HEPABCHCTB B O0IIEM CIIydae MPaKTH-
YEeCKH HEBO3MOXKHA, TPOCIIC/INM 3a TeM, YTOOBI TPOU3BOIMMBIC B MIPOIIECCE PEIICHHS TPe0d-
pa30BaHUs MPUBOIUIN K PABHOCUIIBHBIM HEPABEHCTBAM.

Permenne TpUrOHOMETPHUYCCKUX HEPABCHCTB OOBIYHO CBOANTCS K PELICHHUIO MIPOCTEHIINX
TPUTOHOMETPUUECKUX HEPABEHCTB MM CHCTEM (COBOKYITHOCTEH ) IPOCTEHIINX TPHTOHOMET-
PHYECKHX HEPABEHCTB.

4.2. Ilpocreiiline TPUTOHOMETPHYECKHE HEPABEHCTBA

Omnpenenenne. HepaBeHcTBa BUIa sinx>a, sinx<a, sinx=>a, sinx<a, cosx>a,
cosx<a, cosx=a, cosx<a, tgx>a, tgx<a, tgx=2a, tgx<a, ctgx>a,

ctgx<a, ctgx>a, ctgx<a (a€R) Ha3pBatOTCs MPOCTEHUIMMH TPUTOHOMETPH-

YE€CKMMHU HEPaAaBCHCTBAMM.

ITpocreiinme TPUrOHOMETPHIECKUE HEPABCHCTBA (AHATIOTMYHO MPOCTEHIIIMM TPHUTOHOMET-
PHYECKHM ypPaBHEHUSIM ) MOJKHO PEIIUTH!

1) monb3ysiCh TPUTOHOMETPUYECKOH OKPYKHOCTBIO;

2) ucnounb3ys rpa@uKH TPUTOHOMETPUYECKUX (QYHKIHH.

o
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Cunraem Oojee yIOOHBIM PACCMOTPEHHE PEIICHHH MPOCTEHINNX TPHUTOHOMETPUIECKUX

HEPaBEHCTB Ha TPUTOHOMETPUUECKOH OKPYKHOCTH.

Z YA
%%malme C peleHHeM 1w
. 5
PemmM na R mepasencrso sint > ﬁ P g/- \Pl y=-5
Pewenue: M
O13: t € R. CHauauna perracM HEpaBEeHCTBO Ha OTPE3- b, t,
ke [0, 2] nnunoii 27. IlocTpouM TpUrOHOMETpUYEC- ] 19} T x
Ky OKPYXXHOCTb U MPAMYIO Y =§ (puc. 8.24). Bce
TOYKH TPUTOHOMETPUUECKON OKPY>KHOCTH, OPIIUHATHI KO-
TOPBIX YIOBJICTBOPSIIOT IEPBOHAYATIHHOMY HEPABCHCTRY, :
cocTaBisitoT Ayry B P,, a COOTBETCTBYIOLINE UM YIIIBI
Puc. 8.24

YAOBJIETBOPSIOT JBOMHOMY HEpPaBEHCTBY 1, <t<t,.

J10i1 Iyre COOTBETCTBYET LeHTpabHbIH yron POP,.
P

1

Touxke

?a

. Wrak, Bce pemienus nepBoHa4aIbHOro H

a TOYKE

. /3
COOTBETCTBYET 3HauCHNUE f, = ArCSin—=o-
r_2r

t —ﬂ—arcsin—3—7t—
2 3 3

2

Hajieskarie orpesky [0, 277] amHbl 27T, YIOBICTBOPSIOT JBOHHOMY HEPABEHCTBY

P, — 3nauenue

€paBEHCTBA, IIpU-
T 21
<<=,
3 3

HOCKOJ'ILKy (byHKL[I/IFI CHHYC ICpUoJuiHa 1 €€ OCHOBHOM nepuoa paBeH 271', BCC OCTaJllb-
HBIC pCHICHU 3a/TaHHOI'O HEPABCHCTBA MOYKHO IMOJIYYUTD, HpI/I6aBI/IB K KaXXI0My u3 HaﬁﬂeHHbIX

pEIeH i Ha 3TOM OTpe3Ke uncnia Buna 27k, ke Z.

Omegem: S =U (%+ 2rk, 2?”+27'Ck ]

keZ

all [Ipocreiilliee TPUTOHOMETPUUYECKOE HEPABEH- |
CTBO BHja Sinf >a (1)

1) Ilpu @ =1 nepaBenctso (1) He UMeET peleHuA.

2) lpu a <—1 pemenuem Hepaserctra (1) sBis-
ercsi moboe 3HadeHue 1€ R.

3) Iyets —1<a<1, a=arcsina. YuursiBas re-
PHUOIMYHOCTD (PYHKIIUHM CHUHYC, MOJyYaeM 3HA4YCHHUS 7,
arcsin a + 2wk <t <mw —arcsin a + 2wk, ke Z, xo-
TOpBIE SIBISIFOTCS pelieHusiMy HepaBeHcTsa (1)

(puc. 8.25).

Wtak, MHOXECTBOM pelleHni HepaBeHcTBa (1) saBisercs:

S = U (arcsina + 27k, m —arcsina + 27k).
keZ

-1
Puc. 8.25

a2! [lpocreiiiee TPUTOHOMETPUYECKOE HEPABEHCTBO BUa sint <a (2)

1) Ilpu a >1 peuienremM HepaBeHcTBa (2) siBisieTcs Jirodoe 3HaueHue ¢ € R.

2) Ilpu a < —1 HepaBeHCTBO (2) HE UMEET PEIICHHIA.

®
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3) IIpu —1< a <1, 3ameHON IepeMEHHON = —Z, pelleHUe HEPaBEHCTBA (2) CBOAUTCS K
PEeLLeHHIO HEpaBEeHCTBA BUJIA Sint > a. B 3ToM cityuae pereHussMu HepaBeHCTBa (2) SBISI0TCA
3HauYeHus 1, — T —arcsina + 27wk <t < arcsina + 27k, k€ Z, a MHOXeCTBO PEIICHHUI Hepa-

BEHCTBA (2) 3amuchIBaeTCs TakK:

keZ

S = U(-r —arcsina + 27k, arcsina + 27k).

a3 Tlpocreiilee TPUrOHOMETPUYECKOE HEPABEHCTBO BUJIA sint > a

1) Ilpu a < —1 perrennem HepaBeHcTBa (3) siBisiercs jrodoe 3Hauenue t € R.

2) Ilpu a >1 HepaBeHCTBO (3) HE UMEET PEIICHHIA.

3) Ilpn —1< a<1 pemenusMu HepaBeHCTBA (3) SBISIOTCS 3HAYCHUS 7,

arcsina +2nk <t <m —arcsina+2nk, ke Z, a

kel

S = UJarcsina + 27k, 7 —arcsina + 27k].

‘a4 TlpocTeiilee TPHTOHOMETPUYECKOE HEPABEHCTBO
Buja sint <a 4)

1) IIpun a >1 pemrenneM HepaBeHCTBA (4) sBISETCS
nro6oe 3naucnue 1€ R.

2) IIpu a < —1 HepaBeHCTBO (4) HE UMEET PEeLICHHII.

3)IIpu —1<a<1 (puc. 8.26) perieHHsIMA HepaBeH-
cTBa (4) ABNAIOTCSA 3HAYECHHUA /,

—m—arcsina+2mk <t<arcsina+2mk, ke Z, a

S = U[-m —arcsina + 27k, arcsina + 27k ].
keZ

3ameuanue. Ilpu pelieHUN NpoCTEHIINX TPUTOHO-

(€)

—1|N
Puc. 8.26

METPUYECKHX HEPABEHCTB HAXO/ISIT CHaYaIa MX PEUICHHUS Ha IPOMEKYTKE JITHHOH 27T (115
CHHYCa ¥ KOCHHYCA) WIN JUIMHOH 7T (U1 TaHTeHCA U KoTaHreHca). OTBET 3alChIBACTCS C
YYETOM MEPHOANTHOCTH COOTBETCTBYIOIINX TPUTOHOMETPHICCKUX (DYHKITHHA.

61 IIpocreiilee TPUTOHOMETPHYECKOE HEPABEH-

)

CTBO BHJIa COSIt >a

2
%&maﬂne C peuiecHueM

1
PemM Ha MHOXkecTBe R HEpaBEHCTBO COS’ > 3

Pewenue:

O/13: te R. Pemaem 3T0 HEepaBEeHCTBO Ha OTpPE3Ke
[, ] wHo# 27T, TTocTPOMM TPUTOHOMETPHYECKYIO
OKPY>XHOCTh U TPSIMYIO x:% (puc. 8.27). Touku
TPUTOHOMETPHUYECKOH OKPYKHOCTH UMEIOT abCIucey

Gomnbe 7+ ECIM OHH NPUHAZNEKAT AyTe P NP,.

y
1
P,
/ tz M N‘
1! tl :
] L1
XZE
Puc. 8.27

mMoaynb
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Hmeem Pl(%, —arccos%), }’2(%, arccos%). CrnenoBaTellbHO, Ha OTpe3ke [—7T, 7]

TOuKa puHaanexut nyre PNP,, ecnu — arccosi <t< arccosE, 1581071 —% <t< % Hrak,

T T
3HauYEHUs ¢, 3 <t <, NpUHAUISKAIINE OTPE3KY [T, 7T| JUTHHBI 27T, SBISIFOTCS PEIICHHS-

3

MH HCXOJHOIO HEPaBEHCTBA.

IMockombKy GYHKIHS KOCUHYC IIEPUOINYHA U €€ OCHOBHOM ITEPHO]] PABSH 27T, BCE OCTAIbHbIC
peUICHUS 3aJaHHOTO HEPAaBEHCTBA TIOYyYHM, IIPHOABHB K KOKIOMY U3 HAWICHHBIX PEIICHUN
Ha 9TOM OTpe3Ke uucia Buna 27k, k€ Z. Takum 0OpasoM, pelIeHHsIMU UCXOIHOTO Hepa-

T T
BEHCTBA SIBJISIFOTCS 3HAYCHMUS , — 3 + 2k <t < 3 +2nk, ke Z.

Omeem: S =U| =Z 421k, T4 2mk |
keZ 3 3

Bepremcst k HepaBeHCTBY COSt > a. MOXKHO J10Ka3ath, 4TO:
1) mpu a >1 HepaBeHCTBO (5) HE UMEET PEIICHUH; P
2) npu a <—1 peleHueM HepaBeHCTBA (5) sSIBISET- ?
cs moboe 3Hauenue t € R;

3) mpu —1<a<1 (puc. 8.28) pemeHusmMu Hepa- M
BeHCTBA (5) SIBIAIOTCS 3HAYCHHUS 1, 1
—arccosa + 2mk <t < arccosa + 2mk, ke Z.

CrnenoBarenbHO, MHOXKECTBOM PEICHHIA HepaBeHCTBa (5)

:*Q JF
.

SABJIACTCA:

S = U (—arccosa +2mk, arccosa+27mk). x=a I-1

keZ
Puc. 8.28

62 [IpocTeiinee TPUTOHOMETPHYECKOE HEPABEHCTBO BUIa COSt <@ (6)

1) Ilpu a >1 peurennem HepaBeHcTBa (6) sBiseTCs JiToboe 3Hauenue 1€ R.
2) llpu a < —1 HepaBeHCTBO (6) HE UMEET PELICHHH.
3)Ipu —1<a <1 peuieHussMu HepaBeHCTBA (6) SBISIOTCS 3HAYCHUS £,

arccosa + 2k <t < 2w —arccosa+2nk, ke Z, a

S = U(arccosa + 2mk, 2m —arccosa + 27k).
keZ

63! [Ipocreiiniee TPUTOHOMETPHYECKOE HEPABEHCTBO BUIA COSE > 7
1) Ilpu a < -1 pemenuem HepasencTsa (7) sensercs nmodoe 3Havenne € R.
2) [Ipu a >1 HepaBeHCTBO (7) HE UMEET PELICHHI.

3) Ipu —1<a<1 pemennsmu HepaBeHcTBa (7) SIBISIOTCS 3HAYUCHU £,

—arccosa+2mk <t <arccosa+2nk, ke Z, a

S = U[—arccosa + 27k, arccosa + 27k].
keZ

®



64 [pocreiiniee TPUTOHOMETPUIECKOE HEPABEHCTBO
BHja Ccost <a ®)

1) IIpu a =1 peuenneM HepaBeHCTBA (8) ABIAETCS
moboe 3nauenue f € R.

2) TIpu a < —1 HepaBeHCTBO (8) HE UMEET pelIeHHH.

3) Ipu —1<a<1 (puc. 8.29) peuieHusMu Hepa-
BeHCTBa (8) SIBIIAIOTCS 3HAYCHUS 1,

arccosa+ 2mk <t <2m —arccos a+ 2k, ke Z, a

S = Ularccos a+ 2wk, 27 — arccos a+ 27k].
keZ

81 [Ipocreiilliee TPUTOHOMETPHYECKOE HEPABEHCTBO
suzna tgr >a, ae R 9

Z
%hﬂauue ¢ pelIeHueM
\3

Permmm Ha R HepasenctBo tgr>—.

3

Pewenue:
Ol13: te R\{%+kn| ke Z}.
OcHoBHOH Nepro] GYHKITUH TAHTESHC paBeH 7. [loaTomy,

T T
YUHTHIBAs, 4TO arctgae | — ER) } HaXOJIUM PEIICHUS

T T .
OTOI'0O HCPABCHCTBA HA ITPOMEKYTKE (_ E ’ E) JJIMHOMU TT.

IToCTpOUM TPUTOHOMETPUYECKYIO OKPY>KHOCTb U OCh
tanrencoB AT (puc. 8.30). Eciu 3HaueHue ¢ sBISIETCS
pEIICHHEM JJAHHOTO HEPABCHCTBA, TO OPIUHATA TOUKH 7,

3
paBHast tg?, noimkHA OBITH OoJblle ——. MHOXECTBO

3
takux Touek 1 obpasyror nyd (NT. Bce Touku mosy-
OKPY’KHOCTH, KOTOPbIE COOTBETCTBYIOT J1y4y (NT, 06pa-
sytor ayry P P,. Torna t, <t<t, (touku P, u P, He

Y Y
CrnenoBarenbHoO, arctgg <t< % A dry <t< 5

YuutbiBas NEPUOANIHOCTD (bYHKI_II/II/I TAHT'CHC, ITOJTY-

MPUHAIJICHKAT AYTE).

YaeM, 4TO PEIEHUSIMH 3a[aHHOTO HEPABEHCTBA SBIISIOTCS
T T

3HAYEHUS 1, €+ﬂk<t<3+7r]{, ke Z.

6 2

Amnammupys pucyHok 8.31, 3ameuaem, 4to Touka P,

keZ

Omeem: S = U(£+7rk, £+7rk).

nemut nyry DAB Ha nBe wactu: nyru BB u DAP,.

OnemeHTbl TPUrOHOMETPUU

YA
xX=a 1
P,
L
N[ ] 2SN ;
-1 [0 1 X
P,
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Jnsa nyru P,B (toukn P, m B WCKIIOYaroTcs) CHpaBeIHBO HEPAaBEHCTBO tgf>a. Torma

T
pelIeHUsIMI HepaBeHCTBA (9) SBISIFOTCS 3HAYCHUS ¢, arctga +mk <t <= +7k, ke Z, a

2
Vi3
S=U (arctga + 1k, —+7rk).
keZ 2
B2 [Ipocreiilee TPUrOHOMETpUYECKOE HEPaBeHCTRO Bua tgf <a, a€ R (10)

Hnsa xyru DAP, (puc. 8.31, Toukn D n P, MCKIIOYAIOTCs) CIPaBe/UTMBO HEPaBeH-
cTBO tgt < a. Tornma permenusiMu HepaBeHcTBa (10) SIBIAIOTCS 3HAUECHUS 7,
T

5 +mk <t<arctga+mnk, ke Z, a

kel 2

S=U (—£+7'L'k, arctga +7rk). (11)

B3, PeneHusME MPOCTEIero TPHroHOMETPUYECKOTo HepaBeHeTBa Buza tgt >a, ac R,

T
SIBJISIOTCSI 3HA4YEHUs 7, arctga + 7k <t < 5 +7k, ke Z, a

keZ

s=U [arctga-Hrk, %Hrk} (12)

B4, PereHusMHU IPOCTEHIIIEro TPHrOHOMETPUYECKOTo HepaBeHcTBa Bua tgf <a, ac R,

T
SABIIIIOTCSA 3HAYCHUA 1, ) +mk <t<arctga+nk, ke Z, a

keZ

S=U (—%+n’k, arctga+7tk]. (13)

3aoanue. Beisemute dhopmynsl (11)—(13).

2. PenreHUAMHU NPOCTEHIIEro TPUTOHOMETPHUYEC- y N
KOro HepaBeHcTBa Buma ctgt >a, ac R (puc. 8.32) 7
1
SIBJIIFOTCS 3HAUEHUs ¢, Tk <t < arcctga+7mk, ke Z, a arcctga

S = U (nk, arcctga + mk). (14)
keZ T t A
o X

2. PenieHUsIMU NPOCTEHIIEro TPUTOHOMETPUYEC-
KOro HepaBeHCTBa Buia ctgf <a, a€ R, sBusrores
3HaueHUs 1, arcctga + mk <t <m+7k, ke Z, a

S = U (arcctga + mk, 7 + k). (15)
=t Puc. 8.32

3. PemeHNAMM MPOCTEHIITEr0 TPUTOHOMETPIYECKOTO HepaBeHCeTBa Buya ctgt >a, ac R,

SIBISIIOTCS 3HAUeHUs ¢, Tk <t < arcctga+ 7k, ke Z, a

S = U (nk, arcctga + mk]. (16)

keZ

@
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4. PenreHNAMHM MPOCTEHIIEro TPHTOHOMETPIYECKOTo HepaBeHcTa Bua ctgt <a, ac R,

SIBISIFOTCS 3HAUeHWs ¢, arcctga +mk <t<mw+mnk, ke Z, a

S = Ularcctga + nk, 7 + k). (17)

keZ

3aoanue. BeiBenute Gopmynst (14)—(17).

Z
%hmume ¢ peleHHEM
Permv Ha MHOKecTBe R HepaBeHcTBO sin(x+%)
Vi3 . 1 SN |
O3: xe R. Mycts x+Z=t. Torxa |sint |S§ & sin tSZ =
& 2Sin2tS%<:>1—COS2IS%<:>COSZIZ%(Z)—%+27Z/€S2IS%+Z7T]<, kel

<l

S5

Pewenue:

<:>—%+7rk$t£%+ﬂ:k, keld.

BosBpaiasich kK HEU3BECTHOMY X, IIOTYYUM: — % +mk<x< —% +nk, ke Z.

Cgo|om T
Omeem.S—kLEJZ[ 12+n’k, 12+7‘L’k:|.

@ YHpax(Heva n3agayviu

(5

1. Pemnre Ha MHOXKecTBe R HepaBeHCTBO:

a) sinx<g; 0) sinng; B) sinx<—§; r) sinx <-2; 1) COSX<%;
e) cosng; K) cosx<—§; 3) cosx <4 n) tgx>\/§; K) tgx<—§;
1) tgx > -2; M) tgx<1; H) ctgx <1; 0) ctng—\/g; 1) ctgx>§;
p) ctgx>-3; ¢) 2cos’x +cosx <0; ) sin’x—5sinx >0; y) tg’x+2tgx—3>0.
(X _m o N2, <£- —1:

2. a) sm(2 6)_ 5 6) cos3x < > B) ctgSx > —1;
r) tg(Sx—§)< —\/5; ) cos(Z—Zx)>—l; e) ctg(;CJrZ)S 0.

3. a) sinx—cosx<\/§; 0) \/gsin2x+c052x21; B) sinSx+cosSx>—1;
r) sin2xcosx+sinx0052x<—§; 1) cos2x +|cosx|>0; e*)sin’x—cos’x <3sinx—2.

. . 1
4. Haiimure pemenns ypasaenus 2cos2x —4cosx—1=0, mis koTopeix |sin x| > 3

. . . . 1
5. HaiimuTe pemenns ypaBHeHHs sin’ x +sin’ 2x =sin’3x, 111 KOTOPEIX COSX > 5

6. CocraBbTe TPUTOHOMETPUYECKOC HEPABEHCTBO, KOTOPOE PEIIACTCS METOJOM BBEICHHS BCIIO-

MOTaTCJIBbHOI'O HEU3BCCTHOTIO.
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10.

@ ana»(Heva n 3agayun Ha noBTopeHune

LA

Boruucnure 3HaueHue BBIpaXXCHUA:

a) sin % — cos180° + cos’ 15°; 6) ctg90°-sin-% +sin> L.
2 17 6
Beruucinre coS2¢¢, eciii U3BeCTHO, uto: a) coso = 0,6; 6) sina =—0.,4.

Haiinute 3naueHne BBIpa>KeHUS:
3cos(=57° V3 .
a) .(70); 6) cos| a — = |-sin(w — ).
sin(—33°) 2
JlecTHua, mpucTaBieHHas K BEPTUKAIBHOM CTeHE, oOpa3yer co creHoi yroi B 15°. Haiimute
JUTUHY JIECTHHIIBI, €CII PACCTOSHHUE OT OCHOBAHHMS JISCTHHIBI IO CTEHBI paBHO 1,2 M.

Mastauk amuHON 20 cM KagaeTcs Tak, 9TO YTol MEeXIY IByMs ero KpaWHUMH MOJIOKEHUSIMH pa-
BeH 60°. HaiiauTe BBICOTY, HA KOTOPYIO TIOJHAMAETCSl KOHELl MasiTHUKA OTHOCHTEIBHO €ro I0JIo-
JKEHUSI PaBHOBECHSI.

. 4rm T T 3
3anuIuuTe B MOPsJIKE BO3pacTaHHs 3HAUYeHHs: SIn——, COS—, tgg, cth.

6’ 2
Ilycts:

a) cosq = % n 0°<a <90°. Haiioure cos(90°+ ).

6) sine =028 n 0<or < % Haitaure sin 2c.

B) tgazg " 0<(x<%. Haiimure sino.

r) tgoe =3, tg(o+ ) =1. Haiipure tgf.
n) ctgor = %, tg(or + B) =3. Haiinure ctgf.

Vipoctute BbIpakeHUE:

a) (tgorcosor)’ + (ctgorsiner)® — cos’a; 6) sin‘o +sin’o cos’a —sin’a + cos .

Brrancnure 3HavueHME BBIPAKCHUSA:

1 1
2 T %) g20otg709 "
(tg40°tg50°) 3 gsute
Typucr nogomen k peke. Ha mpoTHBOmonokHOM Oepery y BOIbl pacTeT JepeBO (BEPTUKAIBHO).
a) Kak TypucT MOXET ONpeeNnuTh MHPHHY PEKU MPH MOMOIIM TPaHCHIOpTHPa?
6) Kak TypuCcT MOXET ONpeNeNuTh IUPHHY PeKu 0e3 TpaHcrmopTupa?

11. 3yOuaroe koieco comepx ut 72 3yba. Beipazure B
rpagycax BEIHYHHY YIVIa, €CIH KOJECO MOBEPHYTh
Ha: 1 3y0; 30 3yOneB; 144 3y6a; 300 3yObes.
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12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.
23.

5/

JlaHbI HEHyIICBBIC BEKTOpA d = (x,, yl) b (x,, ¥,)-
CkasipHOE MTPOM3BE/ICHNE BEKTOOB d, b OTIpEeIEIsIeTCsl KaK d - b=x X, +,y,, OJHAKO CKa-

JISPHOE TIPOM3BEJIEHNHE BEKTOPOB d, b TaKKe MOKET OBITH BEMHCIEHO Kak:
ab= la]-| b |coscr, Tne O — BenM4YHMHA yIia, 0OpPa30BAHHOTO YTUMH BEKTOPAMH.
a) ITokaxwure, 4TO albeab=0.
6%) Iokaxure, 4TO:

a b=b-a 2) (ka)-b=k(a-b);

Na-(b+&)=a-b+a-& 4)|al=va-a
B) Berncmite a-b, ecm |a|=3, |b|=2, (@, b)=120°.
r) Haiigure a -Z, ecmn a = (1, 2), Ez -193).
Iycts ABCD — poMb co cTopoHOH, paBHOl 6, 1 m(LBAD) = 60°.
Haiinute ckansipHoe mpousBeneHue a-b (a= ﬁ b= D_C;).
Ilycte ABCD — xBagpar co CTOPOHO#, paBHOM 5.
Haiinure ckansipHoe mpousBeneHue a l; (E = Té, B= E).

~

JlaHbI BEKTOPHI a, Z, |Zi| =2cmM, |l;| =3cMm, a (a, l;) =105°. Haiigure Takoe AeiCTBUTEILHOE
quciio k, 4TOOBI BEKTOP a+k-b 6bu HEPIeHIUKYIIPEH BEKTOPY b.
CpaBHuTe ¢ | 3HAYCHHE BBIPAXKEHUS \/;, eciu a =cos110°sin57ﬂcos10°.
Haiiure, ucnonb3ys CBOMCTBA TPUTOHOMETPHUECKUX (DYHKI(MH, 3HAK 3HAYEHUS BHIPAXKEHUSL:

V4
ctgl0° + ctg(-70°) . 5 w
cos10°+cos160° ’

a) .
ctg%t —ctg2

HWccnenyiite Ha 4eTHOCTh WM HedeTHOCTh QyHkimo f: D — R:

a) f(x)=(sinx+cosx)’; 6) f(x)=sin3x—tgx.

Brraucnure:

a) arccos(— % ); 0) arctg(— ? J; B) arcctg(—\/g ).
U3BecTHO, uTO tgOr +ctgor = m. Haifmure: a) tg’ar+ctg’or; 0) tg’a +ctg’a.

BepHo 11 HepaBEHCTBO:
a) sin(287°—a)cosox + cos(287° — ) sinox < 0;
6) cos(149°+ o) cosor +sin(149° + ) sino > 0?

He ucnonb3yst kaiabKymstop, Berauciute sinl7°+4 cos253°+ctg315°.

Beruucnure:
a) cos’a + Coszﬁ + 00527/4- 2coso cosﬁcos}/, e o, B, Y — BENMYMHBI BHYTPEHHHX YIJIOB

TpeyTONbHUKA,;
% etgB it —ctg@ete P
0) ctg > +ctg > ctg 7 ctg > ctg

- r
2

+ctg R

e o, B, Y — BEJIWMYMHBI BHYTPEHHHUX YIJIOB

@

TPEYroJbHUKA.

mMoaynb ~
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24.
25.

26.

27.

28.
29.

30.

31"

32.

33.

35¢

Hcmone3yst 6 pa3inuyHbIX Croco0oB, pemnte Ha MokecTBe R ypaBHeHme sinx +cosx =1.

Haiimure perenus ypapHenns log, sinx —2log, cosx =1, npunamnexanme narepaty [—350, 2°].
3 3

sin 2x

V2

1 1
JlokaxxuTe, 4To (1 +— 1+ >5, I1e O — BeJIMYMHA OCTPOro yIia.

Pemnre Ha moxkectBe R ypaBHeHue logcm( +cosx —sin’x —+/2 sin x]: 2.

s o Ccosox

Jokaxure, uro 3sin’or = 2sin2 —1.

HUcmone3ys rpaduku GyHKImM [ 1 g, HaliauTe pemenus ypaBHenus f(x)=g(x), ecnu:
a) 1R->R, f(x)=cosx, g:R—>R, g(x)=1-x;
0) :R—>R, f(x)=sinx, g:R—>R, g(x)=-x.

Pannyc xpyra, BIMCaHHOTO B paBHOOEIPEHHBIN TPEYTONBHUK, B 4 paza MEHbIIE paanyca Kpyra,
ONHCAHHOTO OKOJIO 3TOr0 TpeyrojbHUKa. HaiiinTe BenMUMHBI yITIOB TPEyroJIbHUKA.

Yroa npu OCHOBaHMH PAaBHOOEAPEHHOTO TPEYToOJbHUKA PaBeH (.
a) Haiinure oTHOmIEHNe m Tmomaay TPEYrodbHUKA K CyMMe KBaApaTOB JUIMH €TO CTOPOH.

0) [loxaxxuTe paBEHCTBO M =l;
P 2 tgor+3ctgor

. 1
B) Haiinure 3HaueHue o, U1t KOTOPOro m = 3

r) Haiinnte 3HayeHuss O, Ui KOTOPBIX /71 TIPHHUMAET HanOOJIbIlee 3HAYCHUE.
1) Haiigute MHOKECTBO 3HAYEHUN OTHOIICHHUS 771.

IMoctpoiire rpaduk dyukunn f: D — R:
sinx | cos x

__sinx 6) f(x)=—S0%
Y70 J1—cos’x ) JJ1—sin’x

TTycte ABCD — 4ethipexyronsHuk, y kotoporo AB=BC, CD =2AB,
m(ZLABC)=m(£LBCD)=120°.

a) TTokaxxute, 4T0 TpeyroibHUK ABD paBHOOCIPEHHBIM.

0) Beruucnure 3HaYECHUs TPUrOHOMETpHdYeckux (GyHKmi yrma ADB.

B) ITokaxwute, uto Touku A, M, N xommuneapusi, rae M u N — cepenunst cropod BD u CD
COOTBETCTBEHHO.

r) [TokaxuTte, uro mpsimasi CD KacaeTcsi OKPYXHOCTH, OIIMCAHHOM OKoyto Tpeyronbanka AMD.
1) Beipasure miomans npsmoyromsanka ABCD dwepes Bemuuuny AB = a.

e) Berancimure cunyc yria, odopazoanaoro npsmbivu AC u BD.

. Beruncnure:

36",

a) cos(arctg(-3)); 6) sin(arccos0,6).

Pemmte Ha mMuOkectBe R ypasuenue:

a) |sinx—3cosx|=3sinx+cosx—3; 0) log,(2sinxsin2x) +log, (5cosx +4sin2x) =0.
3

Pemmte Ha muoxectBe R ypasuenwme:

a) /5 sin2x —+/1+8sin xcosx =0; 0) V10 cosx —/4cosx —cos2x =0.
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K:>> lNMpoBepo4Has paboTa

Pabomu: 45 MHHYT

VkaxuTe BEpHBIN BapHaHT.

Yron o =272° npuHagIexKuT

A TuerBeprn. B 1l yerBepTH. C III uerBepTH. D IV yerBepru.
Brruncnure 3nauenue BbipaskeHust cos60°+2sin30° + %‘[g2 60° —ctg45°.
Iycts e (0, %), Be (O, %) 3Had, 4To Sinol = %, sin B = %, BBLIYUCIIUTE:
sin 2, cos2e, sin(a+ fB), cos(e— fB), tg(o+ B), tg(oe—B).

tgo+tg B +tga—tg[3
tg(a+p)  tgla-pB)

prOCTI/ITe BBIPpAXKCHUC

2
.2 T
BbIuKCIIHTE 3HAYCHHE BBIPAKECHHS (sm2 < _cos’ —) )

8 8

I[J'II/IHBI CTOPOH IapaJijiejorpammMma paBHbBI Scmu 3 CM, a BbICOTA, IPOBEACHHAsA K GoJIbIIei
CTOpPOHE, paBHA 2 cM. Beraucnure BCJIMYUHY OCTPOro yrIia, 06pa30BaHHOI‘0 JuaroHajJsiMu
napajjejorpamMmma.

Pabome;: 9() MHHYT

5

Halimure HCTMHHOCTHOC 3HAYCHUE BBICKA3BIBAHUS:
. 2.3 3 2 3
Eciu sinx+cosx=a, 1o sin"x+cos x=1,5a"—0,5a".

Tlycts sina =0,6, 90° <o <180°. Boruucnute sina, cos2a, tg2a, ctgla.

Jlokaxwure, 4yTO ypaBHeHHE (sin x+ V3 cos X)sin4x =2 He MMeeT pelIeHni Ha MHOXECT-

Be R.

Haiinure penrenns ypaBHeHus 2ctg2x —ctgx =sin2x+3sinx, st koTopeix cos2x > 0.

Hana ¢yuxums f: D >R, f(x)=.—-tg2x. Haiigure 3nauenus x, rne 0<x< T

5 npu

KOTOPBIX (pyHKIHUS [ oOmpeserncHa.

Joxkaxwure, 9ro s odoro TpeyronsHuka ABC cripaBeyinBO paBEeHCTBO
R+r
R 2
rae R — paauyc OKpy)KHOCTH, OIIMCAHHOM OKOJIO 3TOTO TPEYTOJIbHUKA, & I — PallyC OKPYX-

cosA+cosB+cosC =

HOCTH, BITMCAHHOM B 3TOT TPEYTroJIbHUK.

e

Hpodoﬂ&/cumeﬂbﬂocmb

Hpodozzo/cume/zbuocmb
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eomeTpuyeckue

dourypbl Ha NSIOCKOCTU

N

o HA = 9mo o2pomubli cao, 2pe l{‘aﬂtb@bjd,fld‘a?{(“:em:
- 6ol meb;,échem,nd,cebeMy evey.
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,}.IaBHL(rJ/IHB6epT$

Q I/I}IGHTI/I(I)I/IKaHI/IH W HUCIIOJIB30BAHHUC aKCHOM, OHpeI[eJIeHI/Iﬁ U TEOpEM, CBOMCTBEHHBIX
TCOMETPUHN HA IIJIIOCKOCTH,

Q MMPUMCHECHHUEC 3JIECMCHTOB I'€OMETPUHU B PA3JIMYHBIX KOHTCKCTaX.

BN onemenTol pepykTueHo reomeTpum

B kypce reomerpun V-IX kiaccoB Bbl HAYYHIIHCh Pa3invaTh U ONPEICIATh OCHOBHBIC
(burypsl Ha IIOCKOCTH U B IPOCTPAHCTBE, Y3HABATH OCHOBHBIC CBOMCTBA 3TUX (PUIYP OIIBIT-
HBIM ITyTeM, MHOTOKPATHBIMH [TOCTPOCHHUSMU, BHUMATEIIbHBIM HAOIIOICHUEM U MX OIIMCAHHUEM.
B pe3synbrare 3THX SKCIIEPHUMEHTAIBHBIX HAONOCHHH ObUIH BBIBEACHBI MpaBHia U chop-
MYJIHPOBAHbI OMPEIICHUS B BUIE 000OIICHIH 3aMEICHHBIX CBOUCTB. B 3TOM 3akiroyaercs
unmyumuenvlll (UHOYKMUGHbIIL) Memo0 U3YUCHUS T€OMETPHH.

B nanbHeiitiem Mbi OyjieM yrIyOsTh U CHCTEMATH3HPOBATH STU HABBIKU M YMCHUSI, UCTIONb-
3ysl HapsLy ¢ MHTYUTUBHBIM METOAOM U PAyUOHANbHBIU (0eQyKMUueHblil) Memoo N3y4eHUs
TEOMETPHUH.

CylIHOCTh JAEAYKTHBHOTO METOJa M3YYCHHUSI FTEOMETPHU COCTOMT B TOM, YTO CBOMCTBA
TEOMETPUIECKUX (PUTYP BBIBOISATCS TOYHBIMHU PACCYKIACHHUSIMH, OMUPAIOIIUMICS JIUIIb HA
obmire cBoMCTBa (UTYpPHI, OTBICKAsICh OT BCEr0 YacTHOrO m3ydaemoil ¢purypsl. Takum
00pa3oM, CyKIeHHUE IPUHUMACT YHUBEPCATbHBIN XapaKTep, T. €. OHO MPUTOHO KaK B CIIydyae
u3yyaeMoi (pUrypshl, Tak U B cIy4ae BCeX (QUIYp C TEMH JKE CBOHCTBAMH.

Crienyroliye mpuMepbl MOKa3bIBAIOT, YTO HEJb351 000CHOBBIBATh CBOMCTBA FEOMETPHYECKHX
(buryp, onmupasiCh JIUIIb Ha PE3YJIBTATHI OIBITOB.

&% TlycTs manbl aBe MapauieNbHbIE TIPAMBIE U THICAYA Pa3IMYHbIX ceKymmx. Tor dakr,
YTO B pe3ysIbTaTe U3MEPEHHN KaKIbIi pa3 oTy4yaeM PaBeHCTBO BEJIMYMH BHYTPEHHHUX HAKPECT
JeKalMX YIJIOB, HE W30aBUT HAC OT COMHEHHUH, YTO TOT e pe3yJbTaT MOIYYUTCS U AJs
cienyroueil cexkymen.

& Ecni MbI IOCTPOUM COTHIO Pa3JINYHBIX TPEYTOIBHUKOB U YOEIUMCSL, UTO JUIS KAXKIOTO
U3 HUX CyMMa BEJIMYMH BHYTPEHHUX yIIOB paBHa 180°, Bce paBHO ocTaHETCA YyBCTBO, YTO
9TO CBONCTBO MOXKET HE COOMIOAATHCS IS CIAEAYIOLIEr0, OTIIMYHOTO OT HUX TPEYTOIbHUKA.
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&% Tor akT, uTo u1st GOMBIIOTO KOIUYECTBA PA3TMYHBIX TIPSMOYTOJIBHBIX TPEYTOIBHUKOB
CyMMa KBaJpaTOB KaTETOB paBHA KBAaApaTy MIIOTCHY3bl, HE MOYKET CIIy’>KHTbh OCHOBAaHUEM
TOT0, YTO 3TO CBOMCTBO BEPHO TSI TFOOOTO PSIMOYTOIBHOTO TPEyToibHUKA. TpedyeTcs cTporoe
JIOKa3aTeIbCTBO.

I/ITaK, pAA YAQYHBIX MIPUMEPOB, JaXKE €CJIIM UX MHOTO,

a
He SIBIITFOTCS TOJITBEPKICHHUEM HEKOTOPOTO OO0IIETO ) B C
CBOMCTBA. A
Hao060opoT, 1ocTaTouHo 0THOTO IpUMepa, Ha3bIBaeMO- D E

TO KOHMPRpUMepOoM, 9TOOBI OMPOBEPTHYTH HEKOTOPOE
oO1ee yTBepxkaeHue!

Hampumep, yueHHK OTMETHII Ha OJTHOM CTOpOHE yIyia
toukn B u C, a Ha apyroit — touku D u E Tax, 410
[BC]=[DE] (puc. 9.1 a)). Mcxons u3 pucyHka, OH cJie-
Jaj BbIBOJ, uTo npsimbie BD u CE 006s3aTenbHO napai-
JICTIBHBL.

Ero omHOKIIaCCHUK OMPOBEPT ATO MPEAIOTIOKEHHUE,
MOCTPOMB TAKOM e YToJl K CMECTHB JUIIb Touku B u C k
BepmuHe yria (puc. 9.1 0)).

T'eomempusn — 510 HayKa O CBOMCTBax reoMeTprueckux Gpuryp. ['eomerpuueckue ury-
PBI — 9TO abCTpaKTHBIE 00pa3bl 00BEKTOB U3 OKPY’KAIOIIero Mupa. Tak, MOBEpXHOCTh BOIbI
03epa, HaXOJIIErocsi B COCTOSTHHUU ITOKOSI, XOPOIIIO OTIIOJMPOBAaHHASI TIOBEPXHOCTh JOCKH,
3epKaia SBISIOTCS MaTepUAbHBIMUA MOJIENISIMUA YacTH T€OMETPUYECKON (PUTyphI, KOTOpas
HazbIBaeTcs miockocmyio. Takxke oTBepcTHE, 00pa3oBaHHOE MPHU MPOKaIbIBAHUM Oymaru
WTOJIKOM, CIIe]T, OCTABJICHHBIN Ha OyMare OCTpPHUEM XOPOILIO OTTOYEHHOTO KapaH Iallla, SBJISFOTCS
M300pakeHUSIMH MTPOCTEHILIEH reOMEeTPUIECKO PUTYpBI — mouxu.

SI3BIK TEOPUH MHOKECTB aIalITUPOBAH IS HyK TeoMeTpru. Tak, Hapsiry ¢ BEIpaKeHHEM
,»TOUKa A TPUHAUISKHUT TPIMOH d* MIHUPOKO YIMOTPEOISIOTCS U CIEAYIONIHE BBHIPAKCHUS:
,,TOUKa A ISKUT HA PAMO# d*, ,,ipsiMast d IPOXOAUT uepe3 TOUKy A, ,,npsimast d COnepKUT
Touky A“. Taroke TOT axTt, 4To Toukn A U B onpenenstor npsmyw AB umm orpesok AB
MOXET OBITh BBIPaXKEH B BHIE ,,lIpsiMasi AB mpoxomuT uepe3 Touku A u B, ,npsmas AB
coemuHsieT TOUku A u B, ,,0Tpe3ok AB coenunsier Touku A u B*.

OCHOBHBIMH (HEOTIPEIEISIeMbIMI) MOHIATUAMU T€OMETPUU SBISIFOTCA: MOUKA, NPAMAZ,
naockocms (Kak MHOYKECTBO TOUCK), paccmosinue, genuyuna yend. OCHOBHBIMH OTHOIICHHSIMHE
SABISIIOTCS: omHoOulenue unHyuoenmuocmu (NPUHAOIENCHOCMU), OMHOUEHU NOPAOKA,
OMHOULEHUS] KOHEPYIHMHOCMU U NAPALIEIbHOCHIU.

Cdopmynupyem BBICKa3bIBaHUS, KOTOPBIE BHIPAKAOT OTHOIICHUS MEXKJy OCHOBHBIMU
MOHATUAMH. JTHU BBICKA3bIBaHUS 3aBEIOMO IMPEANOJIAraloTCs BEPHBIMU U Ha3bIBAIOTCS
akcuomamu. B HUX BBIPaKarOTCSl M3BECTHBIC CBOMCTBA TE€OMETPUUECKUX (DUTYpP, KOTOPEIC
HIMPOKO MPUMEHSAINCH B THMHA3HUH.

B naHHOM yueOHHMKe UCTTI0Ib30BaHa BUIOM3MEHEHHas crcteMa akcioM J1. ['unmsoepra (1862—
1943), knaccudupoBaHHas 1O CICTYIONUM TPYIIIAM:

1) akcoMbI HHIMACHTHOCTH (TipuHaaiesxHoct) (A);

2) akcuomsbl niopsika (IT);
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FeomeTqueCKMe (*)Mrypbl Ha NNOCKOCTU

3) axcnomsl u3mepenus (M) u omnoxkenust (O) OTpe3KOB U YIJIOB;

4) akcHoOMa CyIIeCTBOBAHUSI TPEYTONbHUKA, KOHTPYIHTHOTO 33JaHHOMY TPEYTOJIbHUKY
(axcuoma nepementienus tpeyroinbauka) (IIT);

5) akcuoma napasensaocty (ITIT).

| AKCHOMBI MHIITUEHTHOCTH (MPUHAIJIEKHOCTH)

N, Yepes moObie 1Be pa3aryHble TOYKU MPOXOAUT MpsSMast, U TOJIBKO OJIHA.

N, Jlnst mo00# npssMoii CyIIEeCTBYIOT TOYKH, TPHHAIISKAIIHE STON PSIMOM, U TOYKH,
He MIpUHAAJIeKAIUe eil.

IMpsivast 0603HagaeTCsT CTPOYHBIMU OyKBaMHM JIaTHHCKOTO ajdasura (puc. 9.2 a)). Ecmm A n
B — nBe pa3nuyHbIe TOUKK Ha IPSIMOIA, TO MpsiMasi MOXKET ObITh 0003HadeHa AB (puc. 9.2 0)).
Ha pucyHnke 9.2 B) 1300paXXeHBbI: IPsIMas d, IBE pa3IyHble TOYKH A U B, IprHAIeKAIHe ei
(A€ a, Be a), ntouku C u D, xotopsle He jiexaT Ha npsmoii a (C ¢ a, D¢ a).

a) 0) B)
A B a Co B
/ \‘\‘\a A D
Puc. 9.2

AKCHOMBI IOPSIAKA

AKCHOMBI ITOpsIKa BBISBIIAIOT OTHOIIEHUS MEX/ly TOUKaMHU, JIEXKALIUMU Ha IPAMONH. DTH
OTHOLICHHUS BBIPAYKAIOTCS CIIOBAMH ,,JIEXKHUT MEXKAY MM ,,HAXOMUTCSI MEXIY ™ ¥ Ip.

II, U3 Tpex pa3nuyHbIX TOYEK, JIEKAIIUX Ha MPSIMOM, OJTHA U TOJBKO OJIHA HAXOIWUTCS
MEXIY JIBYMS IPYTUMHU.

Paccmotpum Touku A, B, C, nexaiue Ha npsmoi a (puc. 9.3). BrickasbiBanus 1) — 4)
SKBHBAJICHTHEI.

1) Touka C Haxomutcst MeKAy Toukamu A u B. a A C B
2) Touka C nexuT Mexay TOYKaMu A u B.
3) Touku A u B nexar 1o pasHbie CTOPOHBI OTHOCH- Puc. 9.3

TenbHO Touku C.
4) Touku A u C nexar 1o oJiHy CTOPOHY OTHOCHUTEIBHO TOYKH B.

II, /Ina moObIX ABYX pa3IHUHBIX ToueK A M B, nexamux Ha NpsMOil, Mpoxosiei
gepe3 HUX, CYIEeCTBYeT X0Ts Obl otHa Takas Touka C, uto B Haxomures mexay A u C.

I1; JTroGas mpsimast pa30MBaeT MHOKECTBO TOUYECK
IIJIOCKOCTH, HE MPUHAJUICKAINX MPSIMOIA,
Ha JIBa HEMYCThIX HEMePEeCEKAOIIUXCS IO
MHOXKECTBA TOYEK, KOTOPbIC HA3bIBAKOTCS
nOYNIOCKOCMAMU, TAK, YTO OTPE30K, CO-
SIMHSFOLINH JIBE TOYKHU U3 PA3IHYHbBIX ITOJTy-
wiockocreit ([AC]), mepecekaer mpsimMyro, a
OTPE30K, COCIUHSIIONIUI JBE Pa3IUYHBIC
TOYKH U3 OfHON monyruiockoctH ([AB]), He
nepecexkaer npsamyto (puc. 9.4).

Puc. 94
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AKCHOMBI H3MEPEHUS U OTKIIAIBIBAHUSA OTPE3KOB U YIJIOB

Ml Ka>1<):[0My OTPE3KY CTAaBUTCA B COOTBETCTBHUE OAHO U TOJIBKO OJHO HCOTPULIATECIIb-

HOE YHCII0, HA3bIBAEMOE ONUHOU ompe3Ka. JIHa OTpe3Ka paBHA HYIIO TOIAA U
TOJNBKO TOTZA, KOTAA OTPE30K SIBISIETCS HYJEBBIM. J[nmmHa oTpes3ka paBHa cymMme
JUIMH OTPE3KOB, Ha KOTOPbIE OH pa30uBaeTcs Jito0OH ero BHyTpEHHEH TOUKOM.

JlimHa otpeska AB ob6o3HauaeTcs yepes AB.

Hcnonb3ys pa3innyaHble eIMHHIBI i3MEpeHus (CAHTUMETP, METP, KHWIOMETD, ... ), IIOJIY4YuM

Pa3IMYHBIC YUCJIOBBIC 3HAYCHM A, BhIpAXKAIOIIUE JUTMHY OTPE3KaA.

M,

Kaxxnomy yrimy cTaBUTCS B COOTBETCTBHE OJHA M TOJBKO OJHA TPayCHas Mepa
(BemmumHa), 3aKirodeHHas Mexay 0° u 180°. Pa3zBepHyTOMY yIiIy COOTBETCTBYET
180°, a HyneBoMy ynity cootBerctByeT 0°. BennuuHa yria paBHa CyMMe BEJTHYUH
YIJIOB, HA KOTOPBIC OH pa30uBaeTcst JT000H MOTyNpsIMOM ¢ HAauajoM B BEpIIMHE
yTI1a, IPOXOAAIICH Yepe3 ero BHYTPEHHIOIO 00IacThb.

Jlst m060T0 HEOTPULIATEIFHOTO IEHCTBUTEILHOTO YHCIA p Ha 331aHHOM MOTyTIps-
MOH CYIIECTBYET €AMHCTBEHHAs TOUKA, KOTOPAsi BMECTE C HAYallOM HOJIYNPSIMON
3a71aeT OTPE30K JUIUHBI P.

Js mo6oro ¢, 0° <@ <180°, B 3agaHHO#M MOIYIIOCKOCTH, OTPaHHYEHHOM HECY-
e mpsiMoit JT000H 3a1aHHON MTOTYIIPSIMOM, CYIIIECTBYET €IMHCTBEHHBIH yToJI Be-
JIMYMHBI (), OIHOI U3 CTOPOH KOTOPOTO SIBJISIETCS 38 JaHHas! Oy IpsMasi.

AKCHOMA CYIIIeCTBOBAHUS TPEYr0JIbHIUKA, KOHIPYIHTHOT O
AAHHOMY TPeyroJibHUKY

IIT (akcuoMa KOHIPYIHTHOIO IepeMelleHUsl TpeyroiabHuka). [lycte ABC —

TpeyroibHuK U [A M — monynpsamas. Torna B 3a/1laHHON MOJYILIOCKOCTH, Orpa-
HUYEHHOU MPAMOH A M, CyIlIECTBYET TaKOH TPEYTOILHHUK, KOHI DY HTHBIH TPEYTOTb-
HuKky ABC, 4TO OHa M3 €r0 BEPIIMH COBMAJAET C TOYKOW A , BTOpas BepIIM-
Ha, B, mpunaiexut nomynpamoit [A M, a TpeTbs BepmnHa, C|, IPUHAICKHAT
3aJaHHOM IIOJIYILUIOCKOCTH.

IIII (akcmoma mapaJuiesibHOCTH). Yepes o0y TOYKY, HE JISKAIIYI0 Ha JaHHOU

I02

Hpi[MOfI, MIPOXOAUT OAHA U TOJILKO O/THA IpsAMasi, rapauiCIbHas JIAaHHOM.

HoBrble noHsiTHS B TreoMETprun 00BIYHO BBOJAT C IIOMOIIBIO OI’lpe()QJZEHIHJ.

IIpumepot

&% Tpsmast, KOTOpasi IPOXOMKUT YEPE3 CEPEMHY OTPE3KA U TEPIEHIUKYISPHA K HEMY,

HA3bIBACTCS CEPEOUHHBIM NEPNEHOUKYIAPOM (MeOUAmpucoll) ompesKa.

4

OTpe30K, COeNMHSAIOMNNA BEPIINHY TPEYTroJIbHUKA C CEPEMHON MPOTUBOJIEKAIIEH

CTOPOHBI TPCYT'OJIbHUKA, HA3BIBACTCS MeOuanotl mpey2ojibHUKA.

&

Touku, mpUHAATIEKAIINE OJHOM M TOM ke MPsIMOM, HA3BIBAIOTCS KOLIUHEAPHbIMU

mouxkamu. B IIPOTUBHOM CJTy4a€ TOYKH HA3BIBAIOTCA HEKO/IUHEAPHbIMU MOYKAMU.

@




FeomeTpuyeckue curypbl Ha NIOCKOCTU

Teopema — 310 yTBEp)KACHHE, YCTaHABIMBAIOIIEEe HEKOTOPOE CBOMCTBO W Tpedyromiee
JIOKa3aTeNbCTBA.

BoJIBIIMHCTBO TEOPEM, BTPEUYAIOIIMXCS B KypCe TeOMeTpHHU, GOPMYIUPYIOTCS (MIIH MOTYT
ObITH cHOpMYIHPOBaHbI) cieayroimum odpasom: ,,Ecnu P, to O, rne P u Q sBisoTcs
MPEUIOKEHUIMH, KOTOPbIE Ha3bIBAIOTCSI COOTBETCTBEHHO YCI08UEM U 3AKIHOUEHUEM TEOPe-
MBI (CM. MOZYIb 2).

YcoBue TeOpeMbl HAa3bIBACTCS 00CHIAMOUHBIM PCI06UeM TUTS 3aKITIOUCHUS, A 3aKITIOUCHUE
TEOPEMbI Ha3bIBACTCS HEOOX00UMBIM YCI08UEM JIJISL YCIIOBUS TEOPEMBI.

Joxazamenscmeo Te€OpeMbl — 3TO Lelb BEPHBIX YMO3aKJIIOYEHHH, OCHOBAaHHBIX Ha
aKCHOMaX, TeopeMax WIIH yiKe JJOKa3aHHbBIX YTBEPIKICHHUSIX.

Ilpumep

PaccMOTpHM cxeMaTHYHOE [I0Ka3aTeNbCTBO TEOPEMbI:

,Ecm durypa ABC sBisieTcst TpeyrojbHUKOM, TO CYMMa BEJIMYHMH €r0 BHYTPEHHHX YITIOB
paBHa 180°.

E y D Iposenem AD || BC (puc. 9.5).
S =m(Ll)+m(L2)+m(L3),
/2= /5 (BHyTpEeHHHE HAKPECT JIC)KAIINE YIIIbI),
/3 = /4 (BHyTpEeHHHE HAKPECT JIeKAIUE YIJIbI),
ciemoBarenbHo, S =m(ZL1)+m(L£L4)+ m(L5).
C m(£1) +m(£4)+m(£5)=180°, tak kak LEAD — pas-
Puc. 9.5 BepHYTHIH yroi. Takum obpasom, S =180°.

3

B

B mpomecce 3Toro moxasaTenbCTBAa MBI HCIIONB30BAINd TEOPEMBI O KOHTPYIHTHOCTH
BHYTPEHHHUX HAKpECT JIeKAIMX yIIoB (Teopema 2). Jloka3arenbcTBO TakKe OMHUpaeTcs Ha
axcuomy napauiensHocTd (III) u akcnomy M,,.

HesBHO HCIIOIB30BAHBI U OIIPEENEHUS: ONIPEEICHHUE TapaUIEIbHbIX IPAMBIX, CEKYLIEH,
yTIIa, TPEYTONFHAUKA, BHYTPEHHNX HAKPECT JICKAITHX YIIIOB.

Taxke HEIBHO IPUCYTCTBYIOT HEONPEesieMble TOHATHS: TOUKA, IPsIMast, PABEHCTBO.

[TpuMeHSIOTCS ¥ pa3HbIE JIOTHYECKHUE OTICPAITHH.

Paccmorpum BeickassiBanue: ,,Eciau P, to O (1).

[TomensiB MecTaMu B BBICKa3bIBaHHUU (1) yCIIOBHE W 3aKIIFOUCHHE, MBI MTOJIYYAM HOBOE
BbICKa3bIBaHue: ,,Eciu O, To P (2).

OTH [1Ba BHICKA3bIBAHHUS MOTYT OBITH!

1) o6a BepHBI,
2) OJTHO W3 HUX BEPHO, IPYroe HEBEPHO,
3) 00a HEBEPHBI.

Ecnu 00a BeICKa3bIBaHHS BEPHBL, TO OHU SIBIISIIOTCS TEOPEMAMU U HA3bIBAIOTCS 63AUMHO
oopamnvimu meopemamu. Kak mpaBmiio, OJlHa U3 9TUX TCOPEM HA3BIBACTCS MPAMOI
meopemoii, a npyras — oopammnoi (CM. MOIymlb 2).

Ilpumepun

&% Teopema ,,Ecnm 1Be XOp/1bI HEKOTOPOH OKPYKHOCTH PaBHOY/IAJICHBI OT €€ LEHTPa, TO
OHH KOHTPYIHTHBI SIBIISIETCSI OOpaTHOI K Teopeme ,,Eciu 1Be XOpibl HEKOTOPOH OKPYKHOCTH
KOHI'PYJHTHBI, TO OHU PaBHOYZIaJIEHbI OT IEHTPa OKPYKHOCTU
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#5 OOpaTHOE BBICKAa3BIBAHWE IS TEOPEMBI ,,ECIIH YETBIPEXYTONBHUK ABJIAETCS TIPAMO-
YTOJNBHHUKOM, TO €TI0 JUAarOHAIN KOHTPYIHTHBI* (hopMyIHpyeTcs ciaeayomum oopaszoM: ,,Eciu
JIFarOHAJIM HEKOTOPOT'O YETHIPEXYTOIBHIKA KOHIPY3HTHBI, TO OH SIBJISIETCS PSIMOYTOJIBHIUKOM .
3TO J10’)KHOE BbICKA3bIBAHUE. A B

Ha pucynke 9.6 nzobpakeH getsipexyronsHuk ABCD
¢ koHrpysHTHbIMHU nuaroHansmu AC u BD, vo ABCD He
SIBJISICTCS TIPSIMOYTOJIbHUKOM ! D

&% BszauMHO OOpaTHBIE BBICKA3bIBaHMs ,,ECIM YETHI- Puc. 9.6
PEXYTONBHUK SABJISETCS IPAMOYTOIBHUKOM, TO €T0 CTOPOHBI
KOHT'PYOHTHBI U ,,ECJIN CTOpOHBI YeTHIPEXyroJbHUKA KOHI'PYIHTHBI, TO OH SIBISETCS
MPSIMOYTOJIEHUKOM* 002 JIOXKHBL.

B HEKOTOPBIX CiTyuasix yTBEP>KJICHUS IBYX B3aUMHO OOpaTHBIX TEOPeM (GOPMYIUPYIOTCS B
BUJIE OTHOH TEOPEMBI ITPU TIOMOIIH CJIOBOCOYETAHUS ,,HEOOXOANMOE H TOCTATOYHOE YCIOBHE"
WM ,,eCJIU U TOJIBKO €CJIM, MJIM ,,TOI/Ia ¥ TOJILKO Toraa‘ .

Hanpumep, 1B B3aMMHO 0OpaTHBIE TEOPEMBI M3 IpUMepa & MOXHO ChOPMYIMPOBATH
TakK: ,,J1Jis Toro, 9TOOBI JIBE XOP/IbI OMIHOW U TOU e OKPYKHOCTH OBbIITH KOHTPY3HTHBI, HEO0X0-
JIIMO U I0CTAaTOUHO, YTOOBI OHU OBLIU PaBHOYAJIEHBI OT €€ LIEHTpa™ Wiu ,,J[Be XOpIbl OTHOI
1 TOH 7K€ OKPY’KHOCTH PaBHOYIAJICHEI OT €€ IEHTPa TOT/Ia M TOIBKO TOT/a, KOTAa OHH KOHTPY-
SHTHBI,

BrickaspiBanue ,,Jlnaronanu pom6a B3aUMHO MEPICHIUKYISIPHBL " SBISICTCS TCOPEMOI.
OnHa MoxeT ObITh C(hopMyTHpOBaHa B BUJE: ,,Ecim mapaienorpaMm sSBISIETCS poOMOOM, TO
€ro TUaroHasy B3aMHO MEPICHIUKYIpHBL . Teneps erko chopMyIupoBaTk 0OpaTHOE BbI-
CKa3bIBaHUE: ,,EcTM araronany nmapauiesorpaMmMa B3anMHO ITEPIISHIUKYISIPHEL, TO OH SIBIISICTCS
pomOoM™“. OHO TaKXe SIBISETCS TEOPEMOIL.

YacTo moKa3aTe’abCcTBO MPSMON TEOPEMBI BBI3BIBACT TPYIHOCTH, TIOITOMY BMECTO ATOH
TEOPEMBI I0KA3bIBAIOT TEOPEMY, ITPOTHUBOTIONIOKHYIO 00paTHOI. B aTOM cocTout Memoo doka-
3amenvcmea om npomuenozo (CM. MOLYIb 2).

Ilpumep

Teopema. Ecnu 1Be pa3zinuuHble NPSIMBIE MTapaljIesIbHbL, TO BCAKAs IpsiMast, epeceKaromas
OIHY U3 HHX, [IEPECEKAET U APYTYIO.

Venosue. al|b, cla, cNa={P} (puc. 9.7).

3aknouenue. ¢ | b.

P
Hokazamenbcmeo. IIpuMeHM METOA OT IPOTUBHOTO. .
Ecnu npeamonoxum, 9to ¢ || b, To uepe3 Touxy P mpoi-
YT JIBE€ pa3jMyHble NMpsIMbIE @ U C, NapajuleJIbHble Mps- b
moii b. Ho 3to mpotuBopeunt akcrome I napaienbHOCTH. Puc. 9.7

CrieioBatelnbHO, TaK Kak ¢ U b He MOTYT ObITh Tapaieb-
HBIMH, OHH JIOJDKHBI IMETb OOIIYIO TOUKY.
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HamoMHuM Ha3BaHUS Hap yIJIOB, KOTOPBIE 00Pa3yIOTCs MPH MEPECCUCHUH ABYX Pa3iIHd-

HBIX TMPSIMBIX TPETHEH IPSIMOH, HA3bIBAEMON CeKyu4ell.
IMapsr yrioB (puc. 9.8) HassiBaroTCS:

(1, 5), (4, 8), (2, 6), (3, 7) — coomeemcmeennvimu yenamu,

(4, 6), (3, 5) — enympennumu naxkpecm Jexcaugumu

yanamu;

(1, 7), (2, 8) — eHewtnumu HaKpecm necawmyumu yeniamu;

(4, 5), (3, 6) — euympennumu 0OHOCHIOPOHHUMU Y2IAMU,

(1, 8), (2, 7) — eHewinumu 00HOCMOPOHHUMU Y21AMU.

n 2

5\ 6

Puc. 9.8

Teopema 1. Ecim npu nepecevyeHun JIBYX NPSMBIX CeKylel oopasyrorcs (puc. 9.9):

1) mubo aBa KOHTPYIHTHBIX BHYTPEHHUX HAKPECT JISKAIINX YIIIa;
2) 1100 J1Ba KOHIPYIHTHBIX BHEIIHUX HAKPECT JISKALIUX YIUIa;

3) nmubo JBa KOHTPY3HTHBIX COOTBETCTBCHHBIX yIIa;
4) mn6o nBa OMOJHUTENBHBIX A0 180° BHYTPEHHUX OHOCTOPOHHUX YITIA;
5) 60 ABa JOMOTHUTEIBHBIX 70 180° BHENTHUX OAHOCTOPOHHUX YIJa, TO

a //C

KOHTPY?HTHBI BCE BHYTPSHHIE HAKPECT JICHKAIINE YIIIHL,
BCE BHEIITHHE HAKPECT JICHKAIIHE YIIIBI; TAKKE JOTIOTHH-
TebHbI 70 180° Bce BHyTpEHHHE OJHOCTOPOHHHUE YTITbI
U BCE BHELIHUE OJIHOCTOPOHHUE YTJIbL.

Puc. 9.9

Teopema 2. JIBe pa3iuuHble NpsMble NapauIC/IbHbI,
€CJIU 1 TOJBKO €CJIM KOHTPYIHTHBI BHYTPEHHHE HAKPECT
JIeKAIIHe YITIbI, 00pa30BaHHbIE IPH IIEPECCICHHUH STUX TS
MBbIX cekymer (puc. 9.10).

C

/

~
Puc. 9.10

Teopewma 3. JIBe paznudHbIe MPsIMbIE TAPAIUICITEHBI TOT -
J1a ¥ TOJIBKO TOT/Ia, KOI71a KOHTPY HTHBI BHELITHUE HAKPECT
JIeKaIHe YITbl, 00pa30BaHHbIC TIPU TTEPECEUCHUH ITHX
NpsIMBIX cekyten (puc. 9.11).

C

N\

X
Puc. 9.11

Teopema 4. JIBe pazinnyHble IpsSMBbIE TTAPAIIIEILHBI TO-
Toa 1 TOJIBKO TOrJa, Korjga CymMMa BEJIMYWMH BHYTPCHHUX
OJIHOCTOPOHHHUX YIJIOB, 00pa30BaHHBIX MPH MEPECEICHUN
9TUX MPAMBIX ceKyIeH, pasHa 180° (puc. 9.12).

e

—

7
Puc. 9.12

Teopema 5. CoOTBETCTBEHHbIE YIJIbl, 00pa30BaHHbIC TP [IEPECEUCHUH NPIMbIX d U b

CeKyIei ¢, paBHBI TOT/Ia M TOJBKO TOT/a, Korza a || b.

Teopema 6 (CBOICTBO YIVIOB € COOTBETCTBYIOIIMMHU NMAapPajjiebHbIMH CTOPOHA-
mu). JBa yria, CToOpoHbI KOTOPBIX COOTBETCTBEHHO MapasuieNibHbl, KOHTPYIHTHBI, €CIIH
OoHM 00a ocTpbIe OO TYIIbIE, U SIBIISTFOTCS TONOTHUTEILHBIMHU 110 180°, eciin oJiMH yrou

OCTpBIH, a IPYTON TYIIOM.

mMoaynb
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[okaxxem, Hanpumep, Teopemy 2.

ITycts npu nepecedennu npsmsix 4B u CD C E, D
cexymieit £F o0pa3yloTcs KOHTPYIHTHBIE BHY-
TpeHHue Hakpect nexaiuue yrasl CFE u FEB / /,,\3—‘ G
(puc. 9.13). Jlokaxem, uto npsmsie AB u CD 7 75 B -
MapayIenbHbL.

[TpruMeHnM MeTOJ 10Ka3aTeIbCTBa OT MPOTHB- Puc. 9.13
Horo. [Ipeanonoxum, uro npsmeie A8 u CD He napannensHbl. Torna OHU JTOJMKHBI
nepecekarscsi B Hekotopoi Touke . CrenosarensHo, Touku £, F, G OyayT BepuIMHAMHU
tpeyroibhuka EFG, y kotoporo BHenHui yroia CFE KOHrpySHTEH BHyTpeHHeMy yriy BEF
He CMeKHOMY ¢ HUM. Ho 9T0 mpoTHBOpEUnT CBOICTBY O TOM, YTO BHEIIHHIA YTOJI TPEYTOJIEHUKA
0oJIbIIIe JTI0OO0TO BHYTPEHHETO yIila, He CMEXHOTo ¢ HUM. OTCroIa CieyeT, uTo npsiMbie AB
u CD He MOTYT IIepeceKaTbesl, 3HaYNT, OHU MapaJuIeIbHBL.

JomyctuMm teneps, uto npsmsle AB 1 CD mapaniensHsl, 1 T0OKaXeM, YTO BHYTPEHHHE
Hakpect nexaiue yrsl CFE u FEB, o0pa3oBaHHBIE IIPH X TIepeceYeHun cekymiend EF),

KOHI'PYHTHBI. N
Paccyxpaem ot npotusHoro. IIpeanonoxum, 4ro ¢ b/ D

yrisl CFE n FEB He KOHTPYYHTHBI, HallpuMep, V

m(LCFE) > m(LFEB) (puc. 9.14). U3 atoro npearo-

JIO’KEHUS CIIEIYeT, YTO Yepe3 TOUKY /* MOXKHO IPOBECTH 4 SE B

npsmyto MN, ornuynyto ot npsmoid CD, Tak, 4To Puc. 9.14

M(LMFE) =m(£LFEB). CoriacHo J0Ka3aHHOMY BbI-
ie, npsiMbie MN u AB napaiienibHbl, TaK Kak MPH WX MepeceueHur cekyliei EF noimyJarTcs
KOHTPYHTHBIC BHYTPEHHHE HaKpecT Jexamne yisl (LMFE u ZBEF). Orciona cienyer,
910 Yepe3 TOUKy F mpoxomsaT nse pasmmunble npsmeie (CD u MN), mapaienbHbie Tpsi-
Mot AB. Ho 3to npotuBopeunt akcuome napamiensaoctu II.

IMosryyeHHoe npoTHBOpeune aokasbiBaet, uTo yribl CFE u BEF KOHTpYSHTHBI.

Cneocmeus. 1. Ecnu 11Be npsiMble mapaiiedbHbl, TO JH00as NpsiMasi, EePHeHIUKYIIpPHAs
OJHOH U3 HUX, IEPIEHIUKYJISIPHA U BTOPOIl.

2. /IBe npsiMble, NEPHIEHUKYIISIPHBIC TPEThEH, TapauICIbHBI.

3. IIpsMble, IepIEHIUKYIISIPHBIE IEPECEKAOILUMCS IPSIMBIM, IIEPECEKAIOTCSL.

3aoanue. Jloxaxute Teopemsl 1, 3-6.

@ 3apgaum
A

a) TUaroHaJld MHOTOYTOJbHUKA; B) OMCCEKTPHUCHI yIlia TPEYyTrOJIbHUKA;
0) XOpIbl OKPYKHOCTH; r) pomoa.

1. CdopmynupyiitTe onpeneieHue:

2. JlaHbl IpeIOKEHUS:
a) ,,O06penunenne otpeskoB [A A, ], [A,A,], ..., [A, A, ] Ha3bIBaeTCs TOMaHOMN ]
0) ,,KBagpar — 3T0 mapaienorpamMm, CTOPOHBI KOTOPOTO paBHBI®.
JloTIONHUTE 3TH MPEUIOKEHHS, YTOOBI OHH CTaJIH BEPHBIMH OIpPEICICHISIMIL.

@



FeomeTqueCKMe cburypbl Ha NNOCKOCTU

Chopmynupyite ,,yclIoBue™ U ,,3aKII0UCHHUE BHICKA3bIBAHHUS:

a) /IBa BepTHKANbHBIX yIvIa KOHTPY3HTHEIL.

6) AuaMeTp OKPY>KHOCTU OOJIbILE JIFOOOH XOPJIbL, KOTOPasl HE IPOXOAUT Yepe3 LEHTP ITOH OKpy-
KHOCTH.

B) JIBa TpeyTOmbHUKA KOHTPYIHTHBI, €CIIH UX CTOPOHBI KOHTPY3HTHBI.

r) JIBe mpsMBIC, KOTOPBIC UMEIOT ABE PAa3IMYHbIC OOIINE TOYKH, COBIANAIOT.

BrIsicHNTe, KaKkue W3 CIEAYIOMNX BBICKAa3bIBAHMN MCTHHHBI. Kakwe W3 HMX MMEIOT HCTHHHBIC
oOpaTHbIE BbICKAa3bIBAHUSA?

a) Benmumza Tymoro ymia Gosibllie BETUYUHBI OCTPOTO YIUIa.

6) TpeyronpHUK, y KOTOPOTO JBE KOHIPYSHTHBIE CTOPOHEI, IMEET U J[Ba KOHTPYIHTHBIX YTIa.
B) CyMMa BEIMYMH CMEXHBIX YIIOB paBHa 180°.

r) Ecnu quaronany BBIMYKIIOTO YETBIPEXYTONbHUKA KOHIPYSHTHBI, TO OH SIBISETCS MPSIMOYTOJIb-

HHUKOM.
Ha pucynke tpeyronsnuku ABC u

LMN paBuoOenpennsie. IIpsmas

a|| AB, npsmas b||MN. Jloxaxwure, 4 D
gto Tpeyroiasauku CDE u LOP paBHO- /
OepeHHbIe.

A

L
b

A

Ha pucynke u300pakeHbl NpsIMO- a D

yronsHsle Tpeyronsauku ABC u LMN. P
Ilpsimas a||BC, mnpsmas b| LN.
Jlokaxwure, 4To TpeyroibHuku ADE n
PMQ npsimoyronsHbie. B M 0
a A///
Ha pucyHke npsiMbie @ U b mapajienbHbl, ¢ — CeKyIas,
[AC u [BC — 6uccexrpucer. Jokaxute, uto AC L BC. ¢
a 4///
Ha pucynke npsimbie @ u b mapauiesbHbl,
¢ — cekymas, [A4C — 6uccekrpuca. Jloka- b
sxkure, uto [AB]=[BC]. B % C
Ha pucynke npsimble @ u b mapasuiensHsl, Touka M — cepe- a
nuHa otpeska AB, CD — cekyuias, mpoxosuias uepe3 ‘M
touky M. Tlokaxute, uto M — cepenuna orpeska CD. b

VG

mMoaynb
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10.

11.

12.

13.

14.

.5/

Iycts P 0003Ha9aeT 4eTHIPEXyTONbHUK. PacCCMOTPHM TIpeIIOKEeHHS:
1) P siBsieTCst PSIMOYTOJIBHUKOM;

2) P nmeeT KOHTPYSHTHBIE CTOPOHBI;

3) P uMeeT KOHIPY>HTHBIE YIJIbI,

4) P umeeT KOHTPYIHTHbBIC AHArOHAJIH.

a) ChopMmynupyiTe TpH BBICKa3bIBAaHHS, UMCIOIINE B Ka4€CTBE YCJIOBHS IMpEUIOKeHHE 1) U B
KaueCTBE 3aKJIFOYCHHsI COOTBETCTBEHHO IMpEUIokKeHus 2), 3) u 4).

0) BrusicHuTE, KaKkne 13 3THX BHICKA3bIBAHHH JIOXKHBI, U JUTS KAKUX U3 HUX OOPaTHBIE BHICKA3BIBAHUS
HCTHHHBI.

IlycTs mpsiMbie @ U b, nexkanye B TIOCKOCTH P, mepecekarorcst B Touke 4. Onummure Gurypy:
a) a(1b, a(\ P, bUP;
6) (aNb)UP, {41 N(aUb).

Iycts D, u D, —miockue npsmoyroiabHuky. [Tpy kakux ycnosusix D, U D, siBisieTcst IIocKum
npsmoyronsaukom? A D, (1D,?

Iycrs 7, u T, — MIOCKHE KOHIPYIHTHBIE TPeyroibHUKU. Kakium 00pa3oM HY)KHO PaCIOI0KHUTH
9TH (GUTYpPBI HA TIOCKOCTH, YTOOBL:

a) T, T, — mIocKuii MIeCTHyTrOIBHHK;

0) 7, UT, — mnockuii TpeyroibHuUK;

B) T, UT, — mwiockuii mapanenorpam?

Jloxaxure, 49TO:
a) OUCCEKTPHCHI IBYX CMEKHBIX YIVIOB TEPIICHANKYIISIPHBI;

0) nBa yra ¢ oOmieil BepIIMHOM, Y KOTOPBIX COOTBETCTBYIOIINE CTOPOHBI MEPIICHIUKYIISPHEI,
KOHTPYHTHBI WJIH JIOTIONHUTENIHHBI 10 180°;

A

B) BenmunHa yrina BOD, tne [OB — 6uccekrpuca yria AOC, a
nonynpsmast [OD npoxomut Mexay cropoHamu yria AOB, paBHa
nonypasaocty Bennuussl yrnoB DOC n DOA. 0

r) BemmuuHa yria BOD, rie [OB — Guccekrpuca B
yrma AOC, a [OD — nonynpsiMasi, TIPOXOsIIas

Bre yrma AOC, paBHa MOAYCyMME BEJTHUHMH YIIIOB 0

DOAw DOC.

D

) BeJIMYMHA BHELIHETO yITIa TPEYTroJIbHUKA paBHA CyMME BEJIMUYMH ABYX BHYTPEHHUX YIJIOB, HE
CMEKHBIX C HUM.

@
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TpeyronbHUKN. KOHrpy3HTHOCTL TPEYrofIbHUKOB.
Knaccudmkauum

mMoaynb

Onpe[[e.neHl/m. ° I[Ba 3aMKHYTBIX OTPE3Ka HA3bIBAOTCA KOHI'PYIHTHBIMH, €CJIIN UX
JUIMHBI paBHBI.

° HBa yriia Ha3bIBalOTCA KOHT'PYIHTHBIMU, €CJIM UX BCJIIMYUHBI PAaBHBI.

Konrpysuruocts yrioB AOB u A O,B, ob6o3znaqaerca LAOB = ZA0,B,, a koHrpy-
SHTHOCTH 0Tpe3koB AB n A, B, obo3nauaercs [AB]=[A B,].

Onpenenenne. Tpeyronmsunkn ABC u A B,C| Ha3bIBalOTCS KOHTPYIHTHBIMM, €CIIH
crpasemuBel cootHomeHus: [AB]=[AB,], [BC]=[B,C,], [CA]=[C/A],

ZBAC = ZB/AC,, LACB=/ACB,, ZCBA=/ZC BA,.
O6o3nauaercs: AABC = AAB/C,.

Ormetum, uro u3 toro, uto AABC = AA B,C, He cnenyert, uto AABC = AA,C|B,, o ectb
IPH KOHIPY3HTHOCTH TPEYTOIbHHUKOB MOPSI0K 3alIUCH BEPIINH HMEET 3HaUCHUE.

Mo>xHO 10Ka3aTh, YTO [Ba TPEYTOIbHUKA, KOHIPYIHTHBIE TPETHEMY, KOHIPYIHTHBI.
HanomHum npusnaku Konzpysnmuocmu 1ByX TPEyroJIbHUKOB.

I npusnax (CYC). Ecnu 1y1s TpeyroabHUKOB

a) B C,
ABC n A B|C, cupaBeUIMBBI COOTHOIIEHHUS
[AB]=[AB,]. [AC]=[AC,] n A
ZBAC = ZB,AC,, to AABC = AAB,C, A Cc
B,
0) C

(puc. 9.15 a)).

1T npusnax (YCY). Ecnu 11t TpeyTOIHAKOB ‘

C

ABC n A1B1C1 CIIPaBEIMBHI COOTHOIICHUS A

[AB]=[A,B,], £ZBAC =/B/AC,, B

ZABC = ZAB,C,, 1o AABC = AA B,C, A B
(puc. 9.15 6)). Puc. 9.15 1

Onpepesenne. PaBHoOeIpeHHBIM TPeyroJlbHUKOM Ha3bIBa€TCs TPEYTOJIBHUK, Y
KOTOPOT'O JIB€ CTOPOHBI KOHTPYIHTHBI.

I Teopema 7. B paBHOOEIPEHHOM TPEYTOJIBHUKE YIJIbI TIPH OCHOBAHUH KOHTPYIHTHBI.

Omnpenenenne. TpeyroiabHUK, Y KOTOPOTO BCE CTOPOHBI KOHTPYIHTHBI, HAa3bIBACTCS
PABHOCTOPOHHHM.

HI npusnax (CCC). Ecnn anist peyronburkoB ABC n A B C| cipaBeIMBbI COOTHOILEHHS
[AB]=[A,B,], [BC]=[B,C,], [CA]=[C,A ], To AABC =AAB/C,.

B C
ﬂOKClé’ameﬂme@O:

ITycts AABC n AA,B,C, ynoBieTBOpsIOT B,
ycnoButo Teopemsl (puc. 9.16). Toraa mo ak-
cuome IIT cymectByer AA B,C, Takoi, 4To

A
AAB,C,=AABC (1) A ‘

c
Puc. 9.16 &
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M3 (1) momygaem AA B,C, = AABC. CuenosarensHo, [C A ]=[CA]=[C,A],
[C,B,]=[CB]=[C,B,].
Coenunus Touku C, u C,, nomy4um pasaobepennbie tpeyronbuuku C,A C, u C,B,C,,

MoAayib

JUTSL KOTOPBIX cripaBemnBel cootHomenus: LA C,C, = ZAC,C, u £LC,C,B, = ZC,C,B,.
Orcrona cnenyer, uro ZAC\B, = ZAC,B, un 1o I npusnaky (CYC) nomyyaeM, 4to
AAB,C, =AABC,. Tak xak AAB,C,=AABC, 0 AABC=AABC,. W

| 3aoanue. Joxaxure I u Il npu3Haku KOHTPYIHTHOCTH TPEYTOJIbHUKOB.

Vrosa, cMeXHbI ¢ BHYTPEHHUM YITIOM TPEYTOJbHUKA, HA3bIBACTCS GHEULHUM Y2IIOM
TPEyTrOJbHHKA.

Teopema 8 (cBOIiCTBO BHENIHEro yIjia TPeyroJbHUKA)
BenuunHa BHELIHETO0 yIiia TpeyrojbHUKa OO0JIbIE BETMYHHBI IF0OOT0 BHYTPEHHETO YIUIa,
HE CMEXHOI'O C HUM.

Jloxazamenvcmeo:

Jokaxewm, uyTo BenuuuHa BHemrHero yria FCB Tpe- B
yrosarka A BC 0oItbilie BeTMUHHbI BHYTpeHHero yria ABC
(puc. 9.17). st atoro Ha ctopone BC orMeTiM Touky D D
Tak, uto [BD]=[DC], a Ha nonympsmoii [AD Bo3bMeM
TOouKy E Tak, 9T00BI TOUKa D Nekana Obl MEXITy TOYKaMU F
Au Enu [AD]=[DE]. Ilockonbky Touku A u E nexar B C
Pa3HbIX MONYIIOCKOCTSX, 3aJaHHbIX TpsiMoii BC, a Touka Puc. 9.17

A JIeXUT Ha JTy4e, IOTIONHUTENTbHOMY JTyuy [DE, moiydaem,
910 TOUKa E mpHHAIIe:KUT BHYTpeHHEH obnactu yria FCB.

Ipumenss akcuomy M,, BeiBoauM, uto M(LFCB) > m(LECD).

Cornacuo | npusnaky (CYC) KOHTpYIHTHOCTH TPEYTOJIbLHHKOB 3aKJIH0YaeM, YTO
AABD=AECD n, caenosarensno, m(LABC)=m(LECD) < m(LFCB).

Amnanoruuno jokaseisaercs, uto m(LFCB) > m(£LBAC). P

HaHOMHI/IM, YTO TPECYTrOJIbHUKU KJ'[aCCI/I(I)I/IIII/IpyIOTCSI IIo:

v Yenam
OcTpoyronbHbIi [IpsamoyrosbHbIi TynoyronbHbli
TPEYTrOJIbHUK TPEYroJIbHUK TPEYrOJIbHUK
B B B
A c C A A c
Bce yrubl ocTpsle: OpauH yroa npsaMoii: OnuH yroi Tynoi:
m(Z£4) <90°, m(£C)=90°. m(Z£A) >90°.
m(£B) <90°,
m(£C)<90°.

@
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[Tpou3BonbHBIN PaBHOOEIpEHHBIN PaBHOCTOpOHHMIT
TPEYTrOJIbHUK TPEYTOJIbHUK TPEYTOJIbHUK
C
B B
A C A B A C
Bce ctopoHbl nMErOT JIBe CTOpOHBI KOHTPYSHTHBI: | Bce CTOpOHBI KOHTPYIHTHBI:
HepaBHbIE JUTMHBIL: AC=BC, AB=AC=BC.
AB # AC, AC# AB.
AB # BC,
AC #BC.

2
%33&3‘]1& C pelieHueM

1. BoxoBas CTOpOHa paBHO6C[[peHHOI‘O TPEYrojibHUKa B JBa pa3a AJIMHHEC OCHOBaHMHA.

Haiinem niviHBI CTOPOH TPEyTOJIbHUKA, €CIIN €ro ToayrepuMeTp paseH 40 cm.

Pewenue:

IMepumerp Tpeyronbuuka ABC pasen 80 cm, 3Haunut, AB+ AC + BC =80 cm.
IMockonbky AC = AB=2BC, nonyunm: 5BC =80 cm < BC =16 cm.

Torma AC = AB=2BC =32 cm.

Omeem: 16 cm, 32 cM, 32 cMm.

2. JloxaskeM, 4TO €CIIM ABE BHICOTHI TPEYTOIbHHKA KOHTPY-
SHTHBI, TO TPEYTOJIBHUK paBHOOEAPEHHBIH (pHc. 9.18).

Pewenue:

ITycts ABC — TpeyTrosbHHK, Y KOTOPOIO BBICOTE BB, 1
CC, xourpysuTHBl. Tak kak TpeyronsHuku BCC, n BCB,
MPSIMOYTOINTBHBIE ¢ 001Ieit rumoreny30i BC 1 ¢ KOHIPYIHT-
HBIMU KaTeTaMu BB, u CC|, TO OHM KOHIpY>HTHEL Torma
ABCC, =ACBB, = ZC,BC = ZB,CB, To0 ecTb
ZABC = ZACB. 3naunt, AABC — paBHOOEIPEHHBIH, 4. T. 1.

3. Jlokaxem, 4TO TIpsiMast, NEPICHAUKYISIpHAs OHMCCEKTpUCce
yIJIa, OTCEKAaeT Ha CTOPOHAX 3TOTO YIVIa KOHIPYIHTHBIE OTPE3KH.

Pewenue:

[Tycts mpsiMasi, IeprneHIuKyIsIpHas OMCCeKTpuce yria A,
repeceKaeT CTOPOHBI ATOro yriia B Toukax B, C, a Guccekrpucy —
B Touke D (puc. 9.19).

[MpsimoyroneHbie TpeyroabHuku ABD u ACD KOHTPYIHTHBI,
TaK Kak y HUX o0 katreT AD M KOHTPYSHTHBIE OCTPBIC YIJIBL.
Orcrona cnenyer, uro [AC]=[AB], 4. T. 1.

A
C B,
B
Puc. 9.18
C

D

B
A
Puc. 9.19

mMoaynb ~
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4. IToctponm TpeyronsHuk ABC, ecin naHbl €ro 31neMeHTsl a, b, m, (1Be CTOPOHBI U
MeiMaHa OJJHOM U3 3THX CTOpoH) (puc. 9.20).

A

Pewienue:

B 3amauax Ha moctpoenue TpedyeTcs Mo KaKuM-JIH0o 3a-
JTAHHBIM DJIEMEHTAM TeOMETPUUYECKON (DUTYPBI TOCTPOUTH ITY
¢burypy (cpeau JaHHBIX MOTYT OBITH M CyMMa WIJIM Pa3HOCTh m,
KaKUX-TO AJIEMEHTOB NCKOMOM (PUTYpPHI) TIPH IOMOIIHN YKa3aH-

HBIX YEPTCIKHBIX MHCTPYMCHTOB. B nanphelinem mnmpearoJia- C B

M a
2

Puc. 9.20

raeTcs, 4TO BCC IMOCTPOCHU NOJIKHBI OBITH BBITOJHEHBI npu

YRS

HIOMOILM YUPKY/ISL ¥ JTUHEUKU.

OOGBIYHO CXeMa PELICHHMS 331491 Ha TIOCTPOCHHE COCTOUT
U3 YEeTBIPEX ITAIOB!

1) ananu3z yciaoBuii, mpu KOTOPBIX MOYKHO MOCTPOUTH FTCOMETPHUECKYIO QUTYPY;

2) nocmpoenue reoMeTpHUUYECKON GUTYPBI;

3) 0okazamenbcmeo TOro, 4TO MOCTPOCHHAS (DUTYPa YAOBIETBOPSICT YCIOBHSAM 3a/1a4H;

4) uccneoosanue (AMeET I 3a/1a4a PELICHAE U, B CIIyYae MOIOKHTEIBHOTO OTBETA, CKOJIb-
KO Pa3INYHBIX PELICHUI HMEET OHa).

Ananus. Ipennonoxum, uro TpeyronbHUK ABC moctpoen u [AM] — ero meauana. 13
YCIIOBUS 3aJ1a4¥ CIEYET, 9YTO TPeyronbHUK AMC MOXHO ITOCTPOUTD, TIOCKOJIBKY H3BECTHBI

ero croponsr: AC =b, CM :% u AM =m,. Bepumna B nexur Ha nonymnpsmonr [CM
TaK, uto CM = MB =%.
Ilocmpoenue. Ctpoum AACM, y xotoporo AC =b, CM =%

[CM ctpoum Touky B Tak, uto M siBisercs cepequnoi otpeska CB. OueBunno, uto CB = a.

, AM =m,. Ha ny4e

Jloxazamenvcmeo. I3 nocrpoenus Tpeyroipanka ABC cienyer, uro [AM] — ero mennaHa
mHbL m,, cTopoHbl AC u BC UMEIOT AMHBL b ¥ @ COOTBETCTBEHHO, 3HAUHT, TPEYTOJIbHHUK
ABC ynoBneTBopsieT yCIOBHIO 33/1a4H.

Hccneoosanue. TpeyronbHuk ABC MOXKET ObITh HOCTPOEH MPU YCIOBHUHU, UTO MOXKET OBITH
noctpoeH TpeyroabHuk A CM. CrenoBaTenabHo, 33/1a4a IMEET PEIICHHE TOTIA M TOIBKO TOT/Ia,

a
Korga HanOOJbIIIEE U3 YHCEI b, ~» M, MCHbIIC CYMMbI IBYX OCTaJIbHBIX YHUCCII.

2

@ 3agaumn
A

1. Orpesku AB u CD pensrcsi B Touke nepeceueHus nononam. Havaure muny otpeska AC, eciu
BD =12 cm.

2. Tlpsimast IPOXOIHUT yepe3 cepeanny otpeska AB. Haliaure paccTosHue OT TOYKH B 10 3TOH
MIPSIMOM, €CJIM PACCTOSIHUE OT TOUKU A JI0 3aJJaHHOM MPSIMOW PaBHO 8§ CM.

3. Ilepumerp paBHOOeapeHHOTO TpeyrojbHUKa paBeH 100 cMm, a JyIMHA €ro OCHOBAHHUs paBHA
40 cm. Haiinmure nnmHy OOKOBOW CTOPOHEI.

@



FeomeTqueCKMe cburypbl Ha NNOCKOCTU

4. Beruucnurte nepuMeTp paBHOOEIPEHHOTO TPEYrojbHUKA ¢ ocHOBaHHeM 20 ¢cM M OOKOBOil CTO-

pouoit 40 cwm.

mMoaynb

5. Ilepumerp paBHOOCIPEHHOTO TpEyroyibHUKA paBeH 44 cMm. Haiiaute cTOpOHBI TPEyroibHHKA,

€CIIM €r0 OCHOBaHHE Ha 4 CM MeHbIIEe OOKOBOM CTOPOHEI.

6. Ilepumerp paBHOOCIPEHHOTO TPEYTOJIbHUKA paBeH 56 cM. Haiiaute cTOpOHBI TPEeyroibHHKA,
€CIIN JUTMHA ero OOKOBOM CTOPOHBI Ha 2 CM MEHBINE €0 OCHOBaHHSI. 4

7. Ha xoHrpysHTHBIX cTopoHax AB u AC paBHOOECIPEHHOrO TPEYroJbHUKA

ABC nocrpoens! KOHrpy3HTHBIC 0Tpe3ku AD u AE. Haiinute qimuHy oTpeska D E
BF, ecniu CF =3 cm. (Vkazanue. ACDA=ABEA = ACFB - paBHO-
OCIPCHHBI).
M
y B ¢
L ‘‘‘‘‘‘ J‘
TN 8. Ha crtoponax AB u BC npou3BOJBHOIO TPEyroJbHHKA
B J," ABC, BHe TpeyroJbHHKA TOCTPOCHBI KBaapatsl ABLM u
/ BCNP. okaxure, utro ALBC = AABP.
B
P N E
9. Ha croponax paBHOCTOpOHHero tpeyronpHuka 4BC 1mocTpoeHsbI D
KoHrpysHTHbIe 0Tpe3ku AD, BE u CF, xak Ha pucynke. Haiimure
A C

croponsl Tpeyroiabanka ADEF, eciu DE =3 cMm.

.5/

JlokakuTe, 9TO BBICOTHI, IPOBEJCHHBIE K OOKOBBIM CTOPOHAM PaBHOOEIPEHHOTO TPEYTOJib-

10.
HUKa, KOHTPYIHTHBL.

11. Jlokaxxure, 4TO OMCCEKTPHCHI YIJIOB NPH OCHOBAHWH PAaBHOOEIPEHHOTO TPEYTOJbHHUKA KOH-
TPYDHTHBI.

12. JlokaxkuTe, 9YTO MEIHAHBI OOKOBBIX CTOPOH PaBHOOEIPEHHOTO TPEYTOJIbHHKA KOHTPYIHTHEIL.

13. JlokaxuTe, 4TO TOYKA, PAaBHOYJAJICHHAS OT CTOPOH YIUIA, JISKUT Ha OMCCEKTPHCE ATOTO yIia.

14. UYepes cepenuHy oTpe3ka IMpoBefaeHa mpsMas. [lokakure, 4TO KOHIIBI OTpe3Ka paBHOYIATICHBI
OT 2TOH TPSIMOH.

15. Ha 60okoBbix croporax AB u AC paBHOOenpeHHOr0 TpeyroabHiuka ABC cOOTBETCTBEHHO B3SITHI

Toukn B, m C, 1ak, uro AB, = AC,. Jlokaxure, 4To:
a) AAB,C =AAC,B; 6) ACB,B=ABC,C.

16. Tpeyronsuuku ABC u A B,C, KOHrpy>HTHBI. JloKaxure, 4TO:
a) mequansl AM 1AM | KOHIDySHTHBI, 6) 6uccextpucsl AL u AL, KOHTPY>HTHEI.

17. Jansl tpeyronsauku ABC n A B,C, n nx meqnansl AM n A M, coorBercTBeHHO. JlokaxmuTe,
YTO TH TPEYTONBHUKH KOHTPYHTHBI, eciul [AM ]=[AM ], [AB]=[AB,] u [BC]=[B,C,].

2z
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Hoxaxunre, 4to tpeyroabHuku ABC u AB,C, xourpysurusi, ecau [AC]=[AC ],
[AB]=[AB,] u [AM]=[AM,], tne [AM] u [AM,] — mennans! TpeyroasHukoB ABC u

A,B,C, COOTBETCTBEHHO.

Hoxaxure, uro tpeyroasHuku ABC u AB,C, xourpysutss, ecau [BC]=[BC,],
[AM1=[AM,] n LCMA=ZCMA,, tae [AM] n [AM,] —wmemuans! Tpeyronsuankos ABC

u A B,C, cOOTBETCTBEHHO.

I[OKa)I(I/ITe, YTO JJIMHA MEUAaHbI TPEYTrOJIbHUKA MCHBIIIEC IMMOJTYCYMMBI JJIMH CTOPOH, UCXOAAIINX
U3 TOU XKe BCPIIMHBI TPCYTrOJbHHKA, YTO U MEJUaHa.

ﬂOKa)KI/ITC, UTO CyMMa JJIMH MCJIUaH TPCYrOJIbHHUKa OoJtpIIIe nojynepumMerpa TpeyrojbHUKa U
MCHBIIC €ro nepumeTpa.

Jansl tpeyronsanku ABCu A B,C, nux mennanst AM u A M, . U3BecTHo, uto [AM |=[AM,],
LMAC = ZM\AC, n LMAB = ZM A B,. doxaxure, uro tpeyronsHuku ABC u A B,C,

KOHTPY HTHBI.

Hansl tpeyronsaukn ABCu A B,C, nux 6uccexkrpucst AL u A L,. U3BectHo, uto [AB]=[A B, ],
[AL1=[AL] u £BAC = £ZB/AC,. Jlokaxute, uro Tpeyronsuuku ABC u A B,C, KoHrpy-

OHTHBEIL.

OTtpes3ok AM sBnsieTcss MeIWaHOW OCHOBAaHHUS paBHOOeapeHHOTO Tpeyroapuuka ABC
(AB=AC). Haiinure mmuny meananst AM, ecnu mepumerp tpeyronbanka ABC pasen ), a
nepumerp tpeyronbHuka ABM pasen 7.

JUTMHBI CTOPOH TPEyrojbHUKA OTHOCATCS Kak 3:4:5. HaliauTe IJIMHBI CTOPOH ITOTO
TPEYTroJIbHUKA, €CIIH €ro nepuMeTp paseH 60 cMm.

Toctpoiire Tpeyromsauk ABC, ecin JaHbl €ro SJIEMEHTHI:
a) a, b, LC; 0) a, 4B, ZC; B) LA, a, b (a>Db).

TocTpoiite mpsiMmoyronbabii TpeyroasHuk ABC (a, b — KaTeThl, ¢ — THIOTEHY3a), €CIIH JTaHbI
€ro JJeMEHTBI:

a)a,c; 0) a, 4B; B) ¢, ZA.

Iocrpoiite paBHOOCAPCHHBINA TPEYTOIBHUK, €CIH JaHbI €ro JICMCHTHI:

a) OCHOBaHHE M OOKOBasi CTOPOHA, 0) OOKOBasi CTOpPOHA W yroJ MPH OCHOBAHUH;
B) OCHOBaHHE W YTOJl IPH OCHOBAHWU; r) OOKOBBIC CTOPOHBI U YIOJ MEXIy HUMH,

1) GOKOBasi CTOpPOHA M BBICOTA, MPOBENCHHAS K OCHOBAHHIO;
€) Yroy Mex,Jy OOKOBBIMH CTOPOHAaMH M BBICOTA, IPOBEACHHAs K OCHOBAHMIO;
’K) OCHOBAaHHE M YIOJl MEKAYy OCHOBAaHHEM M BBICOTOH, MPOBEACHHOW K OOKOBOI CTOpOHE.

IMoctpoiite Tpeyromsuuk ABC, ecnu naHbl MeMaHa /m, W yDIbI, 0Opa3oBaHHBIE MEUAHON U

CTOpOHaMHU TPEYTroJIibHUKA, KOTOPBIC UCXOOAT U3 TOU ke BEpIIWHBI, YTO U MCAWAHA.

ITocrpoiite TpeyronbsHuk ABC, eciiu JaHbl €ro 3JIEMEHTBI WK JIEMEHTBI U CyMMa/pa3HOCTh
HEKOTOPBIX 3JIEMEHTOB!

a) a, b, h; 0) a, h,, m,; B) a, b, m; r) a, b+c, 4B,
ma, b—c, LC; e) a, b+c, ZA; K) a+b+c, LA, 4B; 3)a, b—c, LB—-ZC.
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Mapannenorpamm u ero ceoicTea. Tpaneuus

3ameuanue. B nanpHeimem OyneM paccMaTpHUBaTh
TOJBKO BBIITYKJIBIC YETHIPEXYTOIBHUKU (MHOTOYTOJb-

HHUKH), T. €. YeTBIPEXyTOIFHUKH (MHOTOYTOJIBHUKH), '_
JeKallne B OJAHOH IONYIUIOCKOCTH OTHOCHTEIHHO
J000H TIPSMOIA, ColiepKaIeid ero CTOPOHY.

Onpenenenne. YeTblpexyrojJbHUK, y KOTOPOTO IPO-
TUBOJIEKAIIKE CTOPOHBI MONIAPHO MapaJuleibHbl, Ha-
3bIBACTCA MapaieIorPaMMOM.

Teopema 9. YeTbpexyrolbHUK SBISETCS NapajIeorpaMMOM TOIZA U TOJIBKO TOT/a,
KOIJJa IPOTUBOJIEKAILNE CTOPOHBI OIIAPHO KOHTPYIHTHBI.

Teopema 10. YeTblpexyrojbHUK sBISETCA NapajlIeIorpaMMOM TOIZIA U TOJIBKO TOL/a,
KOIJia IB€ IIPOTUBOJIEIKAILUE CTOPOHBI [1aPAJUIEIIbHBL U1 KOHIPYIHTHBL.

Korjga NpOTUBOIIOJIOKHBIC YTJIbI ITOTIAPHO KOHI'PYSHTHBI.

TeopeMa 12. quLIpexyr OJIBHUK SBJIACTCS ITapaJlyIeIorpaMMOM TOI'ZIa U TOJIBKO TOT/1a,
Korga €ro AuaroHajii B TOYKC MepeCceUCHUs ACJIATCS TTOI0JIaM.

3aoanue. Jlokaxure TeopeMbr 9—12.

Teopema 13 (TeopeMa 0 paBHOYIAJEHHBIX MAPAJICIbHBIX MPIMBIX)

[ycrtb npsiMble @ 1 d He napasiensHbl. Ecinu Ha npsiMOit @ OTJIOKHTD KOHTPYIHTHBIC
orpesku AA,, AA,, ..., A _|A, ¥ Yepe3 ux KOHIIbI IPOBECTH NPSAMBIE, Napaslie/ibHbIe
TIPAMOIT d, TO 3TH IpsIMBIE OTCEKYT Ha JTF060it pyToit mpsMoit b (b A d) KoHTrpy>HTHEIE
orpesku B B,, B,B,, ..., B, B, (puc. 9.21).

I Teopema 11. YeTbIpexyroibHUK SBJIAETCS IapajlleJIorpaMMOM TOLJA U TOJIBKO TOLAA,

Jloxazamenbcmao:

[IpoBenem uepe3 Touku B,,, momy-
IpsMBbIe, MapaieNbHble MPIMON d, U
0003HaunM udepe3 C; UX TOYKH Tepe-
cedeHwus ¢ psAMbIMU 4, B,. 3ameTnm, 4To
9eThIpeXyroabHukn A,A,, B, C; sBus-
I0TCS MapasuieIorpaMMaMHy, OTKy/Ia ciIe-
nytor cootHomenns [C,B,, 1=[A A, ]

i

[Mpumenss 1l npuznak (YCVY), MOxKHO Puc. 9.21
JI0Ka3arh, 4To
ABCB,=AB,C,B,=..=ABCB,, =..=AB _C B ,

oTKyna cnenyer, uro [B,B,]=[B,B,]=..=[B,B,,]=..=[B, B,]. P

Yacmmusie 6uovl napannenozpamma

Ilpamoyzonvhuk — 3T0 apajuIeNnorpamMM, y KOTOPOTO OXUH yroi mpsmoit. M3 teopem o
MapauIenorpaMMax CIeAyeT, 9To y MPSIMOYTOJIBHIAKA BCE YITIBI MPSIMBIE.

TeopeMa 14. HapannenorpaMM ABJIACTCS NPAMOYTOJIBHUKOM TOTAa W TOJIBKO TOIr'Ja,

22

Korjga €ro JuaroHajii KOHIpYOHTHBI.
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Pomé — 370 mapasiesiorpaMM, y KOTOpOro CMEKHbIE CTOPOHBI KOHIpY HTHBI. CienoBa-
TEJbHO, y poM0Oa BCE CTOPOHBI KOHTPYIHTHBI.

Teopema 15. Tlapamienorpamm sBisieTcs poMOOM TOTAA W TOJIBKO TOT/IA, KOTJA €ro
JIMArOHAIN TIEPIICHANKYIISIPHBI WITH SBIISIFOTCS OMCCEKTPUCAMH €T0 YIJIOB.

3aoanue. Jlokaxxute Teopemsr 14, 15.

Keaopam — 310 poM0 ¢ OTHUM MPSIMBIM YIJIOM WJIN HMPSIMOYTOJIBHUK C KOHTPYIHTHBIMU
CMEXHBIMU CTOPOHAMH.

Tpaneyus — 3TO YCTHIPEXYTOIBHUK, Y KOTOPOTO JBE MPOTHUBO-
JIeKaIIUe CTOPOHBI MapaUIeIbHBL, a IBE APYTHE HeTapalieIbHBI.
[MapasnensHbIe CTOPOHBI HA3BIBAIOTCS OCHOBAHUAMU TPATICIINH, a IBE
JIpyrHe — O0KOGLIMU CHIOPOHAMU.

Tpamnenus ¢ KOHIPYIHTHBIMU OOKOBBIMU CTOPOHAMH Ha3bIBACTCS
PasHobounOll (U PAGHOOOKOIL, PABHOOEOPEeHHOI) mpaneyuell.

Cpeoneii tunuell TPATICIUH HA3bIBACTCS OTPE30K, KOTOPBIN COCANHSET CePeIMHBI OOKOBBIX
cTopoH. CpemHsist INHUS TPAIISIINH TTapaUieIbHa OCHOBAHISIM 1 €€ JTHHA PaBHA MTOTYCyMMe

JUTMH OCHOBAHUH Tpameuuy.
Z
3ajauu ¢ peuieHneM
C
. =
1. MenbIiee 0CHOBaHIE PaBHOOOKOI Tpareruy KOH-
TPY?HTHO OOKOBOH CTOPOHE, a THArOHAb TPAIICIIUH TIep-
MeHUKYyIsipHa OOKOBOM cTopoHe. Haiinem BennyuHbI

BHYTPEHHHX yIJIOB Tpamenuu (puc. 9.22).

o 2
A “

Pewienue: Puc. 9.22

[Tycte ABCD — paBHOOOKas Tparnenus, y kotopoid [AB]=[BC|=[CD] u AC 1L CD.

[Mockonbky BC||AD u AC — cexymast, To m(£LBCA)=m(LCAD)=c. Tak xax
AABC — paBroOenpennsiii, [AB]=[BC], o m(£LBAC)=. B cuiy TOr0, 4T0 YIJibl IPH
OCHOBaHMHU PaBHOOOKOM Tparerun paBHbl, uMmeeM M(LCDA) = m(LBAD) = 2¢c. Y3 npsimo-
yronpHOro TpeyrompHuka ACD momydaeMm 3o =90° < o =30°. Torma

m(£LCDA)=m(£LBAD)=2-30°=60°, m(LABC)=m(£BCD)=0+90°=120°.

Omesem: 120°, 120°, 60°, 60°.

2. JlokaxkeMm, 4TO BBICOTA W MEAUaHa MPSIMO-
YTOJILHOTO TPEYTOJbHHKA, TIPOBEJICHHBIC U3 BEp- B B
IIMHBI PSIMOTO YIIa, 00pa3yroT yroji, BeTHYHHA
KOTOpPOTO paBHA Pa3HOCTHU BEJIMYUH OCTPHIX YTIIOB.

Pewienue:
[Tycts [CD] - BbicoTa u [CM]|—mennana npsi- A a D M h B
moyroussHOro Tpeyronbanka ABC (m(Z£LC) =90°,
M # D) (puc. 9.23). Puc. 9.23

Tpeyroneunkun CMB u AMC paBHoGenpennsie, Tak kak CM = MA = MB. Tlockonbky
npsimoyroibHble TpeyronbHuk ACD 1 ACB umerot o6t octpsiil yroi A, To yriust ACD n
CBA xourpysurasl. Crenoparensno, m(LDCM) =m(LACM)—m(LACD)=0o.— 3, 4. 1. .

Eciu M = D, T0 yTBepiKICHUE 3a/1a91 OYESBUJIHO.

&
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3. [TocTpouM Tparienuro, €ciy JaHsl OCHOBAHHE, B c I
YTOJI TIPH ATOM OCHOBaHUH U OOKOBBIE CTOPOHBIL.

Pewenue: / 5 /

Ananus. Iycte ABCD — nckomas Tpanenus, y 1 2
KoTOpoit ocHoBanne AD =a, BAD — yron nipu oc- o
HoBanuu, Mm(LBAD)=a, u AB=l, CD=I, - 4 a D
60KOBBEIE CTOPOHBI (puC. 9.24). Puc. 9.24

3ameuaem, uto ABAD MOXeT ObITh IIOCTPOCH 110
JIBYM CTOpPOHaM M yriay Mexnay Humu. Bepummna C
Tpanennuy MPUHAUICKUT TOIynpsiMor [BL, mnapamienbHON npsMoit AD, U OKpyKHOCTH
€(D, l,) c uenrpom B Touke D u pammycom CD =1,. Takum o6pazom, C ecTb TOYKa
nepecedeHus noaynpsmoit [ BL u okpyxaocta € (D, L,).

Ilocmpoenue. Ctpoum nocienosarensio ABAD, nonynpsmyio [BL|| AD (touku Lu D
JIEKAT B ONHOW M TOH K€ MOJYIIOCKOCTH, OTpaHHYCHHON MpsiMoil AB) U OKPYKHOCTh
‘€ (D, ,). Touka nepecedenusi okpyxuaoctu € (D, [,) ¢ nomynpsiMoit [ BL citykut 4eTBepToii
BEPIINHOM TPAITCIIUH.

Hokazamenbcmeo 04eBHUIHO.

HUccnedosanue. OueBUIHO, YTO 3a1aua umeeT penienune, ecnmi Ce [BL, C# B u CD > h,
rzie 1 — BbICOTA TpaIeIyu.

Ecnmu BD >CD > h, 1o 3aga4a umeet nsa peuienus (eciu CD =h, To 3amada mMeer

OJIHO peIIeHHne: Tparel s psMoyroibHast). Tak kak BD = \/ I +a’—2lacoso, h=1 sina,

TO YCIIOBHE CYIIECTBOBAHUS PEIICHHSI MOXKET OBITh MEPEITUCAHO B BUJIC

\/Zf +a’* =2lacoso >1, 21 sinq.

@ 3apgaum
A

1. JiuHbel auaroHaneil 4eThIpexyroyibHuKa paBHBI 16 cM u 28 cm. Haiiaute mepumeTp ydeThIpex-

YTOJIbHUKA, BEPIHIMHAMHA KOTOPOI'O ABJIAKOTCA CEPEAHUHBLI CTOPOH 3aITaHHOTI'0 YCTBIPEXYTIOJIbHUKA.

2. bBuccekrpuca yria C napamienorpamma ABCD mnepecekaer cropony AD B touke E. Haitnure
muny otpeska AE, ecmt AB=18 cm u AD =30 cm.

3. OpuH u3 ymios napamrenorpamma paseH 50°. HaiiauTe ocTansHbIe yIIbI apajuieorpamMMa.

4. JlnaroHaip mapajuieliorpaMma JIeJUT ero OCcTpblil yroi Ha aBa yria: B 30° u 40°. HaiiauTe yribt
napajuiesorpaMma.

5. OmuH U3 yroB, 00pa30BaHHBIX TUIIOTEHY30H M MEIHaHOH, TPOBEICHHON K THIIOTEHY3€ MPSIMO-
YTOBHOTO TpeyroibHuKa, paBeH §0°. HaiinmnTe ocTpble yIIbl MPSMOYTOIBHOTO TPEYTOJBHUKA.

6. BennunHa yria, 00pa30BaHHOTO OJHMM H3 KaTETOB MPSIMOYTOJIBHOTO TPEYTOJIbHUKA M MEIHAHOM,
MPOBEZICHHON K THIIOTEeHY3e, paBHa 20°. HaiinuTe ocTphie yriibl TpEyrolbHUKA.

7. Pa3HOCTh MEXIy BEIWYMHAMH MPOTHBOJICKAIIUX YIJIOB PaBHOOOKOH Tpameruu paBHa 30°.
Haiimure Benn4uHBI yIIOB Tpanenny.

mMoaynb
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8. B paBHOOOKOW Tpamenur OCHOBaHUE BBICOTHI, TIPOBEICHHONW M3 BEPIINHBI TYIOTO YIWIa, JSIUT
Oolplliee OCHOBaHHE HA OTPE3KW JUTMHOW 8 cM n 32 cM. HalianTe [UIMHBI OCHOBAHUI TpareluH.

9. JInMHBI OCHOBAHUH Tpamelul OTHOCITCS Kak 3:2, a [uIMHA ee cpeaHel jauHuu paBHa 70 cM.
Hailigure ninuHBl OCHOBaHMH Tpanenuu.

10. ITo oxuy cTopoHY OT mpsiMoi d maHbl aBe ToYku M m N, OTCTOSIIME OT HEEe Ha PacCTOs-
HUK 12 cM u 28 cM cooTBeTcTBeHHO. Halinure paccrosHue oT cepenunsl otpeska MN 1o nps-

.5/

11. Buccekrpuca yria A napamutenorpamma ABCD nepecekaer cropony BC B Touke E. Jlokaxkure,

MO d.

4YTO TpeyroibHUK ABE paBHOOCAPEHHBI.

12. Jloxaxwure, 4TO AJTMHA MEIUAHBI, IPOBEACHHON K TMIIOTEHY3€ MPSIMOYTOJILHOTO TPEYTOJIbHUKA,
paBHa IOJIOBUHE JJIMHBI THIOTEHY3bI.

13. [oxaxure, 4yTO €CIM JJIMHA MeJUaHbl TPEYroJbHUKA PaBHA MOJIOBUHE JUIMHBI CTOPOHBI, K
KOTOpPOH OHa NpOBEJeHa, TO TPEYTOJbHUK MPSMOYTOIbHbIN.

14. B mapamienorpaMme OHCCEKTPUCHI BCEX BHYTPEHHUX YITIOB IIEPECEKAIOTCS B USTHIPEX PA3INYHBIX
Toukax. JlOKaXuTe, YTO 3TU TOUKU SIBJSIFOTCS BEPUIMHAMM NPSIMOYTOJIbHHUKA.

15. OcHoBanus paBHOOOKO# Tparmeruu paBubl @ U b (a > b). JlokakuTe, YTO OCHOBAHHE BBICOTBI,
NPOBE/ICHHON M3 BEPIIMHBI TYIIOTO YIUIa, JCIUT OOJIbIlice OCHOBAHHME TPAINCIIMU HA OTPE3KH

| 1
mHoi —(a+b) u —(a—>b).
2 2
16. [umaroHamyu 4eTbIpexyroibHUKa paBHBl d, U d,. Haiigure mepuMeTp 4eTHIPEXyroJbHHKA,
BEPIIMHAMU KOTOPOTO SIBJISIFOTCSI CEPEAMHbBI CTOPOH 3aJ[aHHOTO YETHIPEXYTOJIbHUKA.

17. OcHoBaHME BBICOTBI, IIPOBEACHHON M3 BEPIIUHBI TYNOrO yIJa PaBHOOOKOW TpameLuu, JEeIUT
Gosiblllee OCHOBAHUE Tpaleluu Ha JBa oTpe3ka. Halinure oTHOIIEHHE UIMH 3THX OTPE3KOB,
€CIIM JUIMHBI OCHOBAaHUM Tpaneuuu paBHbl 40 cM U 56 cm.

18. IlocrpoiiTe poM0 IO YNIy U JUAroHajy, UCXOAAIIEH U3 BEpILIMHBI 3TOTO yIUa.

19. TloctpoiiTe poMO MO cymMMe JJIMH €ro JAMaroHaieil M BelIWYuHe yria, 00pa30BaHHOTO JHAro-
HAJIBI0 M OJHOIl U3 CTOPOH poMoOa.

20. IloctpoiiTe mapajuieorpaMm 1o JABYM CTOPOHAM, UCXOJSIIMM U3 OJHOW BEPIIMHBI, U OJHOU
W3 JuaroHalei.

21. ToctpoiiTe mapajuienorpaMm 1o CTOPOHE U ABYM JHArOHAJISIM.
22. Iloctpoiite poM6 1O CTOPOHE U JUATOHAIH.
23. TloctpoiiTe poM06 1O €ro JAUaroHaJsM.

24. Tloctpoiite Tpaneuuto ABCD, ecnu naHbl ero octpbie yribl A U D, a TakKe OCHOBaHHUS
AD=a, BC=b (a>D).

25. Tloctpoiite mapanienorpaMm MO JUAroHaIsIM U BBICOTE.

26. IlocTpoiiTe Tpamenuio Mo OJHOMY OCHOBAHHIO, BBICOTE M JAMATOHAJISIM.



FeomeTpWiecxue q)mrypbl Ha NNOCKOCTU

Nopo6ue duryp.

NMopoGue TpeyronbLHUKOB.
Teopema Paneca

Onpenesienne. IlycTs k — ONOKHUTENIBHOE NEHCTBUTEILHOE
gucio. Ilpeodpa3oBanueM moaooust ¢ ko3 dumuenrtom k
(vn mogo6ueM ¢ Ko3(ppuuueHTOM k) MIOCKOCTH Ha3bIBa-
eTcs 0TOOpakeHHEe MIOCKOCTH Ha ce0s, MPH KOTOPOM IS
’ ’
TrOOBIX BYX To4YeK A, B 11 COOTBETCTBEHHO uX obOpasos A’, B

’p’
BBITIONHEHO yenoBue A'B°=kAB.

U3 pasencta A'B’ =k - AB crnenyer, uto ecru A# B, 1o A’# B’

Teopema 16. 1. Kommosunus aByx mogobuii ¢ kosdduunentamu k, n k, sBiagercs
noxobueM ¢ kodhduruentom k k, .

2. IIpeobpazoBanue, 0OpaTHOE TOAOOUIO ¢ KOAPPHUIIMEHTOM k£, SBIIIETCS TOA0OHEM C

KO3 HUITHEHTOM

E.

Joxazamenbcmeo:

1. ITycts pasnuunsle Touku A u B oToOpaxarorcs npu nopoduu ¢ kosgduuuenrtom k, B
toukn A" 1 B’ COOTBETCTBEHHO, 2 9TH TOUKH, B CBOIO OUePEh, OTOOPAKAIOTCS P HOA00HH
¢ koopduuuentom k, B Touku A” um B” coorBercteenno. Torna A'B'=k AB n
A”B”=k,A’B’. Orciona cnenyer, uto A”B” =k k,AB, 1o ectb npeoGpa3zoBanue, 0T00pa-
xkatoree Toukd A u B B Touku A” u B” coOTBEeTCTBEHHO, SBNSETCS M0A00UEM ¢ K0d(h-
¢bummenTom k k, .

2. Ilpu momobuu ¢ xoddhdunueHToM k [UIsl pa3IHYHBIX TOUYeK A U B IJIOCKOCTH U
COOTBETCTBEHHO HX 00pa3oB A" u B’ mmeer mecto paBenctBo A'B’= kAB. Ortciona cre-

1
ayer, 9o AB= EA,B,’ TO ecTh IpeobdpasoBaHue, oTobpaxkatomee Toukn A" u B’ B Touku
1
A ¥ B cOOTBETCTBEHHO, ABJISIETCS MOI00MEM ¢ KO3 dHIIneHTOM = [ 2
JlBe (buryphl Ha3BIBAIOTCS HOOOOHBIMU, CCIHM CYNIECTBYET MpeoOpa3zoBaHue Moa00us

IUTOCKOCTH, OTOOpaXkarolee oy (GUrypy Ha JApyryro.
KoHrpy»HTHOCTB (UI'Yp — 3TO YaCTHBIH citydaii mogodus (k =1).

Onpenenenne. Tpeyronsunku ABC u A’B'C’ na3biBaioTcsi moT0GHBIME, €CIIN

AB _ BC _CA _ o me nt e e
TS e o Sk mLA=LA. LB=2B. LC=LC

O6oznagaem: AABC ~ AA B,C,.

HarmoMHIM HEKOTOpEBIE TEOPEMEBI, CBOICTBA M IPU3HAKH TTOIOOHS TPEYTONHHIKOB.

Teopema 17 (teopema @aJieca). Ilpamas, He Mpoxoadias HU YEPE3 OAHY U3 BEPLIMH
TPEYTOJIbHUKA, TTapaJulebHas OAHOM U3 €r0 CTOPOH, OTCEKAET Ha IPSMBIX, OIPEIEIIEMbIX
OCTaJIbHBIMU JIBYMSI €r0 CTOPOHAMH, PONOPLUOHAIBHBIE 0Tpe3KH (puc. 9.25).
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Teopema 18 (ocHOBHasi JieMMa 110100us1). B

[Tycts ABC — TpeyrosibHUK W B, — TOUKa, Jexkaras Ha B

npsmoit BC, otnmunas ot Touku C. Eciam mpsmas,

napajuiesnbHas cropone AB, mpoxonut yepes Touky B, u

nepecekaeT npamyro AC BTouke A, to AABC ~ AA B,C

(puc. 9.25). A4

Puc. 9.25
UYrtoOBI 10Ka3aTh, 9TO JBA TPEYTOJBHUKA TOZO0HBI, YaCTO PHMEHSIOT CIICTYIONIHNE npu-
3HAKU NOO0OUS MPey2obHUKOG:

I npusnax. Ecnu 1Ba yriia OTHOTO TPEYrojbHUKA KOHTPYIHTHBI ABYM yTJIaM JIPyroro
TPEYTOIBbHUKA, TO TPEYTONEHUKH ITOJOOHBI.

II npusnax. Ecnu 1Be CTOPOHBI OZTHOTO TPEYTOJIBHHUKA IPOTIOPIINOHATBHBI IBYM CTO-
POHAM JIpyroro TpeyroiabHUKA, a YIVIbl, 0Opa30BaHHBIC STUMH CTOPOHAMU, KOHTPY3HT-
HBI, TO TPEYTOJIbHUKH ITOJJOOHBL.

III npusnax. Ecnu Bce CTOPOHBI OHOTO TPEYTOJIbHUKA IPOIIOPLIMOHATIBHBI COOTBETCT-
BYIOIIIMM CTOPOHAM JIPyTOT0 TPEYTOJBHHKA, TO TPEYTONEHUKHI MOTOOHEL.

Teopema 19 (cBolicTBO OMCCEeKTPHCHI BHYTPEHHEI0 YIJIa TPeyroJbHUKA)
ITycts ABC — Tpeyronbhiuk u A” — BHYTpeHHss Touka cToporsl BC. ITonynpsamas [ AA”
ABJIETCS OMCCEKTpHCO BHyTpeHHETo yriia BAC 3Toro TpeyroibHUKA TOTAA U TOJIBKO

TOT/a, KOorjia %Aczi—g (puc. 9.26).
Teopema 20. Ecnu cropons! yrita XOY miepeceders 1, ne N, n>1, TapaieTbHIMA
npsameivi A B, A.B,, ..., A,B,, TO COOTBETCTBYIOIIME OTPE3KH, OTCEKAEMbIE STHMH
MPsAMBIMH Ha €T0 CTOPOHAX, IMMPOTIOPIUOHAJILHBI:
OA AA AA, A A
= = === . 9.27).
OBI BIB2 BZB% Bn—an (pHC )

v
Teopema 21. Ecnu 1Be napasienbHble npsiMble a U b nepecedensl 7, n€ N, n>2,
IPSIMBIMH, TIPOXOASIIAME Yepe3 OfHy U Ty ske Touky O, O & a, O & b, To oTcekaeMble
OTPE3KH Ha ATHX MPSIMBIX MPOITOPLIHUOHATIBHBI:

Ady A4 A ue 928)
BIBZ BZBS Bn—an
A 0
a Al A,,
A, \A,
)
¢ A B, /B, B| B,
Puc. 9.26 Puc. 9.27 Puc. 9.28

3aoanue. Jlokaxure Teopemsl 19-21.

@
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Z
%33)13-{3 ¢ pelIeHHeM

B tpeyrompuuk ABC BIucaH poM0 Tak, 4TO yroi A y HAX OOLIWiA, a Ipyras BepIIHA
npuHaiexkuT cropone BC tpeyronpHuka. Haiiiem JinHy CTOpPOHBI pom0a, eciu

BC=a, AC=b, AB=c (puc. 9.29).

Pewenue: B

[Tycte AMLN — pom0, yIOBIETBOPSIOUINI YCIOBHIM

3agaun. Torga muaroHans AL 3Toro pomoOa siBisieTcs Ouc- L
cektpucoii yrna A tpeyronsauka ABC.

Tak xak Tpeyromsauku MBL u ABC mogo0HBL, TO
AC:ML=BC:BL=(BL+LC):BL=1+LC:BL (1). 4

U3 cBoiicTBa OMCCEKTPUCHI BHYTPEHHETO YIJIa TPEYTOIb- N C
uuka cienyet, uto LC:BL=AC:AB=b:c (2). Puc. 9.29

U3 paBencts (1) u (2) nonydaem:

b b bc
W:H?:}Ml’: hic

Omeem: JlniHA CTOPOHEI poMOa paBHA

K:>> 3apgaum
(A

1. JlnuHBI IBYX CTOPOH paBHOOEIPEHHOIO TPEeyrojbHUKA paBHBI 18 ¢cM u 6 cM, a JyimHa GOKOBOI

CTOPOHBI JIPYrOr0 PaBHOOEIPEHHOTO TPEyroJibHUKa paBHa 6 cM. Haiinure mimHy OoCHOBaHMA
BTOPOTO TPEYroJbHUKA, €CIM M3BECTHO, YTO YTOJl MPH OCHOBAHUM MEPBOTO TPEYrOJIbHUKA KOH-
IPY2HTEH YIUIy IPU OCHOBAaHMM BTOPOTO TPEYTOJbHHKA.

2. Haiigure nepumerpsl mofo0HsIX TpeyroiasukoB ABC u A B,C,, ecim AB =12 cm, A B, =3 cm,
AC=16 cm, BC, =2 cm.

3. Ocuosanue BeicoTEl CD mpsimoyronsHoro tpeyronsanka ABC (m(£C)=90°) nemut ero
runoteny3y Ha otpesku AD =18 cm u BD =32 cm. Halimure IIUMHBI CTOPOH TPEYTOJib-
Huka ABC.

4. B tpeyromsauk ABC, y xotoporo Beicota AD =10 cMm u cropora BC =15 cM, Briucan KBaapar
TaK, 4TO JBE €ro BepIIWHBI npuHaIIexar ctopone BC, a nse npyrue — croponam AB u BC.
Haiinure amuHy CTOpOHBI KBajpara.

5. Hecymue npsmeie 60koBbiX cTopoH AB u CD tpaneunu ABCD mnepecekaroTcs B TOY-
ke E. Haiinure nuuubel cropoH TpeyroiasHuka AED, eciu AB =10 cm, BC =20 cwM,
CD =12 cm, AD =30 cm.

6. Jlnunel TeHel nByX naepeBbeB paBHbl 10,8 M u 1,8 M. BricoTa BTOpOro nepeBa paBHa 1,2 M.

st

Haiinure BbicoTy mepBoro aepena.

mMoaynb ~
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

.5/

Vot A u A, paBHOOenpennsix TpeyronsukoB ABC ([AB]=[AC]) u AB,C, ([AB]1=[AC,])
KOHrpysHTHBI. Jlokaxure, uto AABC ~ AA B,C,.

Jan npsMoyromsHeli TpeyronsHuk ABC, y koToporo m(ZC)=90° n [CD] — BbICOTA.
Jlokaxure, 4ro:

a) AABC ~ AACD; 6) AABC ~ ACBD:; B) AACD ~ ACBD.

[lycrs [AM] u [AM,] — menuansl ogo0HbIX Tpeyronsuukos ABC u A B,C, COOTBETCTBEHHO.
Hoxaxure, uto AM,: AM = A B, : AB.

IMycts tpeyronsaukn ABC u A B,C, nono6nsl, a [AL] u [A L] — cooTBeTCTBYIOmUE OHUCCEK-
tpuckl. Jlokaxure, uro AL :AL=AB, :AB.

Juaronanu uertbipexyronbHuka ABCD mepecekatorcss B Touke E. JlokaxuTe, 4TO
AE - BE = CE - DE Torza u TonbKo torja, korna BC || AD.

Hoxkasxure, 4to ecian H — TodKa IepeceueHns HeCYIuX NpsMBIX BeICOT AA,, BB,, CC, npous-
BosbHOTO Tpeyroneauka ABC, To AH -HA =BH -HB, =CH - HC,.

Jlokaxkurte, 4TO B JIFOOOH Tparenuu KOJUTMHEAPHBI: TOUKa MEPeCeUeHUs TUaroHaseu, cepeam-
HBl OCHOBaHUH M TOUYKA IMEPECeYeHUs] HECYIIUX MPSIMBIX OOKOBBIX CTOPOH.

Han tpeyronsuuk ABC (AB < BC), y xotoporo [BL] u [BM] — cooTBeTCTBEHHO OHCCEKTpHCa
W MeJuaHa, MPOBEJICHHbIC U3 BepinuHbl B. Jlokaxute, uto BL < BM.

Juaronanu detsipexyroipunka ABCD nepecekaiotcss B Touke M Tak, 4To
AM -CM = BM - MD. Jlokaxure, uro ZADB = ZACB.

JITHHBI CTOPOH TPEYroJNIbHUKA OTHOCATCS Kak 2:4:5. HaliiuTe IIMHBI CTOPOH TPEYroNbHHKA,
HOJIOOHOTO 33/IaHHOMY, €CIIH €ro IepUMeTp paBeH 66 cM.

Hausl nopobusle tpeyronpuuku ABC u ABC,, npuuem AB=32cMm, BC =40 cm,
AB =24 cm, AC - AC, =12 cm. Haiinure aamMHBl OCTaNbHBIX CTOPOH TPEYIOJILHHUKOB.

Haust Tpeyronbuuk ABC, touxu M € AB, Ne BC u MN || AC. Haiinure muny orpeska AM,
ectt AB=32cm, AC=40cm u MN =30 cm.

Hecymue npsimbie 60koBbIX cTopoH AB u CD tpaneunn ABCD mnepecekatorcst B Touke O.
Haiinute BeicoTy TpeyronsHuka 40D, npoBenennyo u3 Bepmuubl O, ecin BC =14 cm,
AD =42 cm u BBICOTA TpaINeUH paBHA 6 CM.

Toctpoiite Tpeyroneuuk ABC, ecnu nanet LA, b, a b:c=m:n.
Iocrpoiite Tpeyronbuuk ABC, ecnu nanst LA, ZC u cymma b+ h,.

Brmmure B TpeyronsHnuk ABC KBagpat Tak, 4ToOBI IBE €ro BEPIIMHBI JISKAIN HA CTOpOHE AB,
a nBe apyrue — Ha croponax AC u BC.

IocTpoiite paBHOOEIPEHHBII TPEYrOIbHUK, €CIU AaHbl Yroj, 00pa30BaHHbIH OOKOBBIMU CTOPO-
HaMU, U CyMMa JJIMHBl OCHOBAHUS U BBICOTHI, IPOBEICHHON K OCHOBAHUIO.



FeomeTpuyeckue cpurypbl Ha NIOCKOCTU
3ameuaTtenbHble NIMHMM U TOYKN TPEYrosibHUKA

OTpe30K, COETUHSIONIUN CEPETUHBI IBYX CTOPOH TPEYIOib-
HUKA, HAa3BIBACTCS CPeOHell JUHUell TPEYTONbHIKA.

Teopema 22. Ecmu [MN] — cpenHsisi TMHUSI TPEYTOIBHAKA
ABC (M — cepenuna cropoHsl AB, N — cepearHa CTOPOHBI M
BC), to [MN] || [AC] u 2MN = AC (puc. 9.30). N

Hokazamenvcmeso:

ITycte Touka M — cepenuna cropousl AB (puc. 9.30). Uepes
Hee MPOoBOJIHMM TpsiMyto, mapanienbHyo AC. Ilo teope- P C
Mme 13 ara mpsimast genut cropory BC momosiam, TO ecTh OHa Puc. 9.30
npoxoaut uepe3 Touky N. B pesynsrare nonyuaem [MN] || [AC].
Ecnu uepe3 Touky N mpoBeneM MpsMyro, MapajuieibHyl0 cTopoHe AB, TO OHa mepecedeT
cropony AC B Touke P, kotopas siBisiercst ee cepenunoit. 3uaunt, AC = AP+ PC=2AP.
YetsipexyronsHuk AMNP sBisieTcst mapajuieiorpaMMoM, ciefoBarensio, MN = AP xax
MPOTHBOJICXKAIIHE CTOPOHBI MapasliesorpamMmma.

W3 mocienHnx IBYX paBeHCTB cienyer, uto 2 MN = AC. &

OTpe30K, COSTUHSIONINN BEPIINHY TPEYTOIBHUKA C CEPEIMHON TPOTUBOJISKAIICH eMy
CTOpOHBI, HAa3bIBAECTCS MEOUAHOU MPEYZOIbHUKA.

Teopema 23. MeauaHsl TPEyTroJbHUKA MEPECEKAIOTCA B OHOM TOYKE, KOTOpasi JEIUT
KaKIYI0 U3 MEJIMaH B OTHOIIEHUH | : 2, cunTasi OT CTOPOHBI K BEPIIUHE.

3aoanue. Jloxaxure Teopemy 23.

Touka nepeceueHuss MeIMaH TPEYrOJAbHUKA HA3BIBACTCS YEHMPOM mANcecmu mpe-
Y2071bHUKA.

Meouampucoii nnn cepeOUHHBIM REPREHOUKYAAPOM OTPE3KA HA3bIBACTCS MPSAMAsi, TIPO-
XOZSIIAs Uepe3 CepeUHY JaHHOTO OTpe3Ka U NePIEeHANKYIIPHAs eMy.

Hcnons3yst cCBOMCTBO MEAMATPHCH! (TOYKH MEIUATPUCHI OTPE3Ka PaBHOYHAJICHBI OT €T0
KOHIIOB), MO)KHO JI0Ka3aTh, YTO MEIHATPHCHI CTOPOH TPEYTOIbHHIKA MEPECEKAITCS B OIHOMN
TOYKE, PaBHOYAAJICHHOM OT €ro BEpIIMH. JTa TOYKA SIBISCTCS YEHMPOM OKPYICHOCHU,
ORUCAHNOI OKOIIO TpeyronbHUKa. CIe0BaTeIbHO, OKOIO KaKAOTO TPEYTOJIFHHKA MOXHO
OITHCATh OKPY’KHOCTb.

OTpe3ok, onpeaensieMblil BEpIIMHON TPEYTOJIbHUKA U €€ TPOeKIIHeH Ha HECYIIYTO Mpsi-
MYIO NPOTHUBOJIEKAIIEH CTOPOHBI, HA3bIBACTCS GbICOMOU MPEY20abHUKA.

I Teopema 24. Hecymume npsiMble BBICOT TPEYToJIbHUKA IEPECEKAIOTCSA B OTHON TOUKE.

3aoanue. Jlokaxute Teopemy 24.

Touka mepecedeHnst HeCyIUX MPSIMBIX BEICOT TPEYTONBLHIKA HA3BIBACTCS OPIMOUEHMPOM
mpeyzonbHUKa.

TpeyronbHUK HA3bIBACTCS GHUCAHHBIM 8 OKPYHCHOCHIb, €CIIU BCE €TO BEPUIMHBI TPUHA/I-
JIeKAT OKPY>KHOCTH. ['OBOPST Taxske, 9TO OKPY)KHOCTH ORUCAHA 0KOJ10 mpeyzonsHuka. Tpe-
YTOJIbHUK Ha3bIBAETCS ONUCAHHBIM OKOJI0 OKPYMCHOCHIU, €CIIN BCE €T0 CTOPOHBI KacaroTcs
OKPYKHOCTH. [OBOPSIT TaKXe, UTO OKPYKHOCTb 6RUCANHA 8 MPEY20IbHUK.

mMoaynb
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OTpe30K OUCCEKTPHUCHI yIyIa TPEYTOIbHUKA, COSTUHSFOIINI BEPIIMHY 3TOTO yIIIa C TOYKOU
nepecevyeHusi OMCCEKTPUCHl M MPOTUBOJIEXKAIEH CTOPOHBI, HA3BIBACTCA OUCCEKMPUCOU
mpeyzonvHuKa.

Teopema 25. buccekTpuchl BHyTPEHHUX YIVIOB TPEYTOJIbHUKA [IEPECEKAIOTCS B LIEHTPE
OKPY’KHOCTH, BIIMCAHHOM B TPEYTOJIbHHK.

Menuatpucel, MeIUaHbl, OMCCEKTPHUCH M BBHICOTHI TPEYTOJIbHUKA HA3BIBAIOTCS 3dMeud-
MenbHUMU JTUHUAMU MPEY2ONbHUKA.

IlenTp OKpYy>KHOCTH, BIUCAHHON B TPEYTOJILHUK, LIEHTP OKPYKHOCTH, OIIUCAHHOH OKOJIO
TPEYTOJIbHUKA, LIEHTP TSHKECTH TPEYTONbHMKA M OPTOLEHTDP TPEYTOJBLHHUKA HA3bIBAIOTCS
3ameuamebHbIMU MOYKAMU MPeyZoIbHUKA.

2
%33&3‘11& C pelieHueEM

1. lniuna ocHoBanust AC paBHOOeapeHHOro TpeyroyibHuka ABC paHa 10 cM, a JUTHHBI
KOHIPYSHTHBIX CTOPOH — 13 cM. Haiinem paccTosiHre MeXay TOUKOIl IepeceueHus MeIuaH 1

TOYKOH MEepeCcecHCHU 6I/ICCGKTpI/IC 9TOro TpPEyrojbHUKA.
B,

Pewenue:

Tax kak Beicota BD tpeyronbauka ABC sBnsieTcs Menua-
HOW U OHMCCeKTpHCOii, To Touka G mepeceyeHus MeAnaH U
touka O nepeceueHuns OuccekTpuc aexat Ha BD (puc. 9.31).
Haxonum BDZ\/BC2 -CD’ = \/132 -5 =12 (cm).

. 1
ComnacHo cBoiicTBy MenuaH umeem GD =§BD =4 cMm.

[Mockonbky [AO] — 6uccexrpuca Tpeyronpauka ABD,

OB 4B 13 0 Puc. 9.31
Tak kak OB=BD—-0D=12—-0D, 10 OD:? CM.
Takum oGpazom, OG=4—?=% (cm).

2. B tpeyronsnuke ABC nposenensl BoicoTsl A4, u BB, (puc. 9.32). Halinem Benmu4uHb!
yrio Tpeyroishuka 4 B,C, ecnmu m(ZLA) =0, m(£LB)=f3, a+ B #90°.
Pewenue: B

[Ipssmoyrombubie TpeyronsHuku BB C n AAC A

1
MMEIOT KOHIPYIHTHbIE OCTpbIe yIibl 1pu BepinHe C,

CIIE/IOBATEINIBHO, OHM TOI0OHEI, OTKyZa BC _ A—C
BC AC
Tax xak tpeyronbHuku ABC u A B,C umeror
KOHIPYSHTHBIE YIibl npu 00meid Bepumune C u 4 I_B C
COOTBETCTBEHHBIE CTOPOHBI ITHX TPEYTOTHHHUKOB :

MIPOMOPIIMOHAIIBHBIL, TO [0 BTOPOMY MTPU3HAKY [TOJ00HS Puc. 9.32

9TH TPEYTOIBHHUKH ITOT00HBI.
Cnenosarensho, m(£LCA,B,) =m(£LCAB) =0, m(£LCB,A)) =m(ZLCBA) = B.

®
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W3 sToii 3amaun CJICAYET, YTO: eCjiu OCHOBAHUA Ony 6blcom mpeyeollbHUKA He cosnadaiom,

Mo OHU ONpeodensaion ¢ mpemvell 8epUlUol Mmpey2onbHUK, N000OHbIE OAHHOMY .

3. Tpeyronpauk ABC paBHOOEIPEHHBIN

(AB = AC, puc. 9.33). Haitnem miauHbI cTO- ~C

POH TPeyroibHUKA, ECIIM BbIcoTa A4, =6 cM,
a Beicota CC, =9,6 cm.

W3 nonoOus mpsIMOYTOIBHBIX TPEYTOIBHUKOB
CC\B u AAB cnenyert:

Pewenue:
ITycts AC=A4B=x, AB=AC=y.

ﬂzgzﬁzﬁ Otkyna =§x
AA ~ AB y 6 yaa y=4x. Puc. 9.33
Tpeyronsauk AA,C mpsmoyronbHbiii u 110 Teopeme [udaropa x* +36 = y°.
_3
Pemast cucteMy ypaBHEHHUH Y noixygaem x =8, y=10.
x'+36=y7,

Takum obpazom, 4B =AC =10 cm, BC =16 cm.

@ 3agaum
A

JIMHBI 1ByX CTOPOH TpEyrojbHUKA paBHBI 6 cM M § €M, a MEIMAHBI ATUX CTOPOH HEPIEHIUKY-

nspHbl. Haliure niavHy TpeTbeil CTOPOHBI TPEYTroJIbHUKA.

CropoHsbI TpeyronbHuKa paBHbl 12 cM, 6 cMm u 8 cMm. Haiinure nepumerp TpeyrojibHHUKa, BEPIIHU-
HaMHU KOTOPOTO SIBJISIOTCS CEPEMHBI CTOPOH JAaHHOTO TPEyroJIbHUKA.

B paBHOOEIPEHHOM TPEYroJbHHUKE JJMHA OCHOBAHHUS paBHA 442 oM, a GokoBble CTOPOHBI
o0Opazytot yron B 120°. Haiiante BBICOTBI TPEYTrOJIbHHUKA.

JIIMHBI IBYX CTOPOH TpeyronbHHKa paBHbl 10 cM U 6 cM, a yrois, oOpa3oBaHHBIA MU, paBEH
120°. HaiiguTe BBICOTHI, MPOBEACHHBIE K JaHHBIM CTOPOHAM TPEYTOJbHUKA.

Touka Ha TUTIOTEHY3€, paBHOYAAJICHHAs OT 000MX KaTETOB, JICIUT TUIIOTCHY3Y Ha OTPE3KH, JITHHOM
30 cm u 40 cm. Hadinure mIMHBI KaTETOB.

JlBe MenuaHbl TPEYTOJNBHAKA TEPICHINKYISIPHBL. HaliinTe IITHHBI CTOPOH TPEYTONbHHUKA, €CIH
JUIMHBI 3TUX MeAuaH paBHbI 4,5 cM 1 6 cm.

MenuaHna, IpoBeIeHHAs: K TUIIOTEHY3€ MPSMOYTOJIbHOIO TPEYrojbHUKA, KOHIPY?HTHA OJJHOMY M3
KaTeToB U paBHa 5 cM. HaliauTe JUIMHBI CTOPOH TPEYroJIbHUKA.

Haiinure [UIHHBI OUCCEKTPHUC OCTPHIX YITIOB MPSIMOYTOIBHOTO TPEYTONbHHKA, €CITH €0 KaTeThl
paBHBI 3 cM U 4 cM.

JlnnHa OHOM M3 CTOPOH TPEyTONbHUKA paBHA 36 cM. Uepe3 TOUKY IepecedeHHs MEIHaH
TpeyrojbHHKa IIPOBEACHA INpsMas, NapajieibHas JaHHOM cTtopoHe. Halinure ninHy oTpeska
9TOI NpsIMOH, OTCEKAeMOI0 CTOPOHAMU TPEYrOJbHUKA.

mMoaynb
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10.

11.

12.

13.

14.

15.

16.

17.

1.

o

MennaHbl KaTETOB MPSIMOYTOJILHOTO TPEYToJbHUKA paBHbI 4/52 cM u +/73 cm. Haiiaure mmHy
TUITOTCHY3BI.

JlInHBI KaTeTOB MPSAMOYTOJIbHOTO TPEyroyibHUKa paBHbl 9 cM u 12 cM. Haiigure paccrosiHue
MEXKy TOUKAMM MEPecedeHus] OUCCEKTPUC U MEIUAH 3TOrO TPEYrolbHUKA.

Menunana 1 BbICOTa, IPOBEACHHBIE U3 OJJHOI BEpIIMHBI TPEYTOJIbHUKA, IENISAT 3TOT yroj Ha TpU
KOHTPY?HTHBIX yria. Haliure BelIn4uHBI YITIOB TPEYTrOJbHUKA.

PaccrostHust OT LIEHTpa OKPYKHOCTH, BIIUCAHHOI B MPSMOYTOJIbHBIA TPEYTOJIBHUK, 10 BEPIIMH
€ro OCTPBIX YIVIOB PABHBI V5 em 1 V10 em. Haiinure [UinHBI CTOPOH TPEYroJbHUKA U PAIHYC
BIHCAaHHOW OKPY>KHOCTH.

JIMMHBI CTOPOH TpeyroJdbHUKA PaBHBI 5 ¢M, 6 cM u 7 cM. LleHTp OKpyKHOCTH, BIIMCAaHHOHN B

9TOT TPEYTOJIBHUK, JETUT OUCCEKTPHCY OOJIBILETO yIila Ha JBa oTpe3ka. Haioure oTHOmIeHNE
JUIMH TIOJIyYEHHBIX OTPE3KOB.

Haiimure aimHbBl OMCCEKTPHUC OCTPBIX YIVIOB IPSIMOYTOJBHOIO TPEYTOJIbHUKA, €CIHM €ro KaTeThl
paBHbl 18 cM 1 24 cMm.

B OKpyXHOCTB paamyca R BIHCaH paBHOOCIPCHHBIN TPEYroJIbHHUK, Y KOTOPOTO CyMMa JJIHHEI
OCHOBaHHS M BBICOTHI pPaBHA JHaMETPy OKpYyXHOCTH. HaiiiuTe BBICOTY TpeyrosbHHKa,
HPOBEICHHYIO K €r0 OCHOBAaHHUIO.

ITycts [AA,] u [BB,] — BeicoTH Tpeyronsunka ABC. Haiinure mmny croponst BC, ecimu
AC=6¢cM, BC=4cm, AC=3cm.

Hpodozzafcume/zbyocmb
Pabomer: 45 MuHyT

@ NMpoBepoyHas paboTal

DoTon300paKeHNE MIIEHUYHOTO OIS, OTCHATOE U3 caMoJieTa, nMeeT (HopMy IPsIMOYTOJIb-
HUKa ¢ pasMepamu 4X3 cm. 3Has, 4T0 KOA(PGUIMEHT TMOA00Us MEXIy M300paKeHHUEM U
peanbHbM TosieM paBeH 1:10000, HaiinuTe AeWCTBUTENBLHBIE pa3Mephl TOJIS.

n 2. JlBoitHast IECTHHUIIA IMEET JJIMHY OJHOTO
mreda [VA] 5 m. s ee kpenneHus
ucrone3yetes muyp [CD], Ha paccros-
Hur 1 M ot 3emun ([AC]) Ha mieue.
Haitgute mnmmHy mHypa, eciu BBICOTa F
([VS]) nectHurp! paBHa 4 M. A B

Bonocrounas tpy6a pamuyca 125 MM UMeEET TpH OTBETBJICHHS OJIUHA- 7
KoBOro nuamerpa. Haiinure nuamerp 3TUX OTBETBICHUH, IPU KOTOPOM

10 M

UX CyMMapHasl IIPOITyCKHasi CHIOCOOHOCTD Ta XK€, YTO U 'y JaHHOH TPYOBI.

XY
Y

B tpeyrompauke ABC m(£LA)=90° a [BD] — Ouccekrpuca yria E F
B(De AC). 3uas, utro CD =5 cm, AD =4 cMm, HalijuTe AJIMUHBL CTO-
POH TPEyTrOJbHUKA.

Merannuueckuit ¢Toia0 uMmeet GopMy M pa3Mepbl, YKa3aHHbBIC Ha >
pucynke. Haiiiure AiuHBI TOPU3OHTATBHBIX 0anok AB, CD, EF. ERY

@
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5

0
. . C S
1. Haiigure mmny 6anku CN TpeyroibHoit , , -
KpbIiid, (JopMa KOTOPOU JaHa Ha PHCYH- M N g
ke. U3BectHo, uyt0 AB=d, Qzl, 4 B
DB 3 M D N

DN = NB.

2. Or KBaJApaTHOI'O JIUCTa CO CTOpOHOﬁ a OTpE3aHbl YIIIbI TaK, YTO OCTaBIIAACA 4aCThb ABJISICTCS
IIpaBUJIbHBIM BOCBMUYTOJIBHUKOM. Hatinure JJIMHY CTOPOHBI BOCBMUYTOJIbHUKA.

3. Ompenenure, CKOJIBKO KPYroB pajuyca » MOXHO M3TOTOBUTH M3 METAJUITMYECKOW IOJIOCHI
mUpUHOW Sr M nHOW 407 HepalMoOHAJIbHBIM U PAllMOHAJILHBIM BBIpE3aHHEM (Ha PUCYHKE
MoKa3aHbl HepaloHalbHOe (a) U paunoHaiabHOe (0) BhIpe3aHue).

4. B macrepckoil o peske )kectu o0pasy- Sr Sr

FOTCSl OCTaTKU B BUJI€ PABHOCTOPOHHETO
TpeyrojbHUKa cO cTopoHor 240 mm. [l
HOBOTO U3/IEJIUsI HY>KHO U3TOTOBUTH JI€Ta-

I B BUJIE KBaJpaTa co CTOPOHOH 80 MM

40r

W B BHJE TPSMOYTOJIbHUKA pa3Mepamu
190%x220 mmM.

Kakue u3 3THX Jerajieil MOXXHO HM3rOTO-
BHUTh U3 OCTaTKOB?

40r

a)

B Metpuueckue cootHoweHus B TpeyronsHuke
W OKPY)KHOCTM

6.1. MeTpnqecmle COOTHOUICHHUSA B MPAMOYIOJbHOM TPEYIroJIbHUKE

Paccmotpum tpeyronbHuk ABC ¢ npsmMbIM C
yrioMm B Bepmuae C, BeicoToit CD u obmenpu- o
HATBIMU 0003HaYeHusAMH (puc. 9.34). b a
U3 tpeyromsaukos ACB, CDB, ADC h,
HaX(::lZ[I/IMl ) « b a
?=sina (1), Z=cosa (2); 4 D B
a, . a, _ c
o - sme G), p e Puc. 9.34
b h
—~=cosa (5 —=tgo (6).
p=cose (), =g ©)

CpasnuBas paseHcta (1) u (3), (2) u (5), (4) u (6), nomy4aem:

a_4 , TO €CTh a2=c-ac 7N
c a

b
%zf, 10 ectb b° =c-b, (8);
a. h

c c

_ e 2 _
=7 > ToecTh h:=a_-b,.
c

=

o
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CkyapiBas ousieHHo paBeHcTBa (7) u (8), momydaeM: a’ +b° = c(a, +b,). Tak kax
2 2 2
a,+b, =c,10a"+b" =c".
TaxuMm 00pa3om, MBI JOKa3aJd CIACAYIOIINE TPH TCOPEMBI:

Teopema 26 (Teopema karera). B npsMoyroibHoM Tpe-
YTOJIbHUKE KBaJpaT JUIMHBI KaTeTa paBeH MPOU3BEIECHUIO
JUIMHBI TUIIOTEHY3bl Ha JUIMHY MPOEKIMH 3TOrO KaTeTa Ha
TUTIOTEHY3Y.

Ha pucyrke 9.35 AC> =BC-CD, AB’=BC-BD.

Teopema 27 (Teopema BbICOTHI). B npsiMoyroisHOM Tpe-
YrOJIbHUKE KBAAPAT BBICOTHI, OMYIIEHHOW U3 BEPIIUHBI

IPSAMOIO yIila Ha TUIIOTEHY3Y, PaBEH IPOU3BEACHUIO JUTHH A C
MIPOEKINI KAaTETOB HA TUIIOTEHY?3Y.

Ha pucynke 9.35 AD> =CD- BD.

Puc. 9.35

Teopema 28 (Teopema Iludgaropa). B mpsiMOyroinbHOM TpeyTroJIbHUKE KBaIPAT TITUHBI
TUIIOTEHY3bl paBEH CyMMe KBaJIpaTOB JJIMH €T0 KaTeTOB.

Ha pucynke 9.35 BC*> = AC’ + AB’.

%Sanaqu ¢ pelieHneM

1. Buytpu yrma O B 60° pacnionoykeHa Touka M, oTcTosmias Ha B 407
paccrosHusAX 2 cM U 11 cM 0T cTOpoH ymia. Beruucium paccrosHue M
oT TOYKH M 10 BepiuHbI yria (puc. 9.36).

Pewenue:
Nmeem MA =11 cm, MB =2 cMm. Ilycts npsmas AM nepe-
cekaet cropony OB yrima AOB B touke C. Tak xak B TpsMO-

yronsHOM Tpeyroiasauke MBC m(£LC)=30° 1o CM =4 cwm. 60° o
o
A

U3 npsimoyroneHOro Tpeyroinbanka OAC nonydaem:

OA=AC-1g30° =12 (cu). Pric. 9.36

V3

ITo Teopeme ITudaropa u3 npsimoyronsHOro Tpeyroabauka OAM nmeem:

OM =~+OA” + AM* =~75+121 =14 (cm).

Omeem: OM =14 cwm.
A
2. Jlan mpsiMOyTONbHEIA TpeyroinbHuk ABC, y F
KoToporo [AD] — BbIcOTa, NPOBE/ICHHAs K THIIOTE-
Hy3€, a TOUKH E ¥ F SBISIOTCS IPOCSKIUSIMUA TOUKH D
Ha kateTbl AB u AC cooTBeTCTBEHHO. JloKa)keM, 4To
BD-CD =CF - AF + BE - AE (puc. 9.37). D

Puc. 9.37
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Pewenue:

Yersipexyronsauk AEDF — npsivoyronbauk. 3uaunt, AD” = ED* + FD*  (9).

[TpumenuB Teopemy o BbicoTe K Tpeyronbankam ABC, ADB, ADC, nonydum:
AD*=BD-CD, ED’=AE-BE, DF’=CF-AF. (10)

[oacrasnsiem (10) B (9) u momyyaem 4. T. 1.

3. Belpa3um paauyc ¥ OKpYKHOCTH, BIIUCAHHOM B IIpsi-

MOYTOJBHBIN TpeyroibHuk ABC, uepes KareTsl @, b v ru- ’ A
notenysy ¢ (puc. 9.38).
Pewenue: b—r
[Myctb O — 1eHTp OKPYKHOCTH, BIIUCAHHOMU B TPEYTOJIb- ¢
vuk ABC, u E, F, G — Touku kacaHus. Tak KaK 4eTbl- b
pexyronpauK EOGC — XBagpar co CTOPOHOH 1, TO F
GB=a—r=FB, AE=b—r=AF — oTpe3ku, coeau- E ror a—r
HSIOIIUE TOYKY (BHE OKPYXKHOCTH) C TOYKAMH KAaCaHHUsI r r
COOTBETCTBYIOIINX HECYIHX MPSIMbIX, KOHTPY?HTHEL. Ho C - r G a-r B
AF +FB=AB=c. 7 >
Orciona c=a—r+b—r= =L127_C . Puc. 9.38

4. B psIMOyTOJIEHOM TPEYTOJILHUKE ¢ KaTeTaMu d U b
MpOBeJIeHa OMCCEKTPUCA OAHOTO U3 OCTPHIX yIIoB. Haiinem
JUTHHY TIePIIeHIUKYJISIpa, ONMyIIeHHOTO M3 BEPUINHBI
MpsIMOTO yIyla Ha 3Ty Ouccektpucy. PaccMoTpum oba
BO3MOKHBIX ciydas (puc. 9.39).

Pewenue:
[Mycts [AM] — Ouccexrpuca yrma A, CK 1L AM.

Io teopeme IMudaropa ¢ =+/a’ +b>.

U3 tpeyronbanka ABC nmeem %z cos2¢. Tak Kax ¢ M a
b
1-Z Puc. 9.39
sin?q =122 __ ¢ i ging=—L 1—é

2 27 2
U3 tpeyronsunka CKA cnenyer, uto CK =bsino = b 1- L
V2 Na’+b’
JlnuHa nepneHauKysspa B cilydae, Korja OMCCEKTpHca MPOBECHA U3 BEPIIMHEBI yIia B,
a |i_ a

ONpeacIAE€TCA aHAJIOTUYHO U paBHA: / a i b2

Omeem: L 1- b WA —— / -
\/5 a +b2 a +b2

mMoaynb ~
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5. Karersl IpsIMOYTOJIBHOIO TPEyrojJbHUKA
paBHbI a 1 b. Haiinem iy GHCCEKTPHCHI IPSIMOTO
yra (puc. 9.40).

Pewenue:

ITycts [ — muna 6uccextpuce CD.
Crpoum DE 1 AC u o6o3naunm DE = x.
U3 paBHOGEPEHHOTO NPSIMOYTOIBHOTO TPEY- Puc. 9.40

roipHuka DEC cnenyer, uto [ = 2.

AE ED b-—x x ab
ED ~ B —= = — .
YuureiBas, 4o AA AACB, nomyuum C-BC = b P R +h
ab~2

T 0 , [ =——F.
aKuM 00pazom +h

@ 3agaum
A

1. Buytpu yria B 60° pacnosnoxeHa Touka M, oTcTosIas Ha pacCTOAHUAX +7 ¢cM U 24/7 cM OT
cropoH yria. Haifmute paccrosuue oT Touku M 10 BEpIIMHEI yIIIa.

2. JlnuHBI KaTETOB MPSMOYTOJIBHOTO TPEYTroJbHUKA paBHBl 9 cM u 12 cm. Haiinure panuycsl
OKPY>KHOCTEH, BIIMCAHHON B TPEYTOJBLHUK M OMHCAHHOM OKOJIO HETO.

3. MeauaHna, npoBe/ieHHas K TUIOTEHY3€ NMPSMOYTOJIbHOIO TPEYrojibHUKA, KOHTPYIHTHA OJHOMY
u3 kareToB. Haiiure BeMTMUUHBI OCTPBIX YIVIOB TPEYTrOJIbHUKA.

4. OcHoBaHHE BBICOTHI, TIPOBE/ICHHON M3 BEPILUHBI MIPSIMOTO yIJIa, ACIUT THIIOTEHY3y HPSMOYTOJIb-
HOTO TPEYTOJIbHUKA Ha OTPe3KH MnHOU 4 cM 1 9 cm. Haiinnre mmmHBI KaTeToB.

5. JIAMHBI KaTeTOB HPSMOYTOJIBHOTO TPEYTroJbHHKA paBHBI 8§ cM u 12 cm. Haitnure mimHy Owmc-
CEKTPUCHI MPSMOT0 yIJia.

6. Touka KacaHMs OKPYXKHOCTH, BHMCAHHOH B IPAMOYTOJIbHBIA TPEYroIbHHK, JIEIUT TMIIOTEHY3Y
Ha OTpe3Ku JAMUHOK 5 cM u 12 cm. HaiinuTte AMHBI KAaTETOB TPEYTOIHEHUKA.

7. Touka kacaHus OKPYXXHOCTH, BIIMCAHHOM B Hp}IMOYI‘OJII:HBIfI TPEYTOJIbHUK, ACTIUT OAUH U3 KATECTOB
Ha OTPE3KU JIJ'IHHOﬁ 3cMmu 9 ceMm. Haﬁ]:[PITe JUIMHBI TUIIOTEHY3bI U APYTOIr'0 KaTeTa.

o

8. JlnmHBI KaTeTOB MPSMOYTOIHHOTO TPEYTONbHHUKA paBHBI 6 cM U § cMm. Haifmute pacctosiHue ot
[EHTPa OKPY>KHOCTH, BIMCAHHOH B ATOT TPEYTOJBHHK, 0 IIEHTPAa OKPYKHOCTH, ONHCAHHOM
OKOJIO HETO.

9. Paauyc OKpy>KHOCTH, OITMCAHHOM OKOJIO NMPSIMOYTOJILHOIO TPEYTroJibHUKA, paBeH 15 cm, a paauyc
OKPY’KHOCTH, BIIUCAaHHOW B HEro, paBeH 6 cM. Haiinure JUIMHBI CTOPOH TPEyroJIbHUKA.

10. Mausr npsmoyronsHblid TpeyronsHuk ABC u [CD] — 6uccektpuca ero npsiMoro yria. M3secTHo,
uro AD =m u BD =n. Haiinure BEICOTY, POBEICHHYIO U3 BepuuHbl C.

@



11.

FeomeTpuyeckue curypbl Ha NIOCKOCTU

TpssmoyroneHbIit Tpeyromsauk ABC pasnenen Boicotoit CD, TpOBEIEHHON K TUIIOTEHY3€, Ha
nBa tpeyronsuuka, ADC u BDC. Paguychl OKPYKHOCTEH, BIMCAHHBIX B 9TH TPEYTOJbHHUKH,
paBHBI 7, U r,. Haiimure pagmyc oKpyKHOCTH, BIIMCAHHOH B TpeyronsHUK ABC.

12. JlokakuTe, 4TO €CIIM BEJIMYMHA OJHOTO M3 OCTPBIX YIVIOB IPSMOYTOJIBHOIO TPEYTrOJbHUKA PaBHA

15°, To BBICOTA, IPOBEIEHHAS K TUMIOTEHY3€, B 4 pa3a MEHbBINE JTUHBI TUIIOTEHY3HI.

(Vkazanue. TlocTpoiiTe MennaHy, MPOBEICHHYIO K THIIOTEHY3E.)

13. Buccekrpuca ocTporo yria npsMOyroJbHOTO TPEyrojbHUKA ACTUT MPOTHBOJICKAIIMNA KaTeT

Ha OTpe3KH ANMHON 4 cM u 5 cM. Haiiaure JUIMHBI CTOPOH TpEyroJIbHUKA.

14. I[I/IaMeTp TOJIYOKPYXHOCTH, KacaIOIHeﬁcﬂ KaTeTOB IMPsAMOYTOJIbHOI'O TPEYyroJbHUKA, pacrojio-

JKEH Ha THIOTEHy3€, a €¢ LEHTP JEIUT MMIOTEeHY3y Ha OTpe3Ku JIMHOU 3 cM u 4 cMm. Haiinure
JUITMHBI CTOPOH TPEYTOJIbBHUKA U PAINYC IOIYOKPY>KHOCTH.

15. Man npsmoyronsHbid Tpeyronsauk ABC, y kotoporo m(£A)=90° u AC =1 wm. 3Has, uto E

u F' — cepenuusl orpeskoB BC u AB cootBeTcTBeHHO, a npsiMble AE u CF nepreH uKyIspHsl,
HalIUTe [UTMHBI CTOPOH TPEYTOJbHHKA.

16. Ocuoanue D BricoTsl CD, NpoBEICHHOIT M3 BEPIIMHBI NMpsiMOro yrina TpeyronsHuka ABC,

ABC ¢ oOuienpuHITBHIME 0003HAYCHUSIMH, Y
kotoporo CD =h — BbICOTa, IPOBEJICHHAS U3
BepmuHbl C (puc. 9.41)

ynasieHo ot katetoB AC u BC Ha paccTosHHS M ¥ 1 COOTBETCTBeHHO. Haiiure IIMHEI KaTeToB
TpEyroJbHUKA.

6.2. MeTpuyeckue COOTHOLICHHSI B IPOM3BOJIbLHOM TPEYIoJbHUKeE

PaccMOTpuUM OCTPOYTOJIBHBIN TPEYTOIbHUK

U3 tpeyronpaukos ADC u BDC nmeem

. h_ .
=SInoe U —=S8In ﬂ COOTBCTCTBCHHO.
a

b
Orcrona h=bsina u h=asin . 3xaunr, Puc. 9.41
. . b a
bsino = asin B, To ecth — =—.
sin sino
b c
AHaJOrMYHO, MOCTPOUB BHICOTHI U3 BEPIMH A M B, mojayuum, 4to ———— = —
sin siny
a b c

sina  siny

c
= . ComocraBuB 3TH PE3YJIBTATHI, IIOJIYYUM: — = =— .
sinae sinf3  siny

B Cl1y4dac TynoyroJbHOI'O TPEYTOJIbHUKA AB C, AHAJIOTUYHO pacCykaasi, MOKHO IMOJTYINUTh

TOT )K€ Pe3yJIbTar.

3aoanue. IlpoBeanTe 3TH PacCyKICHUSL.

D

mMoaynb
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Takum 00pa3omM, 0Ka3aHa

Teopema 29 (Teopema cuHycoB). [[nuHEI cTO-
POH MPOM3BOIBHOTO Tpeyroiabauka ABC mporop-
[IMOHAJILHBI CHHYCaM TIPOTHUBOJIEIKAIINX YITIOB:

a b c
= = . 9.42).
sinog  sinf3  siny (pric )

[Mycts ABC — ipON3BOIBHBIN TPEYTOIBHUK C 00IIIC-
MPUHATHIMA O0003HAYEHUsIMHU, y KoToporo CD =h — r1
BBICOTA, MpoBeaeHHast u3 Bepiunabl C (puc. 9.43).

PaccMOTpuM IPSIMOYTOJIBHYIO CHCTEMY KOOpPAHWHAT a 14
C Ha4aJIoOM B TOUKE B, IPUYEM MOJIOKHUTENBHAS TIOTyOCh b
Ox coBnazaer ¢ nonyockto [BA. Ilycrs Bepumnbl C, B o

B n A umeror koopaunartsel (x, y), (0, 0) u (c, 0) coor-  B(0,0) ¢ Al 0) D x
BeTcTBEHHO. U3 Tpeyronbauka ACD nonydaem: Puc. 9.43
AD =bcos(180°— o) =—-bcosc,
CD =bsin(180°— ) =bsina.
CnenmoBatenbHo, X = BA+ AD =c—bcosa, y=>bsina. 1o popmyre paccTosSHHS MEXK-
1y IBYMSI TOYKAMH HMEEM:
a’=BC?> =(c—bcosa)’ + (bsina)* =c¢> —2bccosa +b* cos’ o+ b*sin” o =
=c* +b*> —2chcoso.
U3 tpeyronsuuka CDB nonyuaem: x =BD =acosf3, y=CD=asinf3 u
b*=AC? =(acosB—c)’ +(asin )’ =a’cos’ B—2accos B +c* +a’sin’ =
=a’ +c’ —2accos fB.
AHANOrMYHO, paccMaTpuBasi CUCTEMY KOOPIMHAT ¢ HayajoM B Touke C, MOIy4uM pa-
BeHCTBO ¢” =a’ +b’ —2abcosYy.
Taxum oOpa3om, JakazaHa

Teopema 30 (Teopema kKocuHycoB). B Ipor3BOIEHOM TPEYTONb-
Huke ABC kBajpar JITMHBI JIFO00H CTOPOHBI paBEH CyMMe KBajipa-
TOB JUIMH JIBYX JPYTUX CTOPOH MHUHYC YIBOCHHOE€ ITPOU3BEIECHHE b
JUIMH 3TUX JBYX CTOPOH Ha KOCHHYC YIVIa MEXJY HUMHU:

a’ =b*>+c* —2bccos(LA);
b*=a’ +c* —2accos(£B); B 4
¢ =a’+b* —2abcos(£LC) (puc. 9.44).

Puc. 9.44
W3 3101t TEOpEMBI CIIELYET, UTO:

2 2 2 o v
a)ecmu a” >b” +c¢”, TO yroiu, NpOTUBOJICKAIINUN CTOPOHE d, TYIOH;

2 2 2 “ o~
0) eciu a” <b” +c¢”, TO yroJj, NIPOTHBOJICKAIHH CTOPOHE d, OCTPBHIiA;

2 2 2 v )
B) ecit a” =b” +¢”, TO yroi, mpOTUBOJIEKAIIHI CTOPOHE d, PSIMOM.

&
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3ameuaem, uto mipu o >90° (puc. 9.43) npoekuneii croporsl AC Ha HECYIIYIO PAMYIO
croponbl AB sBnsercs AD =—bcosa, ntorna a’ =b> +c¢” +2c- AD (11).

Ipu B <90° mpoekuumeii croporsl BC Ha HeCYIIyI0 TIPAMYIO CTOPOHBI AB sBsieTCS
BD=acosf3, urtorna b> =a’ +c* —2c-BD (12).
B ¢opmynax (11), (12) BeipaxeHa

Teopema 31 (o0o0mennast teopema Ilndaropa). Ksagpar niauHbl CTOPOHBI IIPOU3-
BOJIGHOTO TPEYTOJNBHHUKA PaBeH CyMMe KBaJpaToB JUIMH ABYX OPYTHMX CTOPOH IUIIOC/
MUHYC yABOEHHOE IIPOU3BEICHUE AJIMHbBI OJHOHN U3 3TUX JBYX CTOPOH Ha JUIMHY IIPOEK-

WX JPYrOo¥ CTOPOHBI HA HECYIYIO IIPSIMYIO IIEPBOM CTOPOHBI.

Z
%3&13%1 ¢ peleHHeM

1. Toxaxkem, 4TO B yCIOBHH TEOPEMbI CHHYCOB B

a b c

=2R, e R — pagnyc OKpy>KHOCTH,
sino smﬁ siny . DAY OKPY
onucaHHOl okono Tpeyronbuuka ABC (puc. 9.45). 0
o
A
\_}7 ¢
D

Pewenue:

JlocTaTodHo 10Ka3aTk, 4TO OJTHO U3 ATUX TPEX OTHOLICHUH
paBHO 2R.
[Tycts, HarpuMep, yroi A — ocTpsiid. [IpoBenem nuamerp Puc. 9.45
BD okpyxHOCTH, oncaHHOH 0koJI0 Tpeyronbauka ABC.
B atom ciygae yrst BDC u BAC UMEIOT OMHAKOBYIO BEIMUUHY O. M3 MpsIMOyroNbHOTO

=2R, 4. T 1.

BC a
Tpeyronsauka BCD cnenyer, 4to = BD, 10 ecThb
sin sino

2. B okpyxHOCTH paamyca R :\/g —\/5 BIIMCAH Tpe-
YroJapHUK ¢ yriaamu B 15° u 60° (puc. 9.46). Beruncnum

B
Ac‘ f60° 1° X C
MIEPUMETP TPEYTOJIbHUKA. b 0
Pewenue:
[IpuMmeHnss oOmenpuHATbIE 0003HAYEHUSI U TEOpeMy U

CHUHYCOB, I10JIy4aeM:

a=2Rsin60°, Puc. 9.46
b=2Rsin(180°—75°) = 2Rsin75°,
c¢=2Rsin15°.

Torma, 4, =2R(sin60°+sin 75°+sin15°) = 2R(sin 60° + 2sin45°cos30°) =
—2R([ [ [] R(3+46) =6 -3)6 ++/3)=3.

Omsem: P, =3.
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FeomeTqueCKMe cburypbl Ha NNOCKOCTU

3. JlokaxkeM, 4TO CyMMa KBaJIpaToB JITHH JIha- B

o />
roHajel JITo00ro mapasuiesorpaMma paBHa CyMme =
KBaJIpaTOB JUTMH €r0 CTOPOH. \0000/

Pewenue: o

[Tycts ABCD — mapasnnienorpaMM, y KOTOPOTO A D
m(ZLA)=a (puc. 9.47). Puc. 9.47
Torma m(£B)=180°—-c.
[Mpumenum TeopeMy KOoCHHYCOB K Tpeyroabaukam ABD n ABC:
BD? = AB’ + AD> -2AB-ADcos®, AC®>=AB’+BC*-2AB-BCcos(180°—q).
CkiiapIBasi OWICHHO 9TH paBeHCTBA (yuuThiBas, uto cos(180° — ) = —cosa), monyuum
BD* + AC> = AB* + AD* + AB’ + BC?, 1o ectb BD* + AC*> =2(AB> + AD?), u.T. 1.

K:>> 3apgaum
(5

1. CropoHbI mapajuienorpaMma paBHbl /3 ¢cM H +/7 CM, a OJJHa W3 €ro JAuaroHajei paBHa 2 cM.
Haiigure npyryio nuaroHais.

2. B okpyxHocTh paauyca 10 cm BmmcaH TpeyrojibHUK, OJUH yrojl KoToporo paseH 60°, a apy-
V15
4

roit — 15°. Haiiaure momanp TpeyroabHUKA.

3. JIBe cTOpOHBI TPEYroabHUKA PaBHBI 2 M U 3 M, @ CHHYC yIVIa MEXIy HUMU PaBEH . Haiinute

JUTMHY TPETbel CTOPOHBI.

4. PaccTOosiHUSL OT LIGHTPa OKPY>KHOCTH, BIIUCAHHOHM B IIPSAMOYTOJBHBIN TPEYrojbHUK, 10 BEPIINH
€ro OCTpPBIX YIJIOB PaBHBI V5 em 1 10 em. Haiinure nnuHy runoteHy3sl TpeyrojbHUKA.

5. JlmuHBI CTOPOH TpEeYroJbHHUKA paBHBI 4 M, 5 M 1 6 M. Haiinure NIMHBI TPOEKIH MEHBIITUX
CTOPOH Ha OOJIBIIYIO CTOPOHY.

6. OpaHa U3 CTOPOH TPEYroJbHUKA PaBHA 3 €M, OJMH U3 YIJIOB, IPHUIIEKAIIUX K STOH CTOPOHE, paBeH
120°, a cTopoHa, MPOTUBOJIEXKAIASI 3TOMY YTy, paBHa 7 cM. Haliaute minHy TpeTbel CTOPOHHBI.

7. Hau tpeyronbuuk ABC, y xotoporo BC =a, AC =b, AB =c. Haiinute anuHy MeanaHsl, Ipo-

BEJICHHOH K CTOpOHe, mpoTuBonexamniei epunne C.

8. Bricora n MeauaHa, MpPOBEACHHBIC M3 OJIHOW BEPUIMHBI TPEYTOJbHUKA, JACISAT Yrodl MpHU STOH
BEpUIMHE HAa TPH KOHIPYIHTHBIX yria. Haiiure JUIMHBI CTOPOH TPEYroJIbHUKA, €CIU JJIMHA
MEJUaHbEl 5 CM.

9. JIAMHBI CTOPOH TPEYrOJIbHUKA 00pa3yloT apu(PMETUUYECKYI0 IPOrPeccHio. Beluuciure IINHbBL
9TUX CTOPOH, €CJIU OOJIbIIIAs U3 HUX UMEET AJMHY 7 CM U OJMH U3 YIIOB TPEeyrojbHHUKa paBeH 120°.

10. OxpyXHOCTb HPOXOJUT Yepe3 BEPLIMHY KBaJpara CO CTOPOHOH d, CepeiuHy OJHOW M3 CTOPOH,
HE MPOXOAIINX Yepe3 Ty BEpILUHY, U uepe3 LEeHTp KBaapara. Haiaure paanyc OKpyKHOCTH.

11. Jlau Tpeyronsruk ABC, y koToporo miomans pasHa 14 cm’, AC=7 cm, BC=5cM u
yron C tynoii. Haiinqure pamuyc OKpy>KHOCTH, OIIMCAHHON OKOJIO 3TOTO TPEYTONbHHKA.

@



FeomeTqueCKMe cburypbl Ha NNOCKOCTU ’

Okpyscnocmuio ¢ ueatpom O paauy-
ca R, R>0, Ha3pIBaeTCI MHOXECTBO
TOYEK IJIOCKOCTH, PACIIONIOKEHHBIX Ha
paccrosgauu R ot Touku O.

O6o3nauvaetrcst €(0O, R) (puc. 9.48 a)).

6.3. OKpyKHOCTB M KpYr

e

mMoaynb

Kpyz ¢ uentpom O paamyca R, R>0,
00pa3oBaH MHOXKECTBOM TaKHX TOYEK
[UTOCKOCTH, YTO PACCTOSIHUE OT KaXKIOM 13
Hux 10 Touku O He Oonbie R.
O6o3navaercs Y(0, R) (puc. 9.48 0)).

Puc. 9.48

MHOXKECTBO TOYEK IUIOCKOCTH, OTCTOSIIMX OT IeHTpa (O OKPY)KHOCTH Ha PACCTOSHUSX
MEHBIINX/0ONBIINX paanyca R OKpYKHOCTH, HA3bIBACTCS 6HYMPEHHell/6HeuwH el 001acmblo
okpyscnocmu €(0, R).

BszauMHOe pacrosiokeHue NpsamMol a u okpyxHoctu €(0, R) n300pakeHO Ha PHUCYH-
ke 9.49. [Ipsmast a sBisieTcs:

d>R d=R d<R
0 0 o
R d
d R d{|R a

a 7 A M\/N B
a A M B
A B
a) GHeuiHell K 0) KacamenbHOU K OKpysc-  B) CeKyuwieil K OKpYICHOCHU

OKPYIHCHOCHU ocmu B Touke M B Toukax M u N

Puc. 9.49

Tot dakr, uTo mpsimas @ kacaercst okpykuHoct (O, R) B Touke M, 03HAYaET, 4TO
(puc. 9.49 0)):

1) Touka M — enuHCTBEHHAsI OOIIAs TOYKA OKPYKHOCTH M MIPSMOH;

2) npsiMas a nepreHIuKyIsipHa paguycy OM B touke M,

3) paccrosiaue ot neHrpa O 1o npsmoii a pasao R (d = R).



‘ FeomeTpW{ecxue cburypbl Ha NNOCKOCTU

MoAayib

B3auMHOe pacroniokeHne IBYX OKPYKHOCTEeH N300pakeHo Ha pucyHke 9.50.
Oxkpyxuoctu €(0,, r) u €(0,, R):

O

ﬁ

a) AGNAIOMCA 6HEUHUMU 0) racaromcs enewne B) nepecexaiomcs
OMHOCUmMENbHO Opy2 Opy2a B TOouke M B Toukax M u N
M . .
T) Kacawomcsa 6HympeHHe Il) KOHYeHmpuuecKue e) I — enympennsas omnocu-
B TOuke M menvHo 6mopoii,
II — ¢newmnan omuocu-
Puc. 9.50

menvsHOo nepeoil

Teopema 32. OTpe3ku KacaTelbHbIX, IPOBEACHHBIX T,
W3 BHEIIHEH TOYKH K OKPYKHOCTH, KOHTPYIHTHBI
([AT,]1=[AT,]). buccexrpuca yrna, 06pa3oBaHHO-
W

r0 3TUMH KacaTeJIbHBIMH, MPOXOAUT Yepe3 LEHTP
OKpykHOCTH (pHc. 9.51).

3aoanue. Jloxaxure Teopemy 32. Puc. 9.51

Teopema 33 (crenenn Toukn). Ecnm mpsmas, npoxonsiias yepe3 Touky M, mepe-
CEeKaeT OKPY>KHOCTH B Toukax A u B, To npousBeneaue AM - MB He 3aBHUCHT OT BEIOOpa
npaMoit (puc. 9.52).

Hoxazamenvcmeo: a) D B 0)

1) Paccmorpum citydaid, korna
Touka M HE MPUHAIUICKUT OKPYK-
HOCTH, TO €CTh OHA JIKHT JIUOO BHYT-
pu OKpy>KkHOCTH (pHc. 9.52 a)), 1160
BHE OKpykHOCTH (puc. 9.52 6)).

[TpoBenem vepe3 Touky M nBe Puc. 9.52
TIpSIMBIE: TIepBast IepeceKaeT OKPyK-

HOCTB B Toukax A u B, a Bropasi — B Toukax C u D. Ctpoum otpesku BC u AD u nonydaem, 9to

AADM ~ ACBM . TlocKoJIbKY CTOPOHBI 3TUX TPEYTOJbHUKOB MPONOPLUUOHAIBHBI, TO
AD _AM _ DM

@
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A=M

2) Ecnu Touka M nexwut Ha okpyx)HOCTH (puc. 9.53), TO 312
TOYKA SBJISIETCS KOHILIOM XOPIIbl, TO €CTh TOUKa M AEIHUT XOpIay
Ha JIBa OTPe3Ka, U3 KOTOPbIX OJUH HYJeBOH. B arom ciyuae
AM -MB=MM -AB=0-AB= 0. J

[Mpoussenenue AM - MB Ha3bIBacTCs CMeEneHbi0 TOYKH
OTHOCHTEIIFHO TAaHHON OKPY>KHOCTH.

2
%32213‘-1“ C pelICHUuEM

1. ITyctb Touka / — HEHTP OKPY>KHOCTH, BIIMCAHHOU B
AABC, L — touka nepecedeHust OUCCEKTPHCH yriaa A ¢
OKPY)KHOCTBIO, OIHUCAHHOM 0K0JI0 Tpeyrombauka ABC.
Hokaxewm, uro BL =IL=LC (puc. 9.54).

Pewenue:

Tak xak AL — 6uccekrpuca, 7o — BL=_ LC (13)u

BL=LC (13"). Jloxaxem, uro ZLBI = ZBIL.
Heiicteurensro, ZLBI = ZLBD wu, tak xak

ZLBD — BIUCaHHBIIH B OKPYKHOCTb, TO Puc. 9.54
rn(LLBD)zm(v;CD)=m(VLC)-|2-m(VCD) a4
Bepuuna / yrna BIL pacrionokeHa BO BHYTPEHHEH 00JacTH OKPY>KHOCTH, OMHCAHHON
m(— BL)+m(<~ AD)
oxoio Tpeyroipuuka ABC, 3naunt, m(LBIL) = 5 (15).

Tak xak BD — ouccekrpuca ynia ABC, o — AD=_DC (16).

U3 pasencts (13)—(16) cnenyert, uto m(LLBI) = m(LBIL). 3Hauut, TpeyronbHuk BIL —
paBHOOenpeHubiidi u BL = LI.

W3 nocnennero pasenctsa u u3 (13°) cnexyer uro BL=IL=LC, 4. T. 1.

2. Tloctpoum Tpeyroabuuk ABC, ecii AaHbl BBICO- y
ta h,, Ouccektpuca [, u MenuaHa m,, IPOBEICHHBIC U3
onHOU BepiuHbI (puc. 9.55).

Ananus. Ilpennonoxum, 9ro tpeyroiasHuk ABC mo-

ctpoeH u [AD], [AL] u [AM] — cOOTBETCTBEHHO BBICOTA, o
OucceKTprca U MeIMaHa, MOCTPOCHHBIC U3 BEPITUHBI A. B DI a7 C
[Mo ycnoBuro, mpsMOyToibHbIC TpeyronbHUKd ADL u
ADM MoryT OBITH TIOCTPOCHBI 110 KaTeTy U TMIIOTEHY3E.
CepenuHHBIN nepreHauKyIsip croponsl BC mepecekaet
E

HECYIIYIO MPSIMYI0 OHCCEKTpHChl AL B HEKOTOPO# TOU-
ke £ OKpy’>KHOCTH, ONMCaHHO#1 okoIto Tpeyronsanka ABC. Puc. 9.55

LleHTpOM 3TOH OKPY)XKHOCTH siBisieTcs Touka (J, B KOTOPOH TepeceKalTcsi CepeIHHHbIC
nepreHauKyIsipsl otpe3koB AE u BC. Bepiumaamu B 1 C HICKOMOTO TPEYTOJbHUKA SIBISFOTCS
TOYKH TepeceyeHns OKpyxHoctu € (0, OA) ¢ Hecyueit npsmoit otpeska DM.

mMoaynb ~
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Ilocmpoenue. CtpouM npsiMoyroibHble TpeyronsHuku ADL u ADM tak, uto AD =h,,
AL=1,, AM =m,. Yepe3 Touky M npoBoauM ImpsMyr0, IEPIEHINKYIAPHYIO0 Ipamoit DM,
W HaxXoluM TOYKy £ mepecedeHus stoil mpsiMoii ¢ mpsimoit AL. Touka O, B KOTOpO# Tepe-
cekatorcs ipsiMast ME v cepeJUHHBIN NepIIeHANKYISp oTpe3ka AE, ecTh IEHTP OKPYKHOCTH,
orMcaHHOM okoiio TpeyroibHuka ABC. 3HaunT, Toukamu rnepecedeHust B 1 C OKpyKHOCTH
€(0, OA) u Hecymel npsaMoit otpe3ka DM ABJISAIOTCS JIBE JAPYTHe BEPIIMHBI HCKOMOTO
TPEYTOJIbHUKA.

Jlokazamenvbcmeo. OUEBUITHO, YTO TOCTPOCHHBIN TPEYTOIBHUK — HCKOMBIH, TaK KaK y HETro
AD=h, AL=1, AM =m,.

Hccneoosanue. VI3 IpoBeIeHHOTO aHAM3a CIACAYET, YTO TOUKU A U E pacrooKeHs 1Mo
pasusie cropons! ot npsmoit BC. Tak kak AD || ME, to uecymas npsimast Guccexrpucsl AE
nepecekaeT oTpe3ok DM. 3Haunt, OMCCEKTpHCca yria TPEYTOJbHUKA PACIOJIOXKEHA BO
BHYTpPEHHEl 00:1acTH yIia, 00pa30BaHHOTO BHICOTON U MEANAHOM, IPOBEIEHHBIMU U3 3TOH ke
BEPIIINHBI.

@ 3apauu
(A

1. IBe okpyxHOCTH paamycoB 15 cm u 25 cMm kacarotcst BHemrHe. Haiinnre paccTosiHue Mexmay ux

LHEHTpaMHU.

2. JIe okpyxHOCTH paanycoB 18 cm u 30 cM KkacaroTcst BHyTpeHHUM oOpa3om. Haiinure paccrosiHue
MEXIy UX HEHTPaMH.

3. Touku A, B, C npuHaanexar okpy:KHOCTH paauyca 18 cm. Haiinute mmuny xopast AC, eciiu Bemu-
yuHa yrina ABC pasna 30°.

4. Touxu A, B, C u D nexar Ha okpyxHoctH. Haitrure Bemmunny yrma ACD, ecin U3BECTHO, 9TO
m(Z£ABD) =50°.

5. Xopast AC u BD oxpyxHOocTH riepecekarorcst B Touke E. M3BectHo, uto AC =20 cm, BE=6cMm
u AE: EC =2:3. Haiigure umny otpeska ED.

6. JlaHa OKpY:KHOCTH, y KoTOopoii xopasl AD u BC mepecekatorcs. 3uast, uto m(LABC) =40°,
m(ZLACD) =100°, naiigure Bequunny yrna CAD.

.5/

7. IIOKB.)KI/IT@, YTO ME€AHaHa, NPOBEACHHAsA K THIIOTCHY3C MPAMOYTOJIbHOTO TPECYrOJbHUKA, ACIUT

€ro Ha JiBa paBHOOEIPEHHBIX TPEYrOJIbHUKA.

8. e okpyxxHOCTH TiepecekaroTcst B Toukax A u B. Uepes Touky A mpoBecHa mpsMasi, KoTopast
nepecekaeT 3TH OKpykHOCTH B Toukax C u D. [lokaxuTte, 4ro BenmunHa yriia CBD He 3aBUCHT OT
MPSIMO#i, TIPOBEJICHHOM uepe3 TOuKy A.

9. JlokaxuTe, 4TO MpsMasi, MPOXOMAILAsl Yepe3 TOUKY KacaHMs IBYX BHEIIHE KacalOIIMXCSI OKPYX-
HOCTEH, JeUT 3TH OKPY>KHOCTH TaK, YTO IYTH, PACIOJIOKCHHBIE B PAa3HbIX MOIYIIOCKOCTSIX,
OrPaHMYEHHBIX ITOH MPSIMON, UMEIOT OJMHAKOBBLIC BEIUYMHBI.

@
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10. Yepes Touky KacaHUsi A IBYX BHEIIHE KACAIOIIUXCS OKPYKHOCTEH MPOBENICHBI JBE MPSMbIC,
KOTOpBIE TIEPECEKAIOT OJHY M3 OKpykHOCTe# B Toukax C u B, a apyryio — B Toukax D u E.
Joxkaxure, 4to Tpeyronbhuku ¢ Bepumunamu A, B, C u A, D, E nono6ust u uro DE || BC.

11. U3 Touku A, BHENIHEH K HEKOTOPOH OKPYXKHOCTH, MPOBEJCHBI JIBE KACATEJILHBIC K OKPYKHOCTH
B Toukax B u C. K ayre BC, nexaiei Bo BHyTpeHHe# ob6nactu tpeyromabuuka ABC, npoBeaeHa
KacarespHasi, kotopas nepecekaer orpe3ku AB u AC B toukax B, u C, COOTBETCTBEHHO.
Joxaxwure, uto mepumetp Tpeyronsanka AB,C, paBeH 245, 1 OH He 3aBHCHT OT PACTIONOKEHUS
ToukH Kacanus Ha xyre BC.

12. Ilycts ABC — tpeyronbuuk, [AA] u [BB,] — ero BbicoThl U Touka O — IIEHTP OKPY)KHOCTH,
OMMHUCAHHON OKOJIO 3TOTO TPEyrojbHUKA. JIOKaKHUTE, YTO:
a) OKOJIO YETHIPEXyTonbHUKa AB/AB MOXHO ONMHCaTh OKPYKHOCTH;
6) mpamas OC mepneHANKYIIpHa mpsaMoi A B,.

13. JIBe OKpY>KHOCTH KacaroTcsi BHEUIHHM 00pa3oM B Touke 4. OOmias BHENIHSS KacaTelIbHas
KacaeTcsl ITUX OKpyxHocTeil B Toukax B u C. Jlokaxure, 4ro TpeyronbHuk ABC mpsmoy-
TOJIbHBIN.

14. Ilycrts [AA,] — BBIcOTa OcTpoyronsHOTrO TpeyroiabHuka ABC u Touka O — HEHTP OKPYKHOCTH,
OIIUCAHHOI OKOJIO 3TOro TpeyronbHuka. Jlokaxure, uto LBAA = ZLOAC.

15. JIBe okpyxHOCTH TiepecekaroTcst B Toukax A u B. U3 Toukn C, pacmoioKeHHON Ha TpsiMoit AB,
BHEIIHEH K OTPe3Ky AB, MpOBECHBI K 3TUM OKPY)KHOCTSIM JIBE KacaTelibHbic B Toukax D u E.
Joxaxwure, uro otpe3kr CE u CD KOHIpYIHTHBL

16. OxpyxHOCTH paauycoB R M 7 KacaroTcs Jpyr Apyra BHEHIHHM oOpazom. Haiinute Beanunny
yria, 00pa3oBaHHOTO MX OOIIMMHU BHEIIHHMH KacaTelIbHBIMHU.

17. [nuubl ocHOBaHWii Tpaneuuu paBHel @ u b (b >a), a cyMMa BeJIMYMH YIVIOB TIPU OJHOM U3
ocHOBaHMil paBHa 90°. HaliquTe JIMHY OTpe3Ka, COCIUHSIONIETO CEePeUHbI OCHOBAHMI
Tpaneuuu.

18. JIBe OKpYXHOCTH pajuycoB R W r KacarTcs BHemiHe. HaiiauTe AIUHY OTpe3Ka, 3aJaHHOTO
TOYKAMH KacaHUs UX OOIel BHENIHEH KacaTeJIbHOM.

19. Hanbl Touku A u B u yron @. IloctpoiiTe MHOKECTBO ToueK M TUIOCKOCTH, MPH KOTOPBIX
m(£LAMB) = ¢@. (I'oBopsT Takxke, 4To ompesok AB euden uz mouxu M noo yerom@.)

20. Iloctpoiite TpeyronsHuk ABC mo ero 3aJaHHBIM d1IeMEHTaM a, h,, ZA.

21. Tlocrpoiite Tpeyronsauk ABC 10 3aJaHHBIM JIEMeHTaM d, h,, R, e R — paanyc okpy»XHOCTH,
OITMICAaHHOW OKOJIO 3TOTO TPEYTONBHHKA.

22. Tloctpotite TpeyroabHuk ABC, eciii U3BECTHO, YTO HEKOJUTMHEeapHbie Touku P, L u M sistoTcs
TOYKAMH TIEPECCUCHHsS] HECYIUX IPSIMBIX COOTBETCTBCHHO BBICOTHI, OMCCEKTPHCHI M MEIHAHBI
TPEyroJbHUKA, MPOBEICHHBIX M3 OJHOW M TOH K€ BEPIIMHBI, C OKPYKHOCTHIO, OMMUCAHHON
okono tpeyromsauKa ABC.

23. Tlocrpotite Tpeyronmbuank ABC 1m0 3aaHHBIM dJEMEHTaM d, ZA W r, TOEe 7' — Paanyc OKPYK-
HOCTH, BITHCAHHOW B 3TOT TPEYTOJbHHK.

24. Tlocrpoiite Tpeyroiasuuk ABC 10 3alaHHBIM dJIeMeHTaM d, b, R, rie R — paanyc OKpyXKHOCTH,
OITHCAHHOM OKOJIO TOTO TPEYTONbHHKA.
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MHoroyronbHuku. lMpaBunbHbIE MHOTOYroNbHUKA

Omnpenenenne. Jlomanoit A A, A,...A, HazpiBaeTcs 4, A, A

obwsenuHeHue otpeskos [AA, ], [A,A] ....[A_A]

rae Touku A, A, A, He ABISIOTCA KOJUIMHEAp- A, A "
HbIME 115 Beex (€ {1, 2, 3, ..., n—2} (puc. 9.56). "
. th.2.3,...n =2} (0 ) Puc. 9.56
Toukn A, A,, A,, ..., A, Ha3bIBAIOTCA 6epuiuHamu JTOMaHOH, a oTpe3kn [AA,],

[AA ] ... [A,_ A, ] —36enbamu ToMaHOH. 3BEHBS IOMaHOH HA3BIBAIOTCS CMENCHBIMU, €CITH
OHH UMEIOT OOLIYI0 BEPIINHY, U HECMENHCHbIMU — B IIPOTHBHOM CIIydae.
JlomaHas Ha3bIBaeTCS HPOCHION, CIIU JIFOOBIE €€ ABE HECMEXKHBIC

3BEHbsI He nepecekarorcs (puc. 9.57). 4,

Ecmm Bepumnst A, A, | 1 A,, a Taoke BepmmHEl A, A, U A, A
nomaHod AA,A,...A, HEKOJIHHEapHBI, TO 00beAMHEHHUE 3TOH A A
JIOMaHOM ¢ 0Tpe3koM [A A ] Ha3bIBAECTCS 3AMKHYMOU NOMAHOU, U A,
obo3Havaercs Taioke uepes A A, A,...A, . Hanpumep, Ha pucyHke 9.58 A
u300pakeHa 3aMKHyTas omanas A A,...A A, . Puc. 9.57

[Tpocras 3aMkHyTas JOoMaHasi pa3OuBaeT
MHO)KECTBO TOYEK TNIOCKOCTH Ha TPU HEmepe- Buemmas obnacte E
CEKAaIOIIHNEeCs MHOYKECTBA: JIOMAHas1, GHYMPeH- A ’

HAA 001acHb TOMAHOU U 6HEWIHAA 001ACHb
nomanoi. JIro6oit orpesok ([E\E,]), coenu- A

HSTIOIINI TOUKY, TPUHAISKAIILYI0 BHYTPEHHEH BryTpenHsa
o0yacTH TIOMaHOH, ¢ TOYKOM, IPUHATeKAIICH
BHEIIHEH 00JIaCTH 3TOM IOMaHOH, TIepeceKaeT A

nomanyto (puc. 9.58).

0071aCTh

Puc. 9.58

- [Ipocrast 3aMKHyTas ToMaHasl Ha3bIBAETCs
MHO020Y20/1bHUKOM. BEPIIMHBI IOMAaHOM Ha-
' 3bIBAIOTCS @EPUIUHAMU MHOTOYTOJIbHUKA, a

€€ 3BCHbA — CmopoHamu MHOI'OYTrOJIbHUKA.

MHOTrOyrobHUK Ha3bIBAETCSI 8bINYKIIBIM, €CITH OH JIS)KUT B OJJHON 3aMKHYTOH MOTYILIOC-
KOCTH, 33aHHOM Hecymied mpsMoii, Mool u3 ero cropoH (puc. 9.59 a), 6)). B mpotusHOM
cllyd4ae MHOTOYTOJIBHUK Ha3bIBaeTCs Hesvinykavim (puc. 9.59 B), 1)).

T\ (7 A 97

Puc. 9.59



FeomeTpWiecxue (*)Mrypbl Ha NNOCKOCTU

OO0benuHEeHEe MHOTOYTOJBHNAKA M €r0 BHYTPEHHEH 001acTH Ha3bIBACTCS HIOCKUM
MHO20Y201bHUKOM.

Buympennum y2nom BBITYKIOTO MHOTOYTOJIbHUKA IPU JAHHOH BEpIIMHE HA3bIBACTCS
yToJ, 00pa30BaHHBIM HECYIIMMHU MOJIYMPSIMBIMH €r0 ABYX CMEXKHBIX CTOPOH. Buewinum
Y2/10M BBIITYKJIOTO MHOTOYTOJIBHHKA ITPU JaHHOH BEPILINHE HA3bIBACTCS
YTOJ, CMEXHBIH BHYTPEHHEMY YIVTy MHOTOYTOJIbHUKA IPU 3TOU Bep-
muHe. OTpe3Ky, COSAUHSAIONINE HE COCEIHNE BEPLINHBI MHOIOYIOJIb-
HHKA, HA3bIBAIOTCA OUA2OHANAMU MHOTOYTOJIbHUKA.

Uucio cTOpOH MHOTOYTrOJIbHUKA PABHO YUCIY YIIIOB, IOTOMY
MHOT'OYTOJIBHUKHM Ha3bIBAIOT 110 YUCITY YIJIOB.

MHOrOyroJIbHUKaMU SIBISIFOTCSL: MPEy2oibHUK, YemblPexy201bHUK,
nAMUY207IbHUK W ID.

Omnpejesienue. BpITyKiIbli MHOTOYTOJBHUK Ha3bIBACTCS
NMPaBUJIbHBIM MHOTOYTOJILHUKOM, €CIIH y HEro BCE CTO-
POHBI U BCE YIIbI KOHIPYHTHBI.

n—1

IMpocTelnMu paBUIIbHBIMH MHOTOYTOJIbHUKAMH SIBIISIFOTCS
PaBHOCTOPOHHUI TPEYTOJILHUK U KBapar. A A
W3 xask101 BEPIIMHBI BBITYKJIOTO /1-YTOJIBHUKA MOYHO ITPO-
BECTH n—3 IHWaroHajH, KOTOpBIC pa30MBAIOT 71-yTOJBHUK Ha
n—2 tpeyroiapHukoB (puc. 9.60). Tak Kak cymMMa BETHYUH A A,
BHYTPEHHHUX YIJIOB KaKIOT0 TpeyroiabHuka paBHa 180°, To Puc. 9.60
CcyMMa S, BEJIMYHMH BHYTPEHHUX YIJIOB BBITYKJIOTO 71-yTOJIBHUKA
pasua 180°(n—2), to ectp S, =180°(n—2).
CrenoBarenbHO, BemaiHa 3, BHYTPEHHETO YIvia [IPaBHIIBHOTO /1-YTOJBHHUKA BBIYUCIISCTCS
_180°(n—2)
B n

o dopmyne | 3,

Omnpenesnennsi. © BBIMTyKIBIH MHOTOYTOJIBHUK HAa3bIBACTCSl BIMCAHHBIM B OKPY:K-
HOCTb, €CITH BCE €ro BEPLIMHBI JIeKaT Ha 3TON OKPYKHOCTU. [Ipu 3TOM OKpYKHOCTb
HAa3bIBACTCS] ONMMCAHHON O0KO0JI0O MHOTOYIOJIbHUKA.

* BpInyKJiblit MHOIOYTOJIbHUK Ha3bIBA€TCs ONMCAHHBIM 0K0JI0O OKPYKHOCTH, €CJIU BCE
€ro CTOPOHBI KacaroTcs 3TOW OKPYXHOCTH. IIpu 3TOM OKPYKHOCTb Ha3bIBaeTCs
BIUCAHHON B MHOIOYIOJbHUK.

Teopema 34. Ecmu A/A,A,...A, — IpaBHIBHBIA 71-yTOIBbHHUK, TO OH OXHOBPEMEHHO

SIBIISIETCS BIIMCAHHBIM B OKPY>KHOCTB (puc. 9.61 a)) 1 onucaHHBIM OKOJIO OKPYKHOCTH
(puc. 9.61 0)).

Joxazamenscmeo:

1) ITyctb O —1IeHTP OKPY>KHOC-
TH, OIMCAHHOW OKOJIO TPEYyrojb-
Huka AA,A;,. JlokaxeMm, 4TO
BepmuHa A, IEXHUT Ha DTOH
oKpy>xHocTH. B camom nene, u3
KOHTPY?HTHOCTH PaBHOOEIPEHHBIX

0)

An
A, \ VA
AN y
B xYt—>—" A,
A

2 Puc. 9.61 2
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tpeyroneHnkoB OA A, u OA,A, (110 TpeM CTOPOHAM) CIIELyeT, 4TO
ML) =m(£2) = m(£3) =m(£4) = m(£5) =P

CnenosarensHo, AOA,A, = AOA,A, (10 ABYM CTOpPOHaM H yIIIy MEXIy HHMH), TO €CTh
OA, = OA, = OA, = OA,. OT10 03HaYaeT, 4To BepuInHa A, JIEKUT Ha TOH 7K€ OKPYKHOCTH,
4TO M TOUKU A, A,, A,. AHAIOTHYHO MOKHO JI0Ka3aTh, 4TO OKpYkHOCTE €' (0, OA)) mnpo-
XOAUT 4epe3 OCTalbHbIE BEPUINHBI 71-yToNbHUKA A A, A,... A, .

2) B nyHkre 1) MBI IOKa3anu, 4TO CTOPOHBI NPABWIIBHOTO M-YrojbHUKA A A, A;...A,
SBJIAOTCS KOHTPYIHTHBIMU XOpIaMu OKpyx)HOCTH € (0, OA,). 3HA4UT, OHU PaBHOYIAJICHbI
OT LIEHTPA OKPY>KHOCTH, TO €CTh CTOPOHBI /1-yTOJIBHUKA KACAIOTCSI OKPYKHOCTH C IIEHTpoM O
u paguycom OB, tne OB1A A, (puc. 9.61 0)).

DTo 03HAYAET, YTO N-YIONBHUK A A,A;...A, omucaH okono okpyxHoctn € (0, OB). |

Cneocmeue. LIeHTp OKPY>KHOCTH, BIIUCAHHOHN B MIPABUIIbHBIN 71-yTOJIBHUK, COBIAIAET C

LIEHTPOM OKPY>KHOCTH, OIIMCAHHOH OKOJIO 3TOTO /1-yrojbHuKa (puc. 9.62).
OOmuit HEeHTp TUX OKPYKHOCTEH Ha3bIBAeTCA YeHmpom (YeHmpom épaujenus,
YEeHmMpom CUMMEmPUL) NPAGUTILHOZ0 MHO20Y20/IbHUKA.
Paauyc okpy»KHOCTH, OIMCAaHHOM OKOJIO IIPaBUJIBHOTO
MHOTOYTOJIbHHKA, HA3bIBAETCS PAOUYCOM NPABGUTLHO20
MHO20Y2071bHUKA, 2 PAIUYC OKPY’KHOCTH, BIIUCAHHOH B
[IpaBUJIbHBI MHOIOYI'OJBHUK, Ha3bIBACTCs anogemoi
npasunbHo20 MHoz2oyzonbHuka. Yron AOB, BepmnHa
KOTOPOTO JICKUT B ICHTPE MPABUIBHOTO A-YTOJIbHUKA, T7Ie
A u B — cocemHne BEpIIMHBI 7-YTOJIBHUKA, HA3bIBACTCS
HEHTPAJbHBIM YIJIOM NPABHJIBLHOIO H-YIOJbHHKA
(puc. 9.62). BenuuuHy 3TOr0 yriia HaxoJst 1mo Ghopmyie
360°

n B

ra€ n — YUCJIO CTOPOH MNMPaBHUJIBHOTO

n-yroJIibHHUKa.

Bnucannvie u onucannsie uemosplpexyoi1bHUKu

HammomHuM, 4TO YT, BEpIIHHA KOTOPOTO JIGKHT Ha OKPY>KHOCTH, a
€ro CTOPOHBI EPECEKAIOT OKPYKHOCTD, HA3BIBACTCSI Y2/10M, GRUCAHHBIM
6 oKkpyycnocmsb (puc. 9.63).

Teopema 35. BenuuuHa yria, BIUCAaHHOTO B OKPY>KHOCTh, paBHa
MIOJIOBUHE BEJIMUMHBI TYTH, 3aKIIIOYCHHON MEKY €ro CTOPOHAMHU.

1
m(ZABC) =5 m(<AC) (puc. 9.63). Pric. 9.63

Teopema 36. YeTbIpeXyTOMEHIK MOKHO BITHCATH B OKPY)KHOCTB TOTZIA U TOJIBKO TOT/IA,
KOTJIa CyMMa BEJIMYMH MPOTUBOJNIEKAMUX yriioB paBHa 180° (puc. 9.64 a)).

KOTJIa yroj, 00pa3oBaHHBIM OJJHOH CTOPOHOM U IMAroHaIbi0, KOHTPYIHTEH YTy, 00pa-
30BaHHOMY ITPOTHBOJICKAIIEH CTOPOHOM U JPyroi quaroHaibko (puc. 9.64 0)).

I Teopema 37. YeTblpexyroJbHUK MOXKHO BIIUCATh B OKPY2KHOCTb TOIZA U TOJIBKO TOLAA,
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Teopema 38. YeTblpexyroJbHUK MOXKHO BIIUCATh B OKPY’KHOCTb TOTZIA U TOJIBKO TOT/A,
KOTJla O/IMH BHYTPEHHUI YroJI KOHIPYIHTEH BHELIHEMY YINIy IPH HPOTHUBOJIEKAIIECH

BepimHe (puc. 9.64 B)).

Puc. 9.64

Teopema 39. B ueTbIpexyrojabHUK MOXKHO BIIUCATh OKPYXK-
HOCTb TOT/Ia U TOJILKO TOT/IA, KOIZ1a CyMMBI JUTHH IPOTUBOJIE-

JKaImx CTopoH paBHel: AB+ CD = AD + BC (puc. 9.65).

3aoanue. Jlokaxute Teopembl 35-39.

2
%%naqn ¢ peuieHHeM

1. BeIpaszum JUIMHY @, CTOPOHBI IIPABUIIBHOTO A-YTOJIb-
HHKa 9epe3 paguyc R OKpy >KHOCTH, OIIMCAHHOM OKOJIO HETO.

Pewenue:

B AAOB umeem m(LAOD) =
180°

a, _ 180°
2 n

. ByacraocTH,

(puc. 9.66).

a,=AB=2AD=2Rsin

Puc. 9.65

a, =2Rsin60°=R+3, a, =2Rsin45°=R+2, a, =2Rsin30°=R.

Omeem: a, =2Rsin 18n0 .

2. Belpa3uM AnMHY @, CTOPOHBI IPaBUJIBHOTO /-y OJIb-
HUKa Yepe3 paJlyc  OKPYKHOCTH, BIMCAHHOW B 3TOT MHOT'O-

YTOJIbHUK.
Pewenue:
o, 180°
B AOCE umeem m(EOC)=7=T (puc. 9.67).

180°

a,=CF =2CE =2rtg p

. B yactHoctu,

a4, =2rtg60°=2r/3, a, =2rtgd5°=2r, a, =2rtg30° =25

7

Omeem: a, =2rtg 18’10 .

_ 27«/5
—

Puc. 9.66

Puc. 9.67

=2
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3. CKOJIBKO CTOPOH MMEET MPaBUIIbHBI MHOTOYTOJbHUK, KaX/blil U3 BHEIIHUX YIVIOB
KOTOpOro paBeH: a) 9°;  ©) 40°?

Peuwienue:
180°(n—2)
Tak Kak Be/IMUMHA BHYTPEHHETO YIVIa IPABHJILHOTO 1-yTOJbHUKA paBHa f§, = ———=,
o o n
10 B, :180°—%<:> 180°— 8, :%.

Ho 180°— 8, — 3T0 BelMYMHA BHENIHETO yIJIa IPABHIBHOTO /1-yTONBHUKA.

36’10 —9°= =40, ) 3?? —40°=n=9.

Omeem: a) n=40; 0) n=9.

CrnenoBarenbHO: )

1. CKonmpKO CTOPOH WMEET MPABMIBHBIM MHOTOYTOJBHHK, KaKIBIH W3 BHYTPEHHUX YTJIOB KOTOPOTO
paBen: a) 150°; ©6) 160°?

2. CKOJIBKO CTOPOH MMEET NPaBUIIbHBI MHOTOYTOJbHHK, KaX/blii U3 BHEUIHUX YIJIOB KOTOPOTO
paBeH: a) 36°;, 0)24°?

3. Belpasute paauyc OKpY>KHOCTH, BIHCAaHHOM B paBHOCTOPOHHMH TPEYroOJbHMK, Yepe3 paguyc
OINHCAHHOW OKOJIO HETO OKPYXKHOCTH.

4. CropoHa paBHOCTOPOHHETO TPEYTOJbHUKA, BIIUCAHHOTO B OKPY>KHOCTH, paBHa a. Haiinute
CTOPOHY KBaJpaTa, BIUCAHHOIO B TY OKPY)KHOCTb.

.5/

5. CropoHa npaBuJIbHOTO 7-yrojlbHMKa paBHa ¢,. Bwlpasure paauyc R u anodemy r sToro
MHOTOYTOJIbHHAKA Y€pe3 a, | N.

6. B okpyxHOCTH pajauyca | M BIucaH NpaBUIbHBII n-yrombHuK. Haiiqure nepumerp /) storo
MHOTOyroNbHuKa Tpu nE {3, 4, 6, 8, 12}.

7. Ksagpar u paBHOCTOPOHHHII TPEYrOJILHUK BIKMCAHBI B OKPYXXHOCTh paauyca 1 M Tak, 4To OjHa
CTOpOHA TPEYroJibHKUKa MapajlielibHa CTOPOHE KBajpara. Berauciure rwiomans o0men 4actu
KBaJ[para U TPEYroJIbHHKA.

8. B okpyxHOCTH, paguyc KOTOpOH paBeH 4 M, BIIMCAH PaBHOCTOPOHHUHN TPEYyroJIbHUK, a Ha €ro
CTOpOHE MOCTPOEH KBaapar. Haiinure paanyc OKpy>KHOCTH, ONHCAHHOM OKOJIO KBaJIpaTa.

9. OnumuTre OKOJIO OKPYKHOCTH PaBHOCTOPOHHUN TPEYTOIBHUK, KBaAPAT, MPABUILHBIH BOCHMU-
YTOJIbHHUK.

Mnowaaun nnockux cpuryp

Onpenenenne. Kaxmoi miockoi purype CTaBUTCS B COOTBETCTBHE JICHCTBUTEIHLHOE

HEOTPHIATEIHFHOE YHCII0, KOTOPOE HA3BIBACTCS IVIOMIAABIO TAHHOW (PUTYPBL

[Inomane yaoBIETBOPSET CAEAYIOIIUM YCIOBHSM:

1° KOHTpY?HTHBIE (PUTYpPBI UMEIOT PAaBHBIC IIOIIA/IH;

2° ecnu urypa sBIsIETCS 00BSTUHEHUEM JBYX HellepeceKatonmxcs Guryp, To ee mio-
IIa7b paBHA CyMMe TUIOMIAAe 3THX ABYX (HUTYD;

3° KBajpar, JUIMHAa CTOPOHBI KOTOPOI'O paBHA €IUHUIIE, UMEET IIJI0ILA/Ib, PABHYIO SIUHUILIE.

®
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Crnenys 5TOMY OINpEAETIeHHIO, MOXKHO J0Ka3aTh, YTO IUIOIIAIb
npsiMmoyrosibHuKa (puc. 9.68) paBHa MPOU3BEACHUIO JJIHH IBYX

CMEKHBIX CTOPOH: .o/ =a-b. b
Puc. 9.68

DopMyITbl BBIYUCIICHUS TIIOIIA/ICH HEKOTOPBIX IIOCKUX (GUIYp IPUBEACHBI B Tabmuie 1.

TabOmuna 1
Ne Qurypa |[eomerputeckoe H300pakeHne Dopmyna
1 | Ksagpar al N4 of =a’ = %dz
o b
ITapanne- V ) . 1 .
2 sorpan h| a o «f =bh=absina = Edld2 sing
o Lone Lo b _
B .,.m/—zbh—zbcs1na—pr—4R—
Tpeyroms-| ¢/ |, ¢ =\p(p—aXp-b)p-oc),
3 _a+b+c
HUK a Tie p=——7p——, I'~ paliyc OKpyx)HOC-
A b ¢ TH, BriucanHoii B AABC, R — paanyc ok-
PYKHOCTH, OIIHCAaHHOI okoi0 AABC.
—a
4 | Tpanerus h \ o =4 ; b h
b
Brimmyk-
JIBIN ‘ /= 1 .
5 deTBIpEX- g of = Ea’ld2 sin@
YTOJIBHHUK
ITpaBub- 2 wf =4 = pr, rae p= an. p — noiny-
HBIE MHO- ( ) 2 2
6 HEePUMETP, 1 — YKUCIIO CTOPOH MPABHIBHO-
TOYroJib- N [ r0 n-yroiibHUKa, © — Pajnyc OKPYKHOC-
HUKH

a THU, BIUCAHHOM B ITPaBUJIbHBIN 11-yT OJIbHUK.

7 | Kpyr ‘ o =7R*
p -ﬁl:lea (o B pamuanax)
] Cexrop D 2 p
Kpyra oA =7R’ 3200 (o B rpagycax)
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%3&1‘4-{" ¢ pelieHneM

. Touka KacaHusi OKPYKHOCTH, BIIUCAHHOU B TPSIMO- B
yFOJII)HLII/I TPCYTOJIbHUK, JACIUT T'UIIOTCHY3Y Ha OTPE3KU
JUTMHOM m n n. Haiiem miomans TpeyroibHuKa (puc. 9.69). n
Pewenue: 3
I[To Teopeme [Tudaropa "
(r+m)>+(r+n)’=(m+n)’ =
=2’ +2rm+n)+m’ +n° =m’ +n’ +2mn= r
=r’+r(m+n)=mn. i\ . m
Torna o/, = 1AC BC——(r+m)(r+n)— o . y
P
= %(rz +r(m+n)+mn) = %(mn +mn)=mn (KB.ex.). Prc. 9.69’"

2. I[OKa)KEM, YTO MCAMaHbI JIFOO0TO TPEYTOJIbHUKA
JACJAT €r0 Ha MIECTh PaBHOBECIHMKHUX (C PaBHBIMHU
HJ'IOHIaI[S[MI/I) TPCYTOJIbHUKOB.

Pewenue:

O0603HauUM 3TU TPEYTONbHUKY Iudpamu 1, 2, 3,
4,5, 6 (puc. 9.70).

Tpeyronpauku | ¥ 2 UMEIOT paBHBIC TUTOMIAIM,
Tak Kak AB, = B|C, n y HuX o0111as BbICOTa, IIPOBE-
JeHHas U3 Touku M (ToYKa MepeceveHus MeIuaH). Puc. 9.70
AHaJIOTHYHO MOXHO J10Ka3aTbh, YTO TPEYTOJbHUKU
3 u 4, artakxe 5 u 6 paBHOBEJIUKU.

JlokaxkeM, HanpuUMep, YTO TPEYTOIBHUKH 3 1 6 paBHOBENMKH. COITIAaCHO CBOMCTBY MEAMAH

TPEYTroJIbHUKA UIMEEM: ?/I—ZZ = % =% = AM -MC,=CM - MA,.

Ilycts BenmmunHa BepTuKanbHbIX yrimoB AMC, u CMA, paBHa @.
Torma ./, =+ AM -MC, -sing = %CM MA, -sin@ =/, .

AMC, _E
AHaJ'IOFI/I‘-IHO MOXXHO J0Ka3aTb, YTO TPECYTrOJIbHUKH lu4d PaBHOBECJIMKN W, TCM CaMBbIM,
TpebyemMoe yTBepK/ICHUE.

B
3. Man AABC, y xoroporo AC =20 cM. 3Hasi, 94TO JJTHHBI Me-
JIaH, IPOBEIEHHBIX K JIBYM OCTaJbHBIM CTOPOHAM, PaBHbI 24 CM U
18 cm, Haiiem miomaab Tpeyrosibauka ABC (puc. 9.71). c A
1

Pewenue:
IIycts AA =18 cm, CC, =24 cMm, M — Touka nepecedeHus

MeanaH. CoriacHO CBOMCTBY MeIMaH TPEYTOJIbHUKA HMEEM:

AM =2 AA =12 (em), CM =2CC, =16 (cm). 4 ¢
3 3 Puc. 9.71

ITockonbky AAMC — npsIMOYTOJIBHBIMH, TO

oo L 12.16=96 (em®). Torma o/, . =3.el,,. =3-96=288 (cm”) (oM. 3anauy 2).

AMC ZE

®
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4. Tpaneuust ABCD (AD || BC) pas6ura nua-
FOHAJISIMH Ha YEThIPE TPEYTOJIbHUKA C 00IIeH Bep-
mmmHou O. Haiinem ruiomans Tpameuu, ecim u3-
BECTHO, 4YTO Iuonaau rpeyroibaikoB AOD u BOC
PaBHBI .o/, U .o/, COOTBETCTBEHHO (pHC. 9.72).

Pewenue: Puc. 9.72
Tak kak AAOD ~ ACOB, To
BC _CO _OB _ |, ol

).

(romo6ue ¢ xoadduIreHTOM

ool

1

AD=A0-0D "\ A
[Tycte m(LAOB) = ¢.
Torna CO-OD=A0-0OB = .d,,, zéAO-OBsin(p=%CO-0Dsin(p:.,sz/COD.

s 0B = |2 .0D nonyuaem .o/, =+ A0-OBsing =+ 40- |2 .0Dsing =
-, 2 2 -,
o, 1 . . 3 /:Jz VR o
» -EAO‘OD'sm(ISO -Q)= Q—/I&/l— R/B
ClenoBatenbto, o, = .o, + .ol + 2\|oclucly, = (yJ ool + |, ).

@ 3agaum
A

1. JInuHBI KaTE€TOB IPSIMOYTOJILHOTO TPEYTOJbHUKA OTHOCTCS Kak 3:4, a JUIMHA THIOTEHY3bl PaBHA
50 cM. Haiigure momans TpeyroyibHUKA.

2. Touka kacaHUs OKPY>KHOCTH, BIIUCAHHOW B IPSMOYIOJIbHBII TPEYroNbHUK, JEIUT FHUIIOTEHY3Yy
Ha OTPe3KH JUIMHOH 5 cM u 12 cm. Haiinure miomans TpeyroabHUKa.

3. Haiigure ruromaab paBHOCTOPOHHETO TPEYroOJbHHKA CO CTOPOHOM 446 CM.
4. Juaronamu pomba paBubl 8 ¢cM 1 15 cMm. Haiigure ero miomasip.

5. Ilepumerp mapamienorpamma paBeH 72 cM. [[IMHBI €ro CTOpPOH OTHOCSTCA Kak 5:7, a BeNUYHHA
octporo yra paBHa 30°. Haiiaute miomans mapamieaorpaMma.

6. [uaroHanu paBHOOCIPEHHOW Tpameluy NEepIeHIUKYIISAPHBI, a IMHA CPEeIHEH JHMHUHM paBHA
12 cm. HaiinuTe miomans Tpanennu.

7. U3 touku A oxpyxHocTH npoBeaeHsl xopasl AB u AC Tak, 4To AB=AC=2/3cm n
m(£BAC) =60°. Haiigure miomanb Kpyra, OrpaHHYEHHOTO 3TON OKPY>KHOCTHIO.

.5/

8. Haiigure mutomaas p0M6a, €CJIM JUTMHA €r0 CTOPOHBI paBHA d, a CyMMa JJINH JiiaroHasein paBHa d.

9. JluaroHaip paBHOOEIPEHHOH Tpareuu SBJsieTcsl OucceKTpucon Tymnoro ymia. Haliaure miomanb
Tparelyu, eciii ero MepuMerp paBeH 22 cM, a JIrHa OOJbIIEro OCHOBAHUS paBHA 6 CM.

@
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10.

11.

12.

13.

14.

15.

16.

Jan npsMoyroibHblid TpeyroasHuk ABC, y xotoporo AB=5m, AC=3M, BC=4wm n
[AD] — 6uccexrpuca. Haiinure miomanu tpeyronsaukoB ACD u ADB.

CpeHsist TMHUSL paBHOOCAPEHHON Tparenus, JIHHOW 10 M, AeauT Tpareiuio Ha aBe QUrypsl,
TUTOIIAIN KOTOPBIX OTHOCSTCS Kak 2 : 3. HaiiuTe mioma s Tpanenin, eClii B Hee MOYKHO BITUCATh
OKPYKHOCTb.

OcHoBanue BBICOTHI Tapaienorpamma ABCD, npoBeIeHHON U3 BEPIIUHBI B, AEIUT CTOPOHY
AD mononam. Ilepumerp mapaienorpamMma paBeH 24 cM, a TIepuMeETp Tpeyroiabuuka ABD
paBeHn 18 cm. HaiinuTe muomans mapamienorpamma.

JluaroHany BBIYKJIOrO YeThipexyroyibiuka ABCD neprieHauKysapHbl U paBHbl a 1 b. Haiinure
wioraae detbipexyronsiuka EFGH, tne E, F, G u H — cepeaunnt cropou AB, BC, CD u DA
COOTBETCTBEHHO.

Touka M sBisiercst cepenunoii croponsl BC napamnenorpamma ABCD. Tpsmas AM nepecekaer
muaronanb BD B Touke E. Haiimute mumomanu tpeyronbuukoB ABE u AED, ecnu muiomans
Tpeyroiabanka BEM pasna 1.

Onma U3 quaroHajgeil mpsAMOYTOJNBHOM Tpalennuu paBHA d W JIETUT TPATENio Ha JBa paBHO-
OepeHHBIX MPSMOYTONBHBIX TpeyrojabHUKa. Haliaure miomans Tpamnenny.

Ilentp Kpyra, BIUCAHHOTO B MPSIMOYTOJILHYIO TPAICLHUIO, OTCTOUT OT KOHIIOB OOKOBOI CTOPOHBI
Ha 1 1M u 2 M. HaiiguTe miomans Tpanenuy.

@ 3apgavm Ha noBTopeHue

(A

JlmHa 0qHOTO U3 KaTeTOB MPSMOYTOIBHOTO TPEYToIbHIKA paBHa 112 cM, a rumoreny3sl — 113 oM.
Haiigute mnomans TpeyrojabHHKA.

JITMHBI CTOPOH MPSAMOYTOJIBHOTO TPEYTOJIbHUKA 00pa3yroT apu(METHUYECKYI0 TPOrPECCHIO,
pa3HOCTh KOTOpOi paBHa 3. Ompezpenure AIUHY TUIOTEHY3bI.

Buccekrprca 0gHOTO M3 OCTPBIX YIIOB MPSIMOYTOJIBHOTO TPEYTOJIBHUKA JSIUT ITPOTHUBOJISKALIHI
KaTeT Ha OTPE3KH TMHOHN 4 cM u 5 cM. Halimure AMUHBI CTOPOH TPEYTOIBHUKA.

JlnnHa GOKOBOH CTOPOHBI paBHOOEAPEHHOIO TPEYrojibHUKA paBHA 4 cM, a JUIMHA MEAMAHBI,
IIPOBEAEHHON K 3TON cTOpoHe, paBHa 3 cM. Halinure nnMHYy OCHOBaHUS TPEYroJbHHUKA.

HaiinuTe oTHOIIEHHE MEXIy JUTMHOM paauyca BIHMCAHHOW B MPSMOYTOJBHBIA PaBHOOCIPEHHBIM
TPEYTOJILHUK OKPY>KHOCTH U BBICOTOH, OTMYIICHHOW HAa THIIOTEHY3Y.

JIBe BeplUIMHBI KBaJ[paTa JIe)KAT Ha OKPYKHOCTH panuyca 17 cMm, a OcTalIbHbIC JBE PaCIOIOKEHBI
Ha KacaTeJIbHOM K ATOH OKpyxKHOCTU. Haiinute anuHy nuaroHaiau KBajpara.

BeicoTa, omyImieHHas M3 BEpPIIMHBI TYMOTO yIia poMOa, JENUT ero CTOpoHy momonaM. Haiinure
BEJIMYUHBI yTJIOB pomOa.

O6mas xopaa ABYX OKPYXKHOCTEH ¢ KOHIPYIHTHBIMU pajnycaMu paBHa 12 cM U sABIsSETCS
JIMAarOHANIBIO BITUCAHHOTO poMba B MEPECCUCHUH ITUX OKPYXKHOCTed. IMHa BTOPOW JMArOHAIN
pomba paBHa 6 cMm. HaiinuTe IMHBI pasinycoB OKPYKHOCTEH.

B pom0, ogua u3 yrmoB kotoporo paBeH 30°, BmUcaHa OKPYXKHOCTh, a B Hee BITMCAH KBaJpar.
Haiigure oTHOIIEHHE MEXIY IUIOMAABI0 poMOa U IDIOIIAJBI0 KBajpara.

®
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FeomeTpuyeckue curypbl Ha NIOCKOCTU

CoOTBETCTBYIOLINE CTOPOHBI IIapaluleNorpaMMa U IPsMOYTodbHUKA KOHIPYIHTHBL Ilnomans
HapajiesorpaMMa B J[Ba pa3a MEHbLIE IUIOLIAU psAMOyroibHuKa. Haliqure BenuuuHy Tynoro
yIjla napajjejnorpaMmma.

JIJIMHBI OCHOBaHUI PaBHOOOKOW Tpamnenuu paBHbl S cM U 12 cM, a JyinHa OOKOBOH CTOPOHBI —
12,5 cm. Haiigure BBICOTY Tpareium.

IMpomomkenust 60koBBIX ctopon AB u CD tpanennu ABCD niepecekatotcs B Touke E. M3BecTHO,
uto AB =2 cm, BE =4 cm, EC = 6 cm. Haiigure CD.

CyMMa BEJIWYHMH YIJIOB MPH OOJbIIEM OCHOBAaHMU Tpamneiuu paBHa 90°. JlnnHa GoJblIero
ocHoBaHus paBHa 20 cM, a MeHblIero — 4 cM. Haiinure paccTosHre MeXIy cepeauHaMu
OCHOBaHUM.

IIpoexuus nuaroHann paBHOOOKOI Tpamenuu Ha OOoJbLIIEE OCHOBAHUE paBHAa 7 CM, a €€
BbIcOTa — 4 cM. HaiinuTe mmomanp Tpamenun.

Paccrosinue ot neHTpa okpykHOCTH paauyca 13 cM 10 oxHO#M Xopasl paBHO 5 cM. Haiimute
JUTUHY XOPJIbI.

JIBe OKpY>KHOCTH, paJiyChl KOTOPBIX paBHBI 7 CM, KacaroTcs BHemHe. [IpsimMas mepecekaeT
OKpyHOCTH B Toukax A, B, C u D tak, uro AB = BC = CD. Haiinure 4AB.

W3 Toukn A, pacroaoKeHHOH BHE OKPYKHOCTH pajHyca 8 cM, MPOBEAEHa CeKyInas JITHHON
10 cM, koTOpast pa3ziesicHa OKPY>KHOCTBIO Ha JIBa KOHIPYSHTHBIX oTpe3ka. HalinuTe paccrosiHue
OT TOYKH A 10 LEHTpa OKPYKHOCTH.

JIMMHEI THIOTEHY36I X OJHOTO U3 KaTeTOB IPSIMOYTOJIBHOTO TpeyroibHuka ABC cOOTBETCTBEH-
HO paBHBI 9 cM U 6 cM. U3 Beprmes! C npsmoro yria nposeneHs! meanana CM u Beicota CD.
Hattmure MD.

B mpsmoyromsaoM Tpeyroisauke ABC, BC = 8 cM, AB = 10 cm. Ha nponomxennu xatera AC
B3siTa Touka D Tak, uro Touka C nexur mexay 4 u D. Haiinure wuny DB, eciu DB = DA.

BericoTa, omyiiieHHasi Ha OCHOBaHHE PaBHOOEIPEHHOTO TPEYrojibHUKa, paBHa 20 CM, a BBICOTA,
OIyIlleHHass Ha OOKOBYIO CTOpOHY, paBHa 24 cM. Haiinure IJIMHBI CTOPOH TPEyrojbHHUKA.

B npsiMoyronbHbIM TpeyronbHUK BIHCaHA MOJTYOKPYKHOCTb TaK, YTO TMIIOTEHY3a COACPIKUT
JMaMeTp COOTBETCTBYIOLIEH OKPY>KHOCTH, @ €€ LEHTP JEIUT TUIOTEHY3y Ha OTPE3KH JUIMHOH B
3 cM u 4 cMm. Halinure 1MHBL pagnyca MOIyOKPY>KHOCTH U CTOPOH TPEYrOJIbHUKA.

JlnnHa paguyca BIMCAHHOM B NPSIMOYTOJIBHBIM TPEYrOJIBHUK OKPY’KHOCTH paBHaA 7, a JUIMHA
pamryca OKpY>KHOCTH, OIIMCAHHOHW OKOJIO 9TOTO TpeyroyibHHUKa, paBHa R. Haiigure muromans
TpPEeYroJbHUKA.

Ipsmoyrompubiii Tpeyroasauk ABC pasnenen BoicoToit CD, MpoBeIeHHON U3 BEPIITHHBI
npsAMoro yria Ha naBa Tpeyronsanuka: BCD u ACD. Paarycsl BIIMCAHHBIX OKPYXHOCTEH B TH
TPEYTOJIHUKK PaBHBI 4 CM M 3 CM COOTBETCTBEHHO. HaiiuTe payc OKpy»KHOCTH, BIMCAHHON
B TpeyronsHuk ABC.

Tpeyronbauk ABC npsMoyroibHbii. OKPYKHOCTb, IIEHTP KOTOpO# nexut Ha karete AC,
KacaeTtcs renotenysbl AB u nepecekaet kateT BC B Touke D Tak, uto BD : DC = 2 : 3. U3BecTHO,
uyto AC : BC = 12 : 5. Haiiure OTHOIICHHE MEXIY [UIMHON pauyca OKPYKHOCTH M JUIHHOM

karera BC.

mMoaynb
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JliuHa pajnuyca BIMCAaHHOH B PaBHOOEAPEHHBIN TPEYroJbHUK OKPYKHOCTH paBHa 1,5 cM, a

25
JUIMHA paJiiyca OMMCAHHON OKOJIO 3TOIO TPEYroJIbHUKA OKPY>KHOCTH — Y cM. Haiinure sl

CTOPOH, €CJIM OHU BBIPAXKAKOTCS LCIBIMHU YHUCIIaMU.

JlnvHa CTOPOHBI PaBHOCTOPOHHETO TpeyroibHuka ABC paBHa a. K okpyXHOCTH, THAMETPOM
KkoTopoii siBisiercst Beicota CD, gepes Toukn 4 u C npoBOJIATCS KacaTelbHBIC, KOTOPBIC
nepecekaroTcs B Touke E. Berancinte nepumerp tpeyromsauka ACE.

Menuansr A4, u BB, paBnobenpennoro tpeyronbuuka ABC (CA = CB) nepecekarorcst B TO4-
ke M. OTHOLIEHHE MEXIY paJiyCOM OKPY)KHOCTH, BIMCAHHOH B TpeyroidbHUK AMB, u paanyca

y 3 .
OKDY/KHOCTH, BOMCAHHOH B ueThipexyronbuuk MB CA,, paBHO e Haiinure otHOlIEHHE

CB : AB.

Bricora, mpoBeaeHHAs M3 BEPIIMHBI yIJIa IPU OCHOBAHWHU PaBHOOEAPEHHOTO TPEYTOIbHHKA, B
JIBa pa3a MeHbIIe OOKOBOW CcTOpOHBI. HailiuTe BEIUYHUHBI YyIIOB 3TOr0 TPEYrOJbHHKA
(paccmotpuTte 06a ciryyas).

OcHoBanus Tpaneuuu pasusl a 1 b (a > b). Haliure ninHy 0TpesKa, COEMMHSIONIETO CEPEUHBI
JMaroHaleu.

OcHOBaHUsA Tpaleluu paBHbl d U b. pr[MaS[, IapajjiejibHass OCHOBAaHUAM, ACIIUAT TPAICHUIO Ha
JABC Tpaneuuu C paBHbIMH IUIOIIAAAMUA. Haﬁ)m’re JUIMHY OTpE3Ka 3TOH pr{MOﬁ, 3aKJIIIOYCHHOI'O
MCXKIY OOKOBBIMH CTOpOHaMH.

JlBe OKpy)XHOCTH paaumycaMu » U R kacatoTcs BHemHe. [IpsiMast mepecekaeT 3TH OKPY>KHOCTH
TaK, 4TO 00pa30BaMCh TPU KOHTPYIHTHBIX OTpe3ka. HaluTe JUIMHBI 5THX OTPE3KOB.

OmnpenennuTte BEIUUYNHBl OCTPBIX YIVIOB IPSMOYTOJBLHOTO TPEYrojJbHUKA, €CIH OTHOLICHHE
o . . Vv3-1

paIrycoB BIHCAHHOM M OMHCAHHOI OKPYXXHOCTE paBHO —

Touxu mepecedeHus BIIMCAHHOH OKpyxKHOCTH B TpeyroibHuke ABC u mexnansl BB, (B, € AC)

JeJLIT MeJMaHy Ha TPU KOHIPY3HTHBIX 0Tpe3ka. Haiiqure oTHOIIEHHE AIMH CTOPOH TPEyToIbHUKA

ABC.

PaccmaTpuBaeTcs MHOKECTBO IPSIMOYTOJIbHBIX TPEYTOJIbHUKOB OJMHAKOBOW IUIOLIAAH ..
Haiinute 13 3T0r0 MHOXECTBA T€ TPEYTOJIBHUKH, Y KOTOPBIX OMHMCAaHHBIE OKPYKHOCTH HUMEIOT
MUHUMAaJIbHBIE TUIOIIAIH.

W3 MHOXecTBa BCeX TPEYrOJBbHUKOB, Y KOTOPBIX OHA CTOPOHA O0IIas W MPOTHUBOJIEKAIINE
9TOM CTOPOHE YINIBI PaBHBI (f, HAHIUTE TPEYTOILHUK HAHOOJBIIEr0 MEepUMeTpa.

Haiigurte aiuHy TpaeKTOPUU KOHIIA YacOBOW CTPEJIKU JUIMHOU 18 MM 3a:
a) 1 gac; 0) 24 vaca. (mw =3,14.)

Haiizure niuHy TpaeKTOpUH KOHIIA MHHYTHOM CTPENIKH YacoB [utiHOHM 30 cM 3a:
a) l vac; ©0) 12 wacoB; B)24 uaca. (1w =3,14.)

Benocunenuct TpeHupyercst Ha Tpeke Kpyropoit Gopmsl pamuyca 240 M. CKOpOCTh BeJIOCHIIe-
mucra 300 M B MHHYTY. 3a Kakoe BpeMsl BEJIOCHUIICIUCT MPOXOAUT OMUH Kpyr? ( =3,14.)

Tupuna aBromo6mns pasHa 1,2 M. OH IPOXOIUT Tpaccy KpyroBoi opMbl, BHYTPECHHHN paauyc
koTopoil cocrasisier 100 M, coxpaHss MOCTOSHHO paccTossHMe B 50 ¢M OT BHYTPEHHEro Kpas
Tpaccel. Haiinure pa3HOCTH Iy Teil BHEIIHUX U BHYTPEHHUX KOJIEC aBTOMOOMJISI ITPU IIPOXOXKICHUH
oxHoro kpyra. (= 3,14.)



@ NMpoBepoyHas paboralll

LA

JIBa Kpyra OJJMIHAKOBOTO pajyca 5 cM mepecekarorcs. [lnomaas oObeIMHEH S 3THX KPYTOB
2 v
paBHa 447 cm”. Hailimure miomans mepecedeHnst STHX KPyroB.

Touxku A(2, 1), B(5, 3), C(2, 4) sBustorcs BepuMmHamMu mapajuiesorpamva. Haiimure
KOOPAMHATBI TOYCK, KOTOPbIC MOTI'YT OBITh YETBEPTOH BEPIIMHOII ITOr0 MmapajuiesorpamMmma.

Hdan tpeyromsHuk ABC, y xoroporo BC = (\/g—i-\/E) cM, m(LABC)=45°,
m(LACB) =30°. Haiigure nepumetp tpeyroiabuuka ABC.

B oxpyxHOCTH MpoBeaeHbl nepecekaronmecs: xopabl AB u CD. Haiigure Benu4nHy yr-
na DAC, ecnu Bemmmumasl yriioB ABC u ACD pagasl 50° 1 40° cOOTBETCTBEHHO.

Haiinute minHbl OOKOBBIX CTOPOH M JHArOHANICH Tpamelyy, BIUCAHHOW B OKPY)KHOCTh
paauyca 37,5 cM, eciu JUIMHA MEHbBIIETO OCHOBAHHUS Tpareiuu paBHa 51 cM, a Gosblinee
OCHOBAHHE SIBIISIETCS JHaMETPOM OKPYXKHOCTH.

B pom06 ¢ octpeiM yriom B 30° BnmcaHa OKpY>KHOCTh paauyca 6 cMm. Hainure ruommans
pomo0a.

5

Jan napamtenorpamm ABCD, y xotoporo AD =3 cm, AB=4cm, m(LDAB)=60°. Ha
croponax AB u CB BHe mapajureiorpamMMa MOCTPOCHBI PaBHOCTOPOHHUE TPEYTOJIbHUKU
ABE u CBF. Haiinute miomans Tpeyroinsiuka DEF.

OxpyxHOCTh [uTHHON 127T cM pasnernena toukamu A, B, C Ha Tpu AyrH, [UIHHBI KOTOPBIX
otHocsTes Kak 1:2:3. Haiiaure mnomans tpeyronsuuka ABC.

JITMHBI CTOPOH TPEYroJibHHKa 00pa3yroT apu(METHUYECKYIO MPOTPECCHI0 C PA3HOCTHIO,
. 5 o

paBHoit 1. Kocunyc HambONbBIIETO yriia TPEYrojdbHHKA paBeH TER Haiigute muomais

TPEYTrOJIbHUKA.

JlokaxuTe, 4TO CyMMa PacCTOSHUN OT JIFOOOH TOYKH, B3STOH Ha CTOPOHE PaBHOCTPOHHETO
TPEYroJabHUKA, 10 ABYX APYIMX CTOPOH — IMOCTOSIHHAS BEIMYHHA.

OcHoBaHus Tpaneuu paBHbl 4 cM U 6 cM. HaiiauTe paauycbl OKpy»KHOCTEH, BIMCAHHOH B
Tpanenuio U ONUCAaHHOIN OKOJNO Hee, ECIM M3BECTHO, YTO OTH OKPYKHOCTH CYIIECTBYIOT.

B kpyre paanyca R mocTpoeHsI JBe TapajuielbHbIe XOP/Abl TaK, YTO LEHTP JEKHUT MEKIY
stuMu xopaamu. OfHa U3 XOpJ CTSATUBAET Ayry BenwauHou 90°, a apyras — Ayry BeIH4IU-
HoH 60°. HalinuTe uomaib 4acTH Kpyra, 3aKIIOUEHHONW MEXIy XOpAaMH.

FeomeTpWiecxue (*)Mrypbl Ha NNOCKOCTU

Hpodozzofcumeﬂbﬁocmb
Pabomu;: 45 MUHYyT
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FeomeTpuyeckne Urypbl Ha NAOCKOCTH
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OTBeTHI U YyKa3aHUA

Mopyab 1. JeiicrBuTesibHble ynuciaa. [loBTopenue u [lOHOJ]HeHl/lﬂ

A. 1 a)075 6) 0.2(6): ) 0,6: 1) 0,125: 1) 0,08: €) 0,008 ) 0,1(6): 3) 0(1). 2.2 )E’ 6) 2 9
271

)99’ ) +©) 990

5.0)1.73u 1,74, 6)2.64m2,65:8) 031w 0.32: 1) 2,73 1 2.74: 1) 1.64 11 1,65. 6. 2) 3257129 < 3,258129:

\/56)\/§<\E fl\f

6) —7,123465 > -8,123466. 7. 0,627115. 8. a) 0,428571<~=; B) Y5 <5
r) V3+1>410=1. 9.a) JI; 6), 8) U. 10.a) S={-3,1}; 6) S=@. 11. a) S—(—6,+oo),

B) g
3. a) UppaumnonansHo; 0), B), I') panroHainbHo. 4. a) J{a; 6) BO3MOKHO; B) HET.

6) (—oo,g). 12. ) 8°C; 6)@400 13. 2) +3a om: 6) 58,09 cnr’.

B. 14. a) 114476 >16+5V7: 6) \19+8V3 >414+6v5. 15. a) 5: 6) 242, 16. 4/3.
17. a) [la; 6) Bo3moxHO; B) HeT. 18. /2,4 =155 (A). 19. 9—1,8\/5. 20. a) MppauuoHanabHO;
6), B) paltMoHaJbHO; T) Upparmonansio. 22. 6). 23. 40 mect. 25%. 1/0,393273223223. Vkasanue.

Hcrnone3yiite KBaapaTsl 3THX gucen. 26" ab < 0.

Ilposepounas paboma

A. 1.C. 2.C. 3.3,16213,163. 4. 5{/3<445. 5. ‘5_1.
\E+1
[ 1 [ 1
b. 1. C. 2. B. 3. B. 4.0.267 u 0,268. 5. L1,9; \/§+?J — MepeceueHue; [g \/§2+2J _
o0benHeHne. 6. %, ab#0, a#b. 7. PannoHanbpHO.

Moayab 2. DiieMeHTbl MAaTeMAaTHY€eCKOIl JJOTMKM M TEOPUH MHOXKECTB

§1. A. 1.2) la; 6) mer. 2.a) N; 6) 4;8) J; 1) {6,7,8,...}. 3. cardB(A4)=32. 4. a) Hanpuwmep,
-3,-2,-1; 6) manpumep, 0, +1. 5.a) N, Z, Q,R; 6) R, R\Q; B) N, Z Q, R.

6. a) AxB={(2,1),(2,3),(41),(4,3),(6,1),(6,3)}; 6) {(a,x),(a,y),(a, 2),(b,x), (D, y),
(b, 2), (¢, x), (¢, ¥), (¢, 2)}. Ha. T.a) A#B, AUB=(—oo,1], ANB={-3}; 6) A#B, AUB=(1, ~),
ANB=0.

§1. Bb. 8. JTa. 9. a)(-6,-1)U(3, 6); 6) (=0, —6]U[6, +). 10. card4 =5, cardB(A4)=32.
11. a) MHOXeCTBO MppalMOHaNbHBIX uncel; 0) {3,4,5,6,7,8,9}. 12.a) R, R\Q; 6) R, R\Q;
B) Z, Q, R, Z\N. 14*.a) R\{2}; 6) R_. 15".a) JI; 6) JI.

§2. A. 1.a) JI; 6) ne sBnsieTcs BicKazbiBanueM; B) M. 2. a), 6) U, B), 1) JI. 4. ,,Ecnn quaronanm
geTbipexyronbHuka ABCD nepneHauKyIsIpHbI, TO 3TOT YEeTBIPEXYTONBHUK — poM0O™ — JI

§2. b. 5.a)U;6)JI. 6.a),6),8)JI;r) U 7.a),ABC — TpeyroibHuK" — pa3bACHUTEIbHAS YaCTh,
»ABC — IpSIMOYTOIIBHBIN TPEYTOJIBHUK  — THIIOTE3a, ,,KBAAPAT JUIMHEI THIOTEHY3Bl PaBEH CyMMe
KBAJIPAaTOB JUIMH KAaTETOB* — 3aKJIOYCHHUE; 0) ,,yroi O — BHYTPSHHHH yrous TpeyroiasHuka 4BC* —
pa3bsCHUTENIBHASL YaCTh, ,,TpeyroibHUK ABC paBHOCTOPOHHHUIT™ — rUIOTe3a, ,,BEIMYMHA yria Of
paBHa 60°“ — 3akmrouenne. 10. ,,Ecom cymma a +b sBIseTCS palMOHANIBHBIM YHCIOM, TO YHCa d,
b parmonaneuer — JI. 117, a), 6) JI.

anaofcueuuﬂ u 3aoaqu Ha nosmopenue
A. 1.a),0), B), %) U; 1), n), e),3) JI. 3.a),ancio a xpatHo 14 — 10CTATOYHOE YCIIOBHE, ,,dUCTO
KpaTHO 7 — HeoOXoauMoe yclioBue; ,,Eciin menoe 4uciio a kpatHo 7, TO oHO kpatHo 14° — JI;

=2



OTBeTbl U yKa3aHus

0) ,,3aJaHHBII TPEYTOJIBHUK — MPSIMOYTOJBHBIN — JOCTATOYHOE YCIIOBHUE, ,,y 3aJaHHOTO TPEYTroib-
HHUKa JIBa OCTPBIX yria“ — HEOOXOAMMOE YCIIOBHE; ,,ECin y TpeyroipHUKa JiBa OCTPBIX yIlia, TO OH
npamoyroieHbiii — JI. 4.a) U; 6) JI. 5. AUB=1{1,2,3,4,5,9}, ANB={1,3}, A\B={2, 4},
B\A={59}, AxB={(1,1),(1,3),(1,5),1,9),(2,1),(2,3),..,(4,5),(4,9)}. 6.4 yduenuxa.

b. 7. AUB=(-3,4); ANB={5}. 8.2) S,US,={-1,6}; 6) S,NS,={6}; B) S,\S, ={-1};
r) S,\S,=3; n) S, x8,={(-1,6), (6,6)}. 9.32 nonmuoxecrsa: &, {-2}, {-1}, {0}, {1}, {2},
{=2,-1}, ..., {-2,-1,0,1,2}. 10%. a), 8) JI; 0) U.

IlIposepounas paboma

A. 1.JL 2.6),,pugqg“—1Jl, ,puwmqg“—U, nonp“—HU, nong“—JI. 3.a),4eTbIPeXyroIbHUK
SIBIISICTCS. pOMOOM®® — JIOCTaTOYHOE YCJIOBHE, ,,B POMO MOXKHO BIHUCATh OKPYKHOCTH' — HEOOXO/IH-
Moe yciioBue; 0) ,,Eciii B 4eThIPEXyroJbHUK MOXHO BIHUCATH OKPYKHOCTD, TO ATOT YETHIPEXYTOJIb-
HUK siBisietcs pombom™ —JI. 4.a) M,; ©6) M,. 5.a)U; 6) JL.

b. 1. He sBnsercs BrickasbBanuem. 2. 0) ,,p u g*“— JI; ,,p uma ¢ — U; ,,non p* — U; ,,non g* — JI.
3. a) ,,4EeThIPEXYTOJIbHUK SBISICTCS MPSIMOYTOJIBHUKOM — JIOCTATOYHOE YCIIOBHE, ,,4ETHIPEXYTroib-
HUKY MOKHO OTHCaTh OKPYXXHOCTB'* — HEOOX0AMMOE yclioBHE; 0) ,,ECIIN 4eThIpeXyroJIbHUKY MOKHO
ONUCaTh OKPYKHOCThb, TO OH SBIAETCS mpsamoyroasaukoM™ — JI. 4. a) S, US, ={1, £3};

6) S,NS,={1}; B) S,\S,={3}; n) S,\S, ={-3}.

Mopyasb 3. Kopuu. Crenenu. Jlorapugmsi

§1. A. 1.2)0,05; 6) 288; B) %; r) 2—+/3, 026<2-+/3<027; 1) V3 -2, —0,27<+/3-2<-0,26.
2.a) 2|a|-426°; 6) —5abb; B) [x+3]; 1) 0% 1) —13yxvx; €) —ab-A8ab’. 3.a) V3b;
0) —\/E; B) m, ecmu ¢ <0; —m, ecimu ¢ >0; 1) {/?; ) W; e) \/&7; K) \/372,
ecmu y >0, —W, ecmn y<0; 3)\/5' n) {/F; K) —ﬁ 4. a) 34; 0) 8\/5; B) \/?

3 3
r) V6x: 1) 8(9+443). 5. a) ‘g; 5) Zfi;f, B) F+F+I _J13-1s;

—1(4+3\E—2ﬁ—\/ﬁ).
§1. B. 6. a) 16) -B)3 1) 5 1) V6 -5 +1, 1,213</6 -5 +1<1,214. 7. a) \F

0) ﬁ; B) 4P—\/m; r) {\/; ecim x> 2, 1) m; e) 2\/;, eciu \/52x>0;

—\/;, ecmm 0<x<2;
2\/;, ec Va < X; X) 43 +/5 1. Vkasanue. 2\/5—6:—(\/5—1)2; 3) 14243. 9.5 rpaHeii.

10%. 7.
7 125 ¥ Jr+2
§2. A. 1. a) 5; 0) 105 B) 3 —, 1) 0; ZI)( )» €)9. 2.a) g\/* %\f 0) 2\/’ )\/7

b+a A, 3 102
0= " 16a*; ) 3°*%: %) 3 2. 3.a)Mensue 1;6), ) Gonbme 1. 4. 12%. 5. 1672 KyOUKOB.

6. 157 CM. ,
3

; 1) —1; m) 7\/5, eciun

&) 5. Sy st b .
§2>]31 7.a) 5; 6) 2,13)7200,1") 4-5 . 8.2) +b’6) e B)
m>1,
{m;ﬁ}\/a‘ —(m* +mA2 +3/4), ectu m<1, m#0; e) 7_5; x) 3[~520[. 9. a), 6) bonbme 1;

B), I') MeHbl1e 1.

&
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§3. A. 1.2)9;6)2;8) 1;1)2; 1) 144. 2. % 3. 3a+ab. 4.16. 6. 1<log,3<log, 5.

§3. b. 8.a) log, |a|; 6) 4log, |b|; B) log, b; 1) 3; n) 3—2log, b, ecnn 3—log, b>0; —3, ecimn
1+ab
a(@-5b)°

3-log,b<0; e) a+1; x) logi p;390. 9. x= 5. 11. a) 3(1-a->b); 6) Vikazanue.
Pasnoxwure 4yncna Ha npoctbie MHOKHTemH.  13*. 5. 147, 0.

Ynpasicnenua u 3a0auu na noesmopenue .

A. 1.a) 4;6) 2; B) -2,35; 1) 7200. 2. a), n), ¢) U; 6), B), 1), k) JI. 3.a)-2;6) 2. 4.a) —2x; 06) 1.
5. 2) 435>135; 6) \/57<(;)10. 6. a) J6—+/3; 6) ’;:‘/f; B) %(15—3 15 +3/25);
r) —%(1+2\5+\E+\/ﬁ). 7.2 m.

b. 10. ) JI; 6) 1. 11. a) %; 6) 6; B) Va +3/b; 1) log (a® —2)*. 12. a) IlepBoe meubue;
3(1-a)
=

6) mepBoe Gonblle; B) paBHbIE; T) nepsoe conbme. 13. ae R™. 14, 15*. n=3.

IIposepounas paooma 4 B N

3 3 )
A. 1.B. 2. 3J7<7V3. 3.8. 4. x—1. 5.a)J; 6) U. 6. (fz) >(‘7‘) >(£J .
7. 727 =+/5). 8.B. 9.36. 10. a, be R\ {1}, ab(a—b)".

1 1 -0,1 L —0,2
B. LA 2 Q47>@2). 3.1. 4 —4y-¥x. 5. 2,0 L 6 (3) <(;J6<(‘9‘) .
7. @13 +49)W13+49). 8.B. 9. -107. 10. acR’, a*+a+1.

Moayasb 4. DaemenTbl KoMOuHaToOpuku. bunom HbroTona
§1.A. 3.2) S={4};6) S={25}; B) S={6}. 4.2) $={3,4,5,6};6) S={2,3,4}; B) S={4,5,6,7}.

5. a) Beipaxxenue A36 He UMeeT cMbIcia. 6. a) 5;0) 25200; B) ﬁ; r) 336; 1) 576; €) 12; k) HE UMeeT

cmbicna. 7.a) S={2}; 06) S ={4}; B) S={6,11}. 9.4368. 10. 306 mapruii. 11.20. 12.40320.
13. 210. 14. a) 720 ,,repmunoB®. 15. 5040. 16. 56. 17. 8008. 18.a) =0,16; 6) =0,31.

§1. b. 21.a) S={5}; 6) S=U; B) S={2}. 22.a) ne[6,+x),neN; 6) ne[0,9], neN,
B) ne[l, 4], neN. 24.2) x=6, ye[0,10], ye N; 6) x=12, ye [0, 12], ye N. 27.a) 6! -5!=600;
6) 5!=120; B) 5!=120; 1) 5!-4!=96; n) 4!=24. 28. C. A’ =1693440 (crmocoGoB).
29. C,-Cjy =2 288132 (cnocobor). 30. C;-C; =2940 (cnoco6os). 31. Vasanue. [pumennure
aNTOPUTM, HCHOJB3YEMBI MPHU pPElIeHUH 3adaun 7/ u3 pasnena 1.5.2. 32. Cfo ~C62 croco0oB.
33. (C;-Cyy+C7 -Cyy) cnocoGos. 34.a) S={x|xe (4,+), xeN}; 6) S=(3,4,5}; ) S=0;
r)S= {x‘xe [4,13], xeN}; 1) S={5,6,7,8,9,10}; ¢) S={7,8,9,...}. 38.a) Vkazanue. [lpuse-
JTe BTOpoe ypaBHeHue k Buay (x+2)!=6!. 6) S={(4,8)}.

§2. Bb. 1.6) 6561a® +17496a’b+20412a°h* +13608a’h’ +5670a'b* +1512a°h” +
+252a°b° +24ab” +b%; B) @* +6a>\ab +15a°b +20abab +15ab* + 6b>\ab +b°.

2.6) a-Va? —5ab-Va + 10ab* ~106°- a* +5b* - Va —b%; B) ————t 2 _—

X x x3-\/; y-x
- ® + »_ 2l + 71 . 4. Vkaszanue. TIpuMeHUTE METOJ MaTeMa-
xzy.\/; Xy Afx xy2~\/§ v alx y3.\/;

THUecko# MHAyKuuum u Gunom Heiotoma. 5. a) 7,=39191040x°; 6) T7=5376xy3~\/;;
B) T,,=—4330260a’b°. 6.a) 2%; 6) 2'; B) 2°; r) 2" 7.a) 2"; 6) 2*; B) 2%7; 1) 2°"

=2




OTBeTbI U YKa3aHus

8. a) T,=29120x"; 6) T,=329472x-3x* -a*; B) T, =593775. 9.a) T,=3294720x"y";
B) T, =—3432x*y". 10.a) T,, =5200300x"°y*, T, =-5200300x"y"; 6) T, =1716a’h" -Va,
T,=1716a’b’ Wb, 11 a) Vkasanue. B popmyne Guroma HeloToHa 3amennte x> i y® Ha 1;

0) YKaaaHue.lB dopmyne 6unoma Hprortona zamenute x u y° na 1. 12. a) T,, =3876000.

13. T,=56x *. 14. n=8. 15. T, =924x". 16.3360.

Ynpasicnenua u 3a0auu na noesmopenue

A. 1. 552 ¢pororpadpun. 2. 91 maprusa. 3. 27907200. 4. 479001600. 5. a) 1680;
6) 4- A, =840 (cioco6os). 6.20160. 7.40320. 8.2) C;,-C, =2376 (cnoco6os); 6) 2376; B) 792;
r) 5544. 9. =0,01 wm =1%. 10.0,2. 11.a) S={8}; 6) S={7}; B) S={8}; r) S={2}.
12.2) n=78; 6) n=9;8) n=12; 1) n=7. 13. T, =54264. 14. x=27. 15. P(A):%; P(B):%;
P(C)= 5

b. 16. 7 snementoB. 17.2) 5040;6) (n—1)!. 18. Vkasanue. C,-C: +C,,-C. +C. -C! +C}, - C..
19. 261 uucno. 20.a) S=1{6,7,8,..}; 6) S={0,1,2,3, ...,16}; B) §={8,9,10}. 21.a) Ouno
panuoHanbHOe ciaraemoe; 0) 17 panuoHanbHBIX ciaraeMbix. 23. Vkaszanue. Ilpumenure MeTo
Maremarnyeckod unaykuun. 25%. S ={(2;1)}. 26". Vkazanue. [IpumMeHnTEe METO]] MATEMAaTHUYECKOM
HUHIYKIHH.

IlIposepounasa paboma

A. 2.a)1;6)32. 3. S={2}. 4.12650.

b. 2.0 3. §={4,5,6,7,...,49}. 4. 9-9! uncen. 6.3118752.

Moayab 5. UncioBble GyHkuun. OCHOBHBIE CBOHCTBA
§1.A. 1.a) R\{-4}; 6) R; B) R\{-2, 2}. 4,
2. a) [-2, +o); 6) (—0; 0,25]; B) R'.
3. a), 6) Her; B) na.
§1.B. 5.a) (=, —1]U(1, +e); 6) R\{-2, 2}; B) R\Z; r) R\[0, 1). 6.2) Z; 6) R; B) IR\{%}.
7.2) (f+ @) =|x|+x=1 (f-&)x)=[x[(x=1), (f e g)x)=]x~1];
6) (f+g)x)=Vx+1+x"+1, (f - &)(¥) =Vx+1(x" +1), (fog)(x)=Vx" +2;
B) (f+@)(0)=x"—1+¥x—-1, (f g)x)=(" =D Vx-1, (fog)x)=x-2.
8.2) (fofonof)0)=x"16) (fofo..of))=x—n.

LS o) LS )

n pas n pas

9.0) D=fog, [()=x", g)=x"+1;6) D= fog, [/(x)=Vx, g(x)=x"-1.

10*. Ja. Hanpumep, A=B=C=R, M ={0}, f(x)=x", g(x)=x".

§2. A. 1.a) (oo, +50) /: 6) (o0, 0), (0, +00) /; B) (=o0, 0)\ , (0, +o0) /.

2.9) v, =f(—§)=—i; 0 3 =S ©=0. 310 3L 16 5 1) 101 20) 141,03 26) {0},

4.2) [-2,0)U (0, +o0); 6) (1, 2]; B) {2}. 5. f(x)=]|x].

§2. b. 6.a) (—oo,0) /; (0,+c0) \ ; 6) BO3pacTaeT Ha KAKAOM IIpOMexXyTKe [1n, n+1), ne Z.

7. f+g f+f, [, gof - Bospacramomme, —f — y6wiBatomas. 9. a) y, = f(0)=1;
1

6) Yo = F(O)= f(D)=0, ymax=f(§)=4. 10. f,, nepuox 1; f,, mepuon 25 f,, nepuon 1.

11. a) Heuernas; 6) ueTHas; B) HM 4eTHas, HU HedeTHas. 13*. a) f=h +h,, h(x)=2x"+3,

®




OTBeTbI U YKa3aHusa

() =% 6) F(I=h +h, h()=-2, () =x 14.2) f:R5R [ ()=x+16) /R >R,

f(x)=x*8) fR>R, f'(x) :%(x—l); ) RV = RA{2Y, () Z—xzfl.
15", a) ®@yukuus f He ABIgeTca OUEKTUBHOMU; 6) GyHKuus f, OGHCKTHBHA.

ana,m'nemuz u 3a0auu Ha nosmopenue

A. 1.a) D(f)=R, E(f)=R; 6) D(f)=R", E(f)=R\{3}; 8) D(f)=R, E(f)=[—%, +°°)-

2. a) Bospacraromas va R; 6) y6siBatomas Ha (—o, 0), (0, +o0); B) yObiBaromas Ha (— oo, ;),

7
BO3pacrampmas Ha (;’4-00), 3. 0). 4. a) Ha (—35 —4) — OTpHULAaTeNbHbIC 3HAUYEHHS, HA

7
(=o0, =3)U| ==, +oo | — nonoxwurensubie 3Hauenus; 6) Ha (2, 4) — oTpuUUATENbHBIE 3HAYEHHS, HA
b 4 b

26
(=20, 2) U (4, +°0) — IONOXHUTENBHBIE 3HAYCHHS; B) HA (—, —4 | — oTpHLaTeNbHBIC 3HAYEHHS, Ha

5
(— oo, —256)U (4, o) — monoxwurenbHple 3Ha4eHu. S.a) y,. = f(1)=1;06) y . =f (— 3 ): _9.

2 4’
B) Vpn = f(=3)=-9.

B. 6. (f+8)0)=5, (f-8)0)=2x-1 (f )(x)=—x"+x+6, (foR)0=5-x (go )W =1-x
7. a), B) Heuernas; 6) uu uerHasi, Hu HeuetHas. 8.a) @ = fog, f(x) =x2, g(x)= X +2;
6) ®=fog, f()=1, gx)=x"+3x" +1.

Ilposepounaa pavoma

A 1.C. 2 (I +e0). 3.a) —%; 6) v =f —% =—%. 4. (3,4, 5.A. 6. Ha (4,5)

MOJIOKUTENbHBIC 3HAYCHHs, HA (—oo, 4), (5, +00) — oTpUIATEIbHBIC 3HAYCHHS.
b. 1.C. 2. h=f,0of,. 3. (0,+%). 4.2)0;6) y,. =/f(0)=1. 5. D. 6.B. 7.Ha (-1, 0) -
OTpHUIATENbHEIC 3HAUCHUS, Ha (—oo, —1), (0, +c0) — IONOKUTEIIBHEIC 3HAUCHUS.

Moayab 6. YpaBuenusi. HepaBencrBa. Cucrembl. COBOKYNHOCTH

§1. A. 2.6) P(X) ue umeeT IeliCTBUTENbHBIX KOPHEH; B) @, =1 — KopeHb KpaTHOCTHU 4,
o, =1 — npocroit xopens. 3. a) 1; 6) —0,5; B) -3. 4. a) f(£)=36007+2400; 6) 15 gacos.

5.1) S:{—zg}; 0 S=R; ¢) S=1{1}; x) S:{O,Z%}; 3) S=@; w) S={-2,2}. 6. 210 cn’.
7.52 m,40 m. 8. 33% KM/4.

§1. 5. 10. 160, 20%. 11. (2\/%—5) km/4. 13%. a), 0) Vkaszanue. x, =1 — pelienue ypaBHeHUsL.
14%. S={1,6,3-+2,3++2). 15" s:{%}, meR’.

§2. A. 1. a), 6) Ha. 2. a) S={(, =2)}; 6) S={(-1,-3),(3,-D}; B) S={(=4,-5),(5,4)};
B S =120, 0,-2)). 3.0 S=4(Z. -2 (=L 2wy s=Y[ B B L 4 s=121.2 5.

37 3 3°3 3
5.24 xm/u4, 18 kxM/4. 6. Onun yueOHuk — 30 sees, ogua tetpaapb — 20 nees. 7. 20 cTonos, 45 nocerure-

neih, 8. 6 e, 12 e, 9. S = {o, 3, @, “g/ﬁ}



OTBeTbI U YKa3aHus

§2. b. 10. a) Vkazanue. YMHOKBTE epBO€e ypaBHeHHE Ha 13, 3aTeM CIIOKHUTE CO BTOPBHIM
ypaBuenuem; 60) S=O. 11. a) Vkaszanue. BreimonHute 3aMeHbl: X+Yy=f, Xy=2;

B) S ={(2-+/2,24+/2), 2++2,2-+2), (2-42,-24+42), (242, -2-2)}.

12. a) Vkaszanue. TlepeMHOXbTe ypaBHeHus: mowieHno; 6) S ={(-3,-2), (3, 2)};

B) S= 2,l , —2,—l , —@,@ , @,—@ ; 1) Vkasanue. Tlpumenure ompe-
2 2 5 5 5 5

nenenne Monyis; n) S =O; e) Ykasanue. llpumenute onpenencnue Momyns. 15. me, oy =0,64 g,

M pon =046 8, Wy o =0,5818, W, o, =0,4182.

C,HsOH

2
16*.2) S = {[a‘i‘:’_;‘l’ az ‘:_ 11 )}, a€ R; B) Vkaszanue. llepeMHOXKbTE BCE TPU YPABHEHHS IOUJICHHO.
a a

§3. A. 1.a) §=(14.5; +00); 6) S =(—c0; 0); B) S =(—o0; —2,4]; 1) S =[0; +0). 2.2) S =(0, 1];
0) § = (oo, O]U(é, 2]; B) § = (=0, 0) U (1, +00); 1) § = (o0, =) U(0, +o0); 1) S =[~1, 0) U, +eo).
§3.B. 3. (12 M, 40 m). 5.2) S = (=0, =2]U (=1, 0]; 6) S = (=1, +o0); B) S =(-8, —1]U(1, ;]
§4. A. 1.a) Her; 6) aa. 2. a) S=[0,3]; 6) S=[-1,0)U@B,4]; B) S=(=o0,0)U[3,+o).

3-43
3

3.a) S =(—<>°, —%:|U(2,3); 6) S=(-6,5); B) S:(O, ] 4.2) S =(=o0,3); 6) S=(0, +oo);

B) S=(—o0,-2)U[-10]U (5, +). 5. xe (g +°<>J. Vkaszanue. Vcnons3yiiTe HepaBeHCTBA

TpEeyTOJIbHUKA.

§4. B. 6.a) S={3}. 7.a) S=[-8,-65U[0,5); 6) S={—oo,—1+2‘BJU(‘E_1,+w}

2

8. (4, 8+ ;/a J KM/ 10% 6) S = (=0, =3]U(4, 5)U(5, +o0). 11%. S =(=1, DU =31 U {2}.

3aoauu u ynpasicnenus na nosmopenue
A. 1.6) S={4%}; B) S={1%} 2. a) 17, 27; 6) 5, 50; B) 200 1, 320 T. 3. 12 MOTOLHKIIOB,

36 aBromoOwuieit. 5. 18 mer. 6. 90000 nees, 135000 nees, 225000 nees. 7. x=-1, y=—1.

8.a) -1, —% — TpocThle KopHH; | — /1BOHHOM KopeHb; 0) 1 — npocroit kopeHs. 9. a, =-2,b, =2;
a, =—%, b, =6. 10.a) JI; 6) U.

B. 11.2a) S={1}; 6) S={,8}. 12.a) S={(15-2),(10,15)}; 6) S={(70,-28), (4,5)};
B) S={(6,8), (8, 6)}. 13.2) S={(3-32,3+3+2), 3+3v2,3-32), (2, 4), (4, 2)};

6) S=1{(2,3), (3,2)}. 14.2) me {=10, /10}; 6) me (—/10, ¥10); B) R\[-/10, +/10].
Ilposepounaa padvoma

A. 2.9) -1, % ~ npocrsie Kopr. 3. a) D, =R\{*l}; 6) xe (oo, —1)U (=1, 0]U (L + o).
4. OnuH TIONBIAH — § JIeeB, OJJMH HAPIHUCC — 5 JIeeB.

B. 1. S={(-1,-2), (2, 1), 1=v2,-1-+2), 1++2,-1+42)}. 2.2) D, =R\ {0, 5}. 3.40 xw/a,
50 K/,

@
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Mopyasb 7. dnemenTapHble pyHkuuu. YpapHenusi. HepaBencrsa

Vel o 53 _ el ~ 21\
§1.A. 1.6) S—{3}, 5) s_{-ﬁ}. 2.2) S={(2,1)}; 6) S={(0,1)}. 3.a) s_(—m,—z),

6) S = (—o0, 10). 4.a) £(18)=0; g(152)= 0; 8) Gg fg) S =(—oo, 2); 0 S=0.

5.a) S ={— 2.4 %}, 0) S ={—%, %} 6. a) 10 pabounx; 6) 3 rexranurpa; 2,1 rekramuTpa.

8.a) S=1{5}; 6) S=0.
§1.5. 10.a) S=2 mpn a=1, S={%} npn acR\{1}; 6) S =R npn a=1, S=3 npu a=—1,

Sz{a;_i_:’ls} npu ae R\{-1,1}; B) S=R npu a=0, S={I} npu acR". 11.6) xe (-1, +).

12. ae(3,0]. 14.2) S={7,8,9,...}; 6) $={9,10,11, ..., 15}. 15.1,5«r. 16. 40 T c conepxanueMm

uukens 5%, 100 T ¢ conepxkanuem uukenst 40%. 17.a) S=Q mupu a=17,5, S={22_31as} npH
a—

aeR\{7.5; i\/g}. 18%. a) a=1; 6) a=—1; B) He CyIIECTBYIOT TAKUEC 3HAYCHI .

V33| [V33-
1+433]U[ 32 L

§2. A. 1. 2) S=(—,2)UQB, +); 6) S=D; B) S=|—co,

_ 1 1) 51 5) (1 _
r) S=(2,-1. 2. a) (— oo, 3)U (1, +o0), [3, 1} 0) (—2, 2), (— oo, _Z)U [2, +<><>),
B) (—o0, =3)U (0, +o0), (3. 0). 3.a) [-3,1]; 6) {— o, —,/% JU{,/Z‘f, +oo}

B) (—o0, ~1JU[/3, +0). 4.510 M. 5. a=b=5. 6. (x—4)2+(y—5)2=%. 7. a) S=16,10};

5+

Foo |;

6) S=; B) S={0,5}; 1) S=9; n) Sz{ g/ﬁ,Z, 3}. 8. a) S=[-1,5]; 6) S=R;

,too [ ) S=[—4,4]; 1) S =(—c0, —4]U[5, + ).

5o 43

3 3

0.9 =15 21020 v =13 © = (§ o3 ) v s 01
10. a) 4(5)=2373m; 6) =147 c. 11.a) R\{2,3}; 6) (-0, —1JU[L +=); B) [-3, —11U[O0, 3];
r) (oo, =) U (=4, —1]U[4, +o0).
§2. B. 13.a) (x—=35) +(y—+10)> =12,25; (x—3,5)> +(y +4/10)* =12,25; 6) e nepecexaorcs;
B) (v2,42), (2, =+2). 14. B) Vkasanue. Tlycts |3x—1|=1,1>0. 15.a), 6) Vkasanue. Tpume-
HHTE METOJl MHTEPBAJIOB; B) S = (—oo, 1); T) Vkazanue. [IpumeHHTE METO HHTEPBAJIOB; 1) S :{—%, 1};
e) S=|R\{0, %, 1}. 16. Vkasanue. MoxHo npuMeHuts rpadpudeckuit meron. 18. Vkaszanue.
Iocrasbte ycnosus a—1>0 u D=5a>+2a—-3>0. 20. ac[-1;-0,2].
21 7 (—o0, —2] = (=00, —1], f'(x)=—1-+/—2—x. 23*. ae (=6, 6). 24*. ae (—; 0,5].
§3,3.2. A. 1.a) [3,+); 6) R. 3. a) Uernas; 6) HeueTHas.
§3, 3.2. B. 4. 23) (f+9):R->R, (f+9)x)=x"+x"; (f-g):R->R, (f g)(x)=x";
6) (f+&): R, =R, (f+ )0 =Vx+¥x; (f- ) R, 5R, (f-9)(0)=Vx-Vx.
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5. a) D(N)=[0,2], E(/)=[0,1]; 6) D(f)=(=eo, 1], E(f)=[0,+); B) D(f)=R,,

7.a) f R, >R, f(x)=-4x;6) f 2R, >R, f~ (x)——x B) fRSR, f(x)=4x".
“a) (f+8)R->R (f+9)0)=Vx+x"; (f g):R>R, (f-g)(X)=i/§-x3; (fog):R—-R,
(fog)m=x; 6) (f+8:R-R (f+g)®)=x"+Vx: (f )RR, (f-g)x)=x"x;
(fo8):R->R, (fog)x)=@x)".
§3,3.3.A. 1.a) S={8}; 6) S={10}; B) S={0}; r) S={0}; n) S={2}; e) S={3}.
2.2) S=12,5}; 6) S:{—%,%}; 8) S:{%,l}; ) S={-1;1,52;3}. 4.]L
§3,3.3.b. 5.a) S=0; 6) S={%(3+\/ﬁ)}; B) S=O; r) S=1{2}; 1) 36 coTok, 4 COTKH.

6. a) S={2}; 6) S:{%(s\/ﬁ—n)}; B) S={-3}; 1) S={,2,10}. 7.a) S={1,3,4};

6) S={-8,8\. 8.a) S={-42: 6) S={4,9; B) S= {N }; ) S={7+175}.
9.6) S={—4,4}. 10.a) S={1}. 11" a) S= { ‘2‘1} 6) S={12}; 1) S=[5,10]; 1) S=1{0}:

\ Q++43)" +1 2-+3)"+1 { 9} \ { 63a }
S={-7,2}.12%. a) S= R 3 0) S=9—-1, =+ 15%.a) §=40, — R
e) { 5 } a) {(2+\/§);;_1 (2_\/5)11_1} ) 16 S a) 65 ac

6) S=1{0} mpu a=0, S=C npu ae (=, 0)U (0, 1), SZ{(QZI)}HpH a€[l, +).

§3, 3.4. b. 1. a) ae(-lL,+%); 6) S=[-3,1]; B) S=G; 1) §=(—00, 1JU[2, +e0);

) S=[—%, —%]; e) S=(-10,40c0). 2. a) S=(—5,g); 0) S=[4; 45); r) S=[4, +oo);

1) S=(—c0,0]; &) S=R. 3.2) §=(—0, =3)U(@3,+); 6) S=[8,+c); B) S=[0,1]U[3, +0).

16°

[1-x|—|2x—1|<2; 6) Vkaszanue. Pemute nepasenctso 2+x—3|x—3|>x’; B) Vraszanue.

a) §S= |:73 ); B) S= ( oo, —19:|U[4 +o0). 6. a) Vkazanue. Pemure HepaBEHCTBO

Pemnte HepasenctBo |f—1|+|3t+1|<2f; 1) Vkasanue. [lpuMeHATE METON MHTEPBAJIOB.
1-x
2x+1
t=vVx*-3x+5, 1>0. 8" 6) Vkazanue. S =2 npu a<0. OI3: xe [0, a’)]. Bossenem obe uactu

HEPABEHCTBA B KBAAPAT M MOIYIUM Va* —x<l-a. Uccnenyiite ciayyan 1—a>0 n 1-a<0,

7. a) S=(—o0, 35U, +0); 06) Vkazanue. 3amenure t= ; B) Vkazanue. Ilycth

yuutsiBas OI13; B) Vkazanue. Ilpumenute rpaduueckuii Meron. I'padux dynkuum y = VI-x* -

MIOJTYOKPY>KHOCTb, a rpaduk GyHkuuu f(x)=2x+a — npsmas. Paccmorpute ciyyan: 1) mpsiMast
KacaTellbHa K MOJyOKPY/KHOCTH; 2) MpsiMasi IIEPeceKaeT MOIyOKPYKHOCTh B JIBYX TOYKAaX, B OIHOI
TouYKe; 3) rpaduKu HE MePECEKAOTCsL.

§3,3.5.b. 1.a) S=@; 6) S={(1D}; B) S={2-D}; 1) S= {(5 5]}; n S={d, 27, 27,1D}.
2.2) S={(2.8), (8,2)};6) S={(8, ~1), (1, —8)}. 3.2) S={~1,3,4 ) 6) S={-1, -+17, /17, 3}.

@
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4.6) S={-7,0,2}. 8.a) =@ npu a<0, S={9a’,a*)} npu a>0, S={(0,0)} npu a=0;
6) Vkazanue. O13: xeR, ye R,. Bropoe ypaBHeHHE 3amumeTCs ()c+1)2—(y-i-2)2 =0. Torna
x=—-1x(y+2). IIpu x=y+1 mepBoe ypaBHEHHE NIPUMET BHI Y — \/; +1-a=0. TlonyueHnHoe
ypaBHEHHE peliaeTcss Kak ypaBHeHne Il CTerneHH OTHOCHTENBHO HEH3BECTHOIO \/7 ; B) Vkaszauue.
O/13: xy=0. IlepBoe ypaBHCHHE MPHUMET BHUJ (x+y) —xy=a’ (1). U3 BTOpOTO YypaBHEHHS
HAXOUM X+ Yy =a— \/E U TO/ICTaBUM B ypaBHeHue (1).

§3, 3.6. b. 1.a) S=(7,4c0); 6) S=[l,+); B) S=[3,+); 1) S=T. 2. a) S=[4, +o0);
6) S=0. 3.a) S=R; B) §=(0, +o0).

Ilposepounaa pavoma 1

A. 1.a2)-1,5; 1;6) S =(—o0; —=15]U[L; +0); B) (0, 3), (=1,5;0). 2. S={1}. 3.204,30u.

b. 1.2) §=[05;25); 6) x,=1,x,=2. 2. a) ac (-, 1JU[9, +); 6) a’—8a+9; B) -7;
r) ac (9, +o).

§4, 4.2. A. 2.a) a>1; 6), B) ac(0,1). 3.2) N2)?>W2)"; 6) 03 <(0,3)"*.

6 ) (2. (a1
lgll—l}’ 6) S={3}; B) S={-3};

r) S={=2}; n) S={%}; e) S=G; x) S={1}; 3) S=G. 6. a) S={-8}; 6) S={log,,1,25};

1-v43 1++/43
3 7 3

0) S=0; B) S={-2}. 9.a) S={log,16}; 6) S ={0, log,3}; B) S=0.

4. a) x€(—oo,0); 06) x€ (0, +o0); B) x€(0,4). 5.2a) S ={

B) S={4}. 7.2) $ ={-0,5,0,5}; 6) S={-2,1}; B) § ={ } 8.a) S ={log,28}:

§4, 4.2. B. 11. (+/3)"". 12. a), 6) Mepsoe umcno menbme. 13. x=%
6) xe (0,+00). 15.2) S={-2,2}: 6) S={-2.5:3). 16.a) S={0}. 17.a) S=T: 6) S={1}.
18. a) Vkasamue. Hycts (2++/3)*" =¢, Torma (2—\/5)2”12%; 6) Vkasanue. Ilyctb

(5+246)7 =t, Torna (5—2\%)%%. 19. a) S={0}; 6) S={-05:05): B) Vkasanue. OJI3:

14. a) x€ (—oo, 0);

1
xe N, x>2. Paspenute ypasuenue na 4*. 20. a) Vraszanue. IIpuMeHUTE METOJ UHTEPBAJIOB;
B) S={0,2}. Vkasanue. 3anumure ypasuenne B Buge |x—1[">=|x—1[". 21. a) S={2};
6) S ={4}; B) S =. Vkazanue. Bocrosb3yiitech CBOHCTBAMHU (DYHKIIHI, MPEICTABISIONIMX MPaBYIO

2
U JIEBYIO YACTH ypaBHeHus. 22. a) Vkasanue. 3anvimure ypasHenue B Buje |x—3[|" '=|x-3[";

0) S= {%} 24. a) Vkazanue. Iycts ¢ =25"" > 0. Homyunm ypasrenne 1> -2t +a=0; 6) S =

npu a € (—oo, 3]U[27, +00), S :{log4 16(;__6127)} npu a€ (3, 27); B) Vrasanue. Ilycts 2° =t¢, t > 0.

[onyuum ypasHerue at’ —5t+1=0.

§4, 4.3. b. 1. a) §=(5,4c); 6) S=(—1,+00); B) §=(—o0, -1)U(0, +x); 1) S=R;
n) S=C, e) S=[4,+=). 2.a) S=(-oo,1]; 6) §=(-,—logs10); B) S =(—0o,log,,10].
w 7)

T13
r) S =[0, +o0); n) Vrazanue. Ilycte 2 =t, t>0; e) Vkazanue. lycts 3" =t, t >0; n) Vkazauue.
Iycts 8° =t¢, t>0. 5.a) S=(-1,0U 0, DU, 2); 6) Vkazanue. Iycts 3* =¢, ¢t >0. [Ipumenure
METOJ] MHTEPBAJIOB; B) Vkaszanue. Paznenure HEPaBEeHCTBO HA 9. 6. a) S =(—oo, -1]U[2, +o0);

3.a) S=[-L15]; 6) S=(3,+x); B) S=|- 4. 6) S=(—c0,—1); B) S=(2,+);

0) Vkaszanue. Paccmotpute ciydan 0<3x—1<1 u 3x—1>1; B) Vkazanue. Paccmotpure ciiydan
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0<|2x*=7|<1, |2x*=7|=1, |2x*=7|>1. 9*. a) S=@ npu a=0. Vkazanue. Pemmure
nepaeHcTBO 2-4™ 442" — 4% <0 xak HepaBeHCTBO Il CTENEHH OTHOCHTEIBHO HEH3BECTHOTIO
2**' 3arem paccmotpute ciaydan a >0 u a<O0.

§5,5.1. A. 2.a) 0<log,2<1; 6) log,0,2<0; B) 0<log105<1 r) log ;0,2<0.
3. a), 0), B) [lepBoe umcino Ooinbe.

§5, 5.1. B. 6. log, 6>log,5. 7. x=#. 8. a) R, SR, f(x)=log, x+3;
6) fPR—=(2,+%), f'(x)=3"+2. 9.2) xe (0;0,2); 6) x& (13, +o0). 10.2) Z; 6) R\ (2, +o0);
B) (—o0, 0). 11.a) 2>log,8; 6) 3>(+13)™; B) 5§>17‘°*3; r) 3" >log,7. 12.B) (1,2)\,
(2, +0) /, uu werHas, Hu HewetHas, E(f)=R,, v =/f(2)=0. 13. a) (=2, +)\{0, £1};
6) (0,107 U, 10); B) (=00, =1]U[L, +o0) \ {£3}.

3 }; ) {%} e) S=0.

2. a) s:{g%}; 6) S={-22,242}); B) S= { ;ﬁ } 3.a) S={-12};

W[ —

§5, 5.2. A. 1.a) S={16}; 6) S={1}; B) S={100}; r) S=

6) S={1-+6, 1+4/6}; B) S={1}. 4.a) S={1+10-4500}; 6) Sz{l

4}. 5.2) S={23);
6) s={—1%, 79}; B) S={10",10°}.

§5, 5.2. B. 6.6) S= {‘g }t} B) S={375 35y ) §=(-16}); 1) S=0;
1

¢) S ={1077°,10V); ) S ={4}; 3) S—{\/;, J;} 1) S={§,9}; k) S ={1,4}; m) § ={£4}.
7. a) x,=0,7, x,=7, B) S={2}. Vkazanue. Bocnonb3yiiTech cBOHCTBaMH (YHKIHII,

NPEICTABISIONINX TIPABYI0 U JIeByr0 4dacTu ypaBHenus. 8. B) S ={2}. 11". a) S=O npu a =1,

Sz{é,az} npu ae (0, DU, +); B) S=T mpu ae (-, 0]U{1}, {2 V2 2+\/7}

npu a=10. Vkazanue. Tlpu ae (0, HU(1,10)U (10, +oo) pemunre ypaBHeHue Il cremeHn
2x(2-x)=lga.

§5,5.3.B. 1.a) S=(—, 0); 6) S=[-3,3]; B) S=[1;15); 1) S=(—4, -vVTHUG7T, 4);

1) 52(3_2‘/5,1Ju[2,3+2‘/§) 2. 2) S=(—;,O]U[3, +00); 0) S=(l,6; %} B) S:(é,+oo).
3. a) S=0; 6) 52(2,132\21@} 4. B) S:(o,;)u(am). 5. a) S§=(—00,-2);

6) S=(0,HU[2,+e0); T) S =(— o, ;), e) Vkaszanue. 3armvmre Bce orapudMel 0 OCHOBAHHIO 2;

x) Vxazanue. B OJI3 MCXOQHOIO HEPaBEHCTBA PELIUTE HEPABEHCTBO log”21072<0;
- X

2% =1, k) Vikasanue. Pacemorpure ciyuan x°—1>1 n 0<x’ —1<1.

u) Vkazanue. Ilycts x

6. a) Vrazanue. Ilpumenus Meton uHTepBanos, pemmnre B O3 Hepasenctso |x+5|-|x—1]|=x;

0) S =(4,+o0); 1) Vkazanue. Paccmotpure ciuydan |x|>1 u 0<|x|<1. 8%. a) Vkaszanue. OJ13:

1—x? > 0. Pacemorpure cyuan 0<a<1lu a>1; 6) S =@ npu ae (—eo, 0JU{1}, S =(a, 1) pu
a

@
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ae(0,1), §=]0, 1 U(a, +o) mpu ae (1, +0); B) Vkazanue. Paccmorpute cinydan 0<a<l1 u
a

a>1. 9. ae (0,1).
§5, 5.4. A. 1.a) S={(1,2),(2,D}; 6) S={(2logs9,1)}; B) Sz{(Z,S;)}; r) S=9;

. _ ) _J(16 20\|. _J(3 3 )9 10 .
o) S=3; e) S={(7,3)}; x) S—{(9,9)}, 3) S—{(2,2)} 2. a) S—{—E,IO —1},

6) S = {1 2,3, 10}; B) S=(=3,0}; ) § =2, log, 2}.

§5,5.4. 5. 3.a) S={2,1}; 6) S = {(811 ) @7, 4)}; B) S={(5.1), (5. -1)}:

4.2) S=1{1,2}; B) S ={log, 5, logs/6}: 1) S ={5}.
YIipa‘)ICHeHu}l u 3a0auu Ha nosemopenue

A. La)l) x,=—/52++/3), 2) [x,, +); 6) 1) x, ==T(\/3+2), 2) (==, x,); B) 1) X, = ol

~106°
2) (x,,+0). 2. a) f(1)=500+80¢; 6) 18 mecsaues. 3. a) f(x)=20+35x; 6) 142,5°C.
4. a) f(x)=23+0,18x; 6) 59 $. 5. a) [1,+00); 6) (=0, 2)U (3, +=). 6. a) (—oo, =3)U (2, +o);
6) (—oo, 2); B) (=1, +0); 1) ( oo) 7.a) t=025¢;6) t=15c. 8 [f(t)=90-7,62¢t (cm),
~11,8 u= 11 4y 48 muH. 9. a), B) Bropoe uncio Gombiie; 0), r), 1), €) MEPBOEC YUCIO OOJIbIIIE.

b. 10. a) Bropoe uncio Gonsie; 6), B), T), 1) nepsoe yucio Gomsure. 11.a) S=; 6) S = {\/5};

B) S=; 1) S= {\/z} e) S=0. 12.a) (—oo, —1); 6) [0, 2)U (2, +0); B) (=1, +e0).

5 El
13.a) x, =1, x2=36,x3=%/(\/§ 2)’; 6) x, =1, x, =3° 14.3/Ka3aHue.i L+ ! R, =5Q.
R, R R+R’
15. f(x)—— x> +2x+3. 16.2) 20 ex. amunbL; 6) 24 ea. pmHsL 17. f(x)——%(x 40)* +18.

8%.a) [ R-R, f“(x)=—§x+§; 6) fi[-L+o)>[2,+00), f(X)=2+1+x.
Ilposepounasn pavoma I1

A. 2.43rona, 9 ntet. 3. S={1++2}. 4. S={(4,0)}.

b. 2. (x+1)>+(y=3)>=10. 3. S={2,1)}. 4. S=(—o0, —1]U|:§,+°°)U{l}. 5. Vkasanue.
Hycrs 6™ =¢, t>0.

Moayab 8. JJjieMeHTbI TPUIOHOMETPHUHU

T mw 11 o E _E é o o o. o o o
§1. A. 1. )Zgﬁ 0) =, 3071' m. 2.a) 60° 90°, —135° 6) 30°, 108°, —360°.
3. a) cos’15° 6) é+£ B) 5— 243; T) 4+% 4. a), 0) na; B), 1) HeT. 5. a) Her; 0), B), 1) na.

6.a) sin’ o +sina; 6) smacosa(cosa—sma), B)—1;1) ctgar. 7.a) 8 cm, 30°,60°; 6) 2 cm, 30°, 60°.
8.45°, 135°. 9, =108 m.
§1. B. 10.a) x#2kn, ke Z: 6) x# 2+ X ez w) x# k2, keZ 1. Munye. 12. 2) 0

o &
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0) %; B) — Z; r) % 13. a), 6), B) munyc. 14. a) Hu ueTHas, HU HeueTHasi; 0) YeTHas; B) HEUCTHAS.

15", a) [-3, 3]; 6) (—oo, —1JUI[l, 4o0); B) (—o0, —4]1U[4, +).

§2.A.1.a)1;6)-3;B) J;—Z\E 2. )\/7 3+4\/7 . 3.a) sina=%, tga=%, ctga=g;
1 .25 5 \/_, 17 _ .

r) ctga—z, sino = 5 coso = 5 5.a) 1; 0) 2 B) 0; 1) cos 70 6. a) /la; 6) ner;
. 02 . — el . 2 . : L. .

B) ma; r) ga. 7. a) sin@; r) —sin’a; 1) ina’ e) 2(cosax+sina). 8. a) >sin 20

6) %(1+c05205); B) %(1+3cos2a).

§2. b. 9. Yxazanue. lpumennre cootHomenue (sina +coser)” =0,6%. 10. Viazanue. Tipumer-

2

e cootHomenue (tgor+ctgar)’ =(2,5)°. 14. a) 5%; 0) ctg(%—oc); B) Vkaszanue. coso. = sin(”—a).
15. a) —%ctg ‘a; 6) ctg(Z—oc). 16. B), 1) Vkazanue. Tlpumennte cootHomenne 0+ f+y =7.

§3.5. L) $=2,6) S={(-)"Tam[keZ}; ) S = {]”2 Z”k\kez}

2. a) S={g+7m‘ne Z}; 6) S:{i?+2nk\keZ}; B) S=. 3. a) S={—%+nk\kez};

15 5

2 27n St 2rmk
r) S= {12 3+—‘neZ} n) S= {—%+? eZ}U{zS ‘k Z} Vkasanue.

6) S= {2arctg25+ \neZ} r) S={—%+5n’k‘kel} 4. a) S= {+2l+%‘k62};

Paznenute 0be yacTu ypaBHeHus Ha +2; €) Vkasanue. Pasnennte o0 4yacTu ypaBHEHHs HA 2, 3aTeM

T _2

T
IMPUMEHUTE COOTHOIICHUEC sin—=cos— =

4T
5.2) 8= { +2m\nez}u{( 1)’“‘”+nk\kez} rS= {—1+—\kez}

6.2) S = { 3n +3n'k‘ke Z}; B) S= {arctg3+7tk\ke Z}U{ Z n‘n‘ne Z}
7.2) S = {( 1)"———+7m‘ne Z}- r) §= { \n Z}U{ + k| ke Z}.
8.2) §= { +mm|ne Z}U{—%+27ﬂc‘ke Z}U{n+27rk‘k Z}; B) Vkasanue. 1=sin’ x + cos® x;

T nk
r) S= { 7 ‘ke Z}; n) Vkaszanue. Paznenure o0e yacTu ypaBHEHHs Ha \/5 , 3aTeM TIPUMEHHTE

r_ a2 D z} —arcta] 3
COOTHOIIIEHHE smz—cosz - 9. a) S—{— i 2,0, 1 10. a—arctgz. 11. a.rcsm7.
sina sinf3 (I+m)-b

———— . 14. 2arccos
\sin”a +sin® B 2Im

Vraszanue. Tlpu a # 0 paccmotpute otnenbo ciydan D=1+4a>0 u D=1+4a <0, yuutsiBasi,

13. arcsin a) S= { +27n| ne Z} npu a=0.

T 3a—-1
uro [sinx|<1; r) Vkasanue. Pemnrte ypaBHeHue sin g—x > YUYUTHIBAs yCIOBUE
3a-1
<
3 <1

@
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§4.b. 1.a) S= U( +277:n,4+27m) 6) S= UZ[ +27mn, 27”+27m}
nelZ ne

) S=U —+2 o) s=@ ns=U[Zr2m Eiom )
neZ 3 neZ 3 3
T r
e) S= U|-"+2mn, +27m] x) S = U mn, —+2mn | 3) S=R;
ne 6 6 neZ 6
) S = U( nn, +7m)» K) § = U( + 7, —”+7m); m §=U|-arctg2+m, T +m |
neZ 2 nelZ 6 neZ 2

5
M S=U —£+7l‘n, L im L oH) S=U £+7m, m+mnf o) S=U l+n‘n, T+mn |,
neZ 2 4 ne 4 neZ 6

n S= U(n‘n, 7§+7mJ; p) S= U(mz m—arcctg3+mn); ¢) S= U[-7 +27mn, 27n);
neZ

neZ

1) S= U( % 7n, —arctg3+ 7n ) ( + 7n, +7m}

neZ

2.2) S = U——+47m Ziam | 6 5=\ T 2m Tr 2 o (B 3R
nel nel 12 3 12 3 neZ

ﬂ' TTi n

rS= U( 5 ) n S =
nelZ

2mn

2
3.a) S=R\ 3l+27m\nez;6)S=U m, Timlie §=U|- 420 2T
neZ 3 neZ 5 5 5

. 3
r) Vkaszanue. Pemnre HepaBencTBo sin3x <———; n%) Vkaszanue. Beenure BCIOMOrareiabHOE

2
* 2 a2 2
HeusBecTHoe f=|cosx|; e) Vkaszanue. cos” x=1—sin"x. 4. Vkaszanue. cos2x=2cos x—1.

. . . . .2
5. Vkazanue. 3anumgre 3aJaHHoe ypaBHeHue B Buae (Sinx —sin3x)(sinx+sin3x)+sin” 2x =0,
3areM mpeoOpasyiiTe B MPOU3BEICHNUE BBHIPAKCHHS, 3aMIICAHHBIC B CKOOKAX.

anamuemm u 3aoauu Ha nosemopenue

AL )2+\f 6)— 2.2)-0286) 068. 3.2)-3; 6) 0. 4. 24-2+ 3 =463 . 5. (20-1053) o

6. ctg3— cos— tg— smz—ﬂ. 8.06) coscx. 9.a)1; 6) 1. 11. 5°; 150°; 720°; 1500°.
4 27 °6° 3

b. 12.8)-3;1) 9. 13.18. 14.25. 15. k—f\/Z V3. 16. Menpme 1. 17. a) [Tmoc; 0) miroc.

18. a) Hu uetHas, Hu HeveTHast; 0) HeyeTHas. 19. a) T; 0) — %; B) ?
te (tga +ctga)’ =m’. a) m*> =2m; 6) m(m* —2m—1). 21.a) Jla; 6) mer. 23.a) 1;6) 0. 25.-330°.

V2

26. S= {—%+ 27m‘ ne Z}. 30. 2 ciyyast: 1) arccos(é + J — BEJIMYMHA YIJIa TIPU OCHOBAHHU,

4
V2 V2

- Zarccos(é + 4J — BEJIMYMHA yIJIa TPH BEepIIUHE; 2) arccos(é - J — BEJIMYMHA yIiIa IpU

. 20. Vkazanue. Uctionw3yii-

4

1 2
OCHOBaHUU, T —2arccos(—4 — BEJIMYMHA yIVIa IIPH BEpIIUHE.

2
343 343

33.6) cos(AADB)—— sm(LADB)—— tg(AADB)—— ctg(MDB)_ﬁ

5a2f sf V10

)— 34%.a) Y57 6) 08,

n) o =

@
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35%.a) S= {n - arcsin3\/7 arcsmz\f + 27171‘ ne Z}U {arcsin3\/7 + a1rccosi + 27#(‘ ke Z}

20 5 20 5
6)S={—%+2nn\nez} 36*.2) S= { +m\nez} 6)S:{%+27rk\k62}.

IlIposepounasa paboma

A1D26—\/53£1f+2\@2+«/7f+2fx/§2f 1
LD 2 2 3

= 4.2. 5. —.
— 2 6 6 VI5-2  J15+2 2
6. arcsin5 41.
41
. 3._1 T
b. 1.J1. 2. -0,96; 0,28; —353 -5 4 S= {2kn|ke Z}. 5. xe(4 2]

MoayJb 9. 'eomerpudeckne Gpurypbl Ha MJIOCKOCTH

§1. A. 4.2),0),8) U; 1) JL.

§1. b. 10. 2) 1)=2) (JI), 1)=3) (N), )=4) (N); 6) 2)=1) (JI), 3)=1) (N), 4)=1) (D).
11.a) aNb={4}, aNP=a, bUP=P; 6) P, {4}.

§2.A. 1.12cm. 2.8cm. 3.30 cm. 4.100 cm. 5.16 cm, 12 cm. 6. 18 oM, 18 cm, 20 cm. 7. 3 cMm.
9. EF=FD=3cMm.

§2. b. 10. Vkasanue. Tlpumennte npusnak I'Y. 11. Vkasanue. llpumennte npusnak YCV.
12. Vkaszanue. Ilpumenure npusHak CYC. 13. Vkazanue. Ilpumennte npusnak I'K. 14. Vkaszauue.
[Mpumenure npusnak I'Y. 15. Vkazauue. Ipumenure npusznak CYC. 16. a) Vkazanue. Ha [AM
u [AM, ormersre Toukn D u D, Tak, uto AM =MD u AM,=MD,. U3 AAMC =AMBD nu
AAM,C, =AM B.D, crenyer, uto ZABD= ZAB,D, = AABD=AAB,D,; 6) MLC = AALC,.

(CCC (cy

17. AABM = AABM, = ZABC = ZAB,C, =AABC —CAABC 18. Vkasanue. Ha [AM wu
[AM, ormersTe Touku D u D, Tak, uto AM =MD u AM, =M D,. AABD(CéC)AA]B]D] =
— /BAM = ZBAM,, a MDC = ADC, = ZMAC = LM A, s, ZBACE ZBAC, =
— AABC' = ABC,. 19 Ve AMMC' S MM, C, = AC=AC,; AMB=AAM,B, =
= AB = A B,. 3naunr, AABC AAB C,. 20. Vxaszanue. Ha mennane AM ormersTe TOUKy D
tak, uto AM =MD. ABMD=AAMC—= BD=AC, a 8 AABD umeem AB+ BD>AD wunu
AB+AC>2AM. 21. Vxaszanue. U3 3anauu 20 cnenyet, uro 2m, <b+c, 2m, <a+c, 2m <a+b.
Ci10XMB 3TH HEpaBeHCTBa, moaydnMm m, +m, +m, <. Cl0oXuUB HEpaBCHCTBA 7N, >c—%,
mb>a—g, m‘>b—%, ooiaydyuMm  m, +m, +m‘>%;’7’. 22. Vkazanue. CM. 3agauy 18.
23.  Vkaszanue. AABL = AAIBlLl:>4ALC ZALC = ALC °2 ALC = AC=AC =

> MBC Y mpe, 24 2227

ZMAN = ZA u touxy Ce[AM Ttax, uto AC =b. €(C, a)(1[AN ={B}. Tpeyromsaux ABC —
uckomeblit. 28. x) {A}=CM (BN, tne £BCM = ZCBN. 29. Vkaszanue. Ha [AM or™MeThTe
touky D Ttak, uto AM =MD. B AACD unmeem AD =2m, , ZADC = ZBAM , 3naunt, AACD
MokeT ObITh mocTpoeH (YCVY). Bepmuna Be [CM  Tak, utoost CM =MB. 30. 6) Vkazanue. B
AABC wnmeem BC =a, AD=h,, AM =m,. AADM MoXeT ObITb TOCTPOEH KaK MPSAMOYTOIbHbII

25. 15 cm, 20 cm, 25 cm. 26. B) Vkaszanue. TlocTpoiite

(I'K). Bepuruael B u C SBJISIOTCS TOYKAME MepECEUeHHs] OKPY>KHOCTH ?(M , g) u npsimoir DM

@
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r) Vrasanue. B AABC wumeem BC=a, AB=c, AC =b. Ormerbre TOuky D€ [BA Tak, 4ro
AD = AC. 3nauut, ACBD wmoxer 0biTh ocTpoeH (CYC). Bepmmnaa 4 — 3T0 TOYKa NepeceucHUs
npsimoit BD n mexunatpucs! otpeska DC; 1) Vrkasanue. B AABC otmetsre Touky D€ AC Tak, 4to
AD = AB =c. ABDC woxer 6bith octpoet (CYC). DC =b—c, BC=a, ZBDD=/C. AABD
paBHOOeApeHHbIit; ¢) Vkazanue. B AABC otmetbTe Touky De€[CA Ttak, uto AD=AB=c.

m(ZLADB) = %m(LA), snaunt, ADCB wmoxet ObITh TIOCTpoeH. Bepmmaa 4 — 310 nepeceucHue

CD wu meaunatpucsl otpeska BD; x) Vrkazanue. B AABC Ha A0mnodHEHUHU moaynpsmoi [BA

OTMETbTE TOUKY B, Tak, uro CB = BB,, a Ha JONOJHEHHUH TOIynpsiMoil [AB OTMETbTE TOUKY A,
tak, uTo AC=AA. ACAB, MOXeT ObITh NOCTPOEH, MOCKOIBKY m(LCAiB]):%m(AA),
m(£LCBA)) :%m(AB) u AB =a+b+c (YCY). Bepummnsl A u B ABIAIOTCS TepecedeHHAMH

meaunarpuc otpe3koB A C n B,C nnpamoii A B,; 3) Vkazanue. B AABC ortmersre Touky De AC
Tak, 4t0 AB=AD = DC =b—c. Jlokaxure, uro 2m(LCBD) =m(4£B - ZC), oTKyaa Cleayer,
yro ABDC wMoxeT ObITh mocTpoeH. Bepmuny 4 HaliguTe U3 paBHOOEIPEHHOTO TPEYTOJb-
nuka ABD.

§3. A. 1.44 cm. 2. 12 cm. 3.50°, 130°. 4.70°, 110°. 5. 40°, 50°. 6. 20°, 70°. 7. 75°, 105°.
8.24 cm, 40 M. 9. 56 cm, 84 cm. 10. 20 cm.

§3. b. 11. ZDAE = ZAEB kax BHYTpeHHHE HakpecT nexaue yrabl. 12. Vkazanue. Yepes
BEPIINHBI OCTPHIX YITIOB MOCTPOUTE MPSIMBIC, apajuieibHbIC KaTeTaM, M MOJYYUTE HPSIMOYTOJib-
Huk. 13. Vkasanue. Ilycts meanana CM =0,5AB, torga tpeyronbuuku CMA n BMC —
pasnoGeapennsie. 3uauut, MLMAO=m(LACM)=0, m(LMBO=m(LMCB=p. Torna
m(LA)+m(£B)+m(£LC)=180°= o+ B =90°= m(LACB) =90°. 14. Vxazanue. CM. pelmienne
3agaun 11. 15. Vkazanue. Eciu moCTPOUTH BBICOTBI, HCXOJISIINE U3 BEPIIHMH TYIBIX YITIOB, TOJNYYHTE
JIBA KOHTPYIHTHBIX TpeyroibHuka. 16. d, +d,. 17. 1 : 6. 18. Vkaszanue. IlocTpoiite yrou,
KOHIPYDHTHBIH 3aJaHHOMY, a TaKXKe ero ouccekrpucy. Ha GuccekTprce OTMETBTE OTPE30K, KOHIPY-
SHTHBIN 3aJJaHHOMY, W TPOBEJMUTE MpPsMBIEC, Mapajlie]bHble cTOpoHaM pomba. 19. Vkaszanue.
Iocrpoiite pom6 AMNL, y xotoporo ZMAL xoHrpysHTeH 3aaanHoMy. Ha [AN oTMeThTE TOUKY
O 1ak, uto AN+ NQ=AN+ML Ha [AN ormersre Touky C Tak, utro AC =d, +d,. Yepes C
MOCTPOMTE MpsiMyto, Mapauiensayio MQ, u Haiimure TpeTbio BepumHy. 20. Viazanue. Ilpumenure
npusHak CCC. 21. Vkazanue. lpumennte npusnak CCC. 24. Vkazanue. Tloctpoiite AABE, tne
AE=a-b, Z/BAE= /A, ZAEB = /D. Ha [AE otmerbTe TouKy D Tak, 4t00sl AD = a. Bepunna
C — 310 TIepeceueHne MPAMOH, TTapalIeabHOM AD 1 POXOoIsIIeii uepe3 B, ¢ psAaMoii, mapaiieabHOR
BE wn mpoxomstmieit uepes D. 25. Vkaszanue. Iloctpoiite ABED, tne BE=h, BD=d,

m(ZBED) =90°, 3atem [BM || DE. Bepiuunsl C u A — 310 nepeceyeHre OKpyKHOCTH W(O, %dz )
u nonynpsmeix [BM u [DA, tine O — cepenuna [BD].  26. Vkazanue. Cm. 3anauy 25.

§4. A. 1.2 cm. 2.36.¢cm, 9 em. 3.30 cm, 40 cM, 50 cm. 4. 6 cm. 5.30 M, 36 cm. 6. 7,2 M.

§4. b. 7. Vkasanue. 2m(£B) =71 —m(£LA) =1 —m(LA,) =2m(£B,). TlpuMmeHnuTe NPU3HAK
YCV. 9. Vkasanue. AABM ~AABM, = AB :AB=AM, :AM. 10. Vkaszanue.
ABL"<"AMBL = AB :AB=AL :AL 11.AE -BE =CE-DE = AE: CE = DE : BE =

= AADE ~ ACBE = /DAE = /BCE = BC|| AD. 12. Vkazanue. ABHA ~AAHB =
=AH:BH=BH:AH=AH-AH=BH -BH w . 1. 13. Vxasanue. Jlano tpaneuust ABCD

@
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(BC||AD), {O}=ACNBD, M~ cepenuna croponst BC u {N}=AD (MO, torna B cuity Teope-
Mbl 30 AN :ND =BM :MC =1= AN = ND. 3uauut, M, O, N — xo/unnHeapHbie Touku. Ecimu
{0,}=ABNCD, 10 BM :MC = AN : ND, 3uauur, touku O,,M,,N — xommueapusbie. 14. Vkaza-
nue.B ABLM, ZBLM —rtynoiiyron,a ZBML —octpsrii. Torna BL < BM. 15. ABMC ~ AAMD.
16. 12 cMm, 24 cMm, 30 cm. 17. AC=48cm, AC, =36 cm, B,C,=30cm. 18. 56 cm. 19. 9 cm.
20. Vkaszanue. Ha cTOpoHax yria, KOHTpysHTHOTO ¢ ZA, ormersTe Touku A, m B, Tak, 4To
AC,:AB,=m:n. Ha [AC, noctpoiite AC=b, 3arem CD| C,B,. Touka {B}=[AB,CD.
21. Vkazanue. Iloctpoiite AA B,C,, y xotoporo £ZBAC, =ZA, £ZBCA =ZC u [BD,] — ero
BeicoTa. Ha [A,C, otmersTe Touky E, & [AC,] Tak, uto C\E, = B,D,. Ha [A,C,, oTmMeTbTe TOUKy £
tak, utro A E=b+h,, u nocrpoiire [ED ||B,E,, {B}=[ED(\AB, u B,C,||BC. 22. Vrazanue.
[ocrpoiite kBagpar M N,PQ, Tak, uto N,€ AB, M€ AC, Q,€ AC. Touka {P}=[AP(BC -

BepunHa kBajapara. 23. Vkazanue. CM. 3agauy 21.

§5. A. 1. 2/5em 2. %\/142CM, %\/%CM, %ﬁCM. 3. 6 cMm. 4. gcm 5. 42 cwm,
56 cm. 6. \/%CM, 2\/5 cM, Scm. 7.5 cm, 5\/5 cM, 10 cm. 8. £ cMm, ﬁ cMm. 9.24 cm.

2
§5.b. 10. 10 cm. 11. 1 cm. 12.30°,60°,90°. 13.3 cM,4cm, Scem, 1 em. 14.11:7. 16.04R. 17. 8cm.

IlIposepounaa paooma I
A. 1. 400300 m. 2.48 ™. 3.1443 mm. 4. AB=12 cm, BC =15 cm. 5. AB=15m, CD =2 wm,
EF =25 M.

Bldf

.20 a(ﬁ —1). 3. 40 auckos, 44 mucka. 4. Tonbko KBaJpaTHBIC JCTAJIH.

2442
. T CM

6, 6.1. A. 1. MCM. 2.3 cm, 7,5 em. 3. 60° 30°. 4. 2413 cm u 3V13 em. 5
3
6.8 cMm, 15¢cm. 7.15¢cm, 9 cm.
6,6.1. 5. 8.5 . 9. 18 om, 24 om, 30 o 10, TP 4y [0 1390w, 12 om,
1 2

m2 +n2 2 2 2 2
15cm. 14.5.6 cm, 42 ov; r =24 cm. 15, V2 m, /3 m. 16, 1M ntm
n m
§6,6.2. b. 1. 4 cm. 2. 253 em®. 3. 4w wm 10 M. 4. arcsin%, arcsing. %M, %M.

,IZ(a +b*)—c’. 8. 10cMm, 5cm, 5\/5 CM. 9. 3 ¢cMm, 5 cm, 7 cM.

10. a5 1. 329 o
22 4

§6,6.3. A. 1.40cm. 2. 12 cm. 3. 18 cm. 4.50° 5.16 cm. 6. 40°.

6. 5Scm. 7. m =

8] \

§6,6.3. b. 7. Vkasanue. Cepequna runoTeHysbl — 9T0 LEHTP OKPYKHOCTH, OMHMCAHHON OKOJIO
Tpeyronbuuka. 8. Vrazanue. m(LCBD) =1 —m(£LBDA) —m(£LBCA). Yrist BDA u BCA Briicanbt
B OKPY)XHOCTh M MM COOTBETCTBYIOT AYIH, HE 3aBucsmue oT npsmoit CD. 9. Vkazanue.
PaccmarpuBaroTcst jBa MOIOOHBIX PaBHOOECAPEHHBIX TPEYTONbHHUKA, BEPIIMHBI KOTOPBIX COBMANAIOT
¢ nentpamu okpyxuoctu. 10. Vrkazanue. ZBCA = ZADE . 11. Vkasanue. Tlycts T — Touka Kaca-
nuga. Torma CC,=CT wu BB, =BT, orkyna AC +CB +BA=AC +CT +TB +BA=
=AC +CC+BB +BA=AC+AB=2AB. 12.a) Yxaszanue. m(£AAB)=m(ZABB). 6) Yxazanue.
U3 a) momyuaem, utro m(£LA B,C) =m(£LCBA). £CBA koHrpysHTeH yriy, obpasoBanHomy AC n

@
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KacaTeJIbHOH K OKpykHOCTH B Touke C. 3HauuT, KacarenbHas napamiensHa A B,. Torma OC L A B,.

13. Vkaszanue. Obmias kacatenpHas B A mpoxoauT depe3 cepenuny otpeska BC. 14. Vkaszanue.

Cwm. 3agauy 12 6). 15. Vkazanue. CE*=CA-CB=CD’. 16. 2arcsinR+r 17. %(b—a).
r

18. 2V R-r. 19. Vrazanue. Iloctpoiite npsmyto CB Tak, uroosr m(LABC)=¢, BD 1 CB. Ilepe-

cedyeHne Meauarpuckl otpeska AB ¢ BD —ato Touka O. OnHa u3 ayr okpyxkHoctr €(O, OB), a tarke

U CUMMETpPUYHAs €il yra, sBISFOTCS UCKOMbIMH. 20. Vkasanue. TlocTpoiite MHOXECTBO Touek M
TaK, yto0bl ZBMC = ZA (cMm. 3agaqy 19). Torna Touka nepeceyeHus Iyr U MpsiMOii, mapauieaIbHON
BC (paccrosinue Mexy HUMH paBHO /1, ), siBIsleTCst TpeTbeil BepumHoil. 21. Vkasanue. IocTpoiite
B okpyxHocTH €(0, R) xopay BC = a. Tperbs BeplnHa — 3TO niepeceueHue okpyxuoctu € (0, R)
U npsMmoii, napamiaensHoi BC, paccTosiHue Mexay KOTOpPBIMU paBHO h,. 22. Vkaszanue.

Cwm. 3agauy 2 c¢ pemienueM. 23. Vkaszanue. Ecnu [ — HeHTp BNUCAHHOW OKPYKHOCTH, TO

m(£BIC) =%+%m(4A). 24. Vxazanue. [AC], [BC] — xopasl okpyxHocTH €(O, R).

§7. A. 1. a) 12 cropor; 6) 18 cropon. 2. a) 10 cropon; 6) 15 cropon. 3. 0,5R. 4. a\E.

§7.B. 5. R=—%__ =% ctg&n‘)". 6. 33 M, 42w, 6m, 8Y2-v2 m, 12¢2-43 w.

2sin 180° 2

7

n

§8.A. 1.600cm>. 2. 60cm’. 3.12cm’. 4. 60cm’. 5.157.5cm’. 6. 144 em’. 7. 4 em’.

2 2
§8.5.8. L3 9,535 o, 10.%M2, %M% 11. 2021 o, 12.18V3 o, 13. %.
2
14. .o/, =2 (xB. en.), oy, =4 (xB.exn.). 15. SZ . 16. 3,6 v’

Ynpasicnenusa u 3a0auu na noesmopenue
A. 1.840 cm?. 2.15. 3.9¢cm, 12 ¢cm, 15 cm. 4. V10 em. 5. 42 -1. 6. 1365ﬁ cm. 7. 60°, 120°.
8. 75¢cm. 9.4 :1. 10.150° 11.12 cm. 12.3 cm. 13. 8 cm. 14. 28 em?. 15. 24 cm. 16. 7 cm.

17. V114 cm.
b. 18.0,5cm. 19. % cm. 20.25cMm, 25 cm, 30 em. 21. 2.4 c™m, 5,6 em, 4,2 em, 7 em. 22. (2R + 7).

23.5cm. 24.3:4. 25.5¢cm, 5 em, 6 cm. 26. %Ta. 27.73:70. 28.30°,30°, 120° nim 75°, 75°, 30°.

_ 2, 72 _p2_ 2
29. & 2b . 30,42 ;b . 31.% %. 32.30°,60°. 33.5: 10 13. 34. PasuoGeapenmbic

MPSIMOYTOJIBHBIE TPEYTOJBHUKU C KaTeTaMH V2.r. 3s. PaBHOOEIpEHHBIE TPEYTOIBHUKH C YIJIOM
o npu Bepmmmue. 36. a) =9,42 mwm; 6) =226,08 mm. 37. a) = 18,84 nm; 6) =226,08 nm;
B) =452,16 im. 38. =5 munu 1,44 c. 39. =7,536 m.

Ilposepounasn pavoma I1

A. 1. 6 cM®. 2. Vkasanue. Bo3MOXKHEI 3 BepIIMHBL 3. (2+3\/5+\£) cM. 4.90° 5. 30 cMm,
15421 om. 6. 288 o,

b. 1. 372/3 oM’ 2. 18\@ cm?. 3. 84 (xB. en.). 4. Vkazanue. Jlokaxute, 4TO 3Ta BEIUYHHA
2
paBHa BBICOTE TPEYTOJbHUKA. 5. 4 cM, @ cm. 6. %(777: +6+ 3\/5) (xB. ex.).

@
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